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EXPONENTIAL SUMS:
QUESTIONS BY DENEF, SPERBER, AND IGUSA
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ABSTRACT. We prove the remaining part of the conjecture by Denef and Sper-
ber [Denef, J. and Sperber, S., Exponential sums mod p"™ and Newton poly-
hedra, Bull. Belg. Math. Soc., suppl. (2001) 55-63] on nondegenerate local
exponential sums modulo p™. We generalize Igusa’s conjecture in the intro-
duction of [Igusa, J., Lectures on forms of higher degree, Lect. Math. Phys.,
Springer-Verlag, 59 (1978)] from the homogeneous to the quasi-homogeneous
case and prove the nondegenerate case as well as the modulo p case. We
generalize some results by Katz in [Katz, N. M., Estimates for “singular” ez-
ponential sums, Internat. Math. Res. Notices (1999) no. 16, 875-899] on finite
field exponential sums to the quasi-homogeneous case.

1. INTRODUCTION

1.1. Global sums: From homogeneous to quasi-homogeneous. Let f be a
polynomial over Z in n variables. As in [I], [2], we look at the “global” exponential
sums

11 (@)
Sf(ﬁ) = Z exp(2mi I ),
z€{0,....N—1}n»
where N varies over the positive integers. In order to bound [S¢(1/N)], it suffices

to find bounds when N = p™ for integers m > 0 and prime numbers p.

When f is homogeneous and nondegenerate w.r.t. its Newton polyhedron at
zero, Igusa’s conjecture for the toric resolution of f conjectures that there exists
¢ > 0 such that )

|Sf(p—m)| <cepTTmm T,
for all primes p and integers m > 0, where o is the largest rational number such
that (1/0,...,1/0) lies on the Newton polyhedron at zero Ag(f) of f. In a later
paper, Denef and Sperber conjectured for the same f that the stronger bound
1 _ _
ISf(p—m)\ <ep”TMmi Tl
holds for some ¢, uniformly in large enough primes p and all integers m > 0, with &
the codimension in R™ of the smallest face of Ag(f) which contains (1/0,...,1/0).
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Both these conjectures are proved by Denef and Sperber [3] under the extra condi-
tion that no vertex of Ag(f) belongs to {0,1}" and by the author [I] in general.

In this paper, we show that both these conjectures also hold when f is quasi-
homogeneous and nondegenerate w.r.t. Ag(f). Quasi-homogeneous means that
there exist integers a; > 0 such that f(z{*,...,2%) is homogeneous. This gives
evidence to our conjecture of [2] that the analogue of Igusa’s conjecture for expo-
nential sums of [4] holds for all quasi-homogeneous polynomials, and not only for
homogeneous ones.

We give some more evidence for this conjecture by proving the analogue of
Igusa’s conjecture (with the motivic oscillation index instead of the above o, as
in [2]), for all quasi-homogeneous polynomials (also degenerate ones) for m = 1,
thereby generalizing [2] and some results by Katz of [5] to the quasi-homogeneous
case.

This work generalizes most of the known evidence for Igusa’s conjecture to evi-
dence for its generalization to quasi-homogeneous polynomials. (To our knowledge,
the case of isolated singularities of [4] is only done for homogeneous polynomials
and remains open for quasi-homogeneous ones.)

1.2. Local sums. Since for more general f than quasihomogeneous f, Igusa’s con-
jecture is not even conjecturally understood, Denef and Sperber designed a local
variant of Igusa’s conjecture which they conjecture to hold for all polynomials; see
[B]. We treat only the nondegenerate case. Let g be a polynomial in n variables
which is nondegenerate w.r.t. its Newton polyhedron at zero Ag(g). Denef and
Sperber studied the “local” exponential sum

1 1 T
Ty(—) = sy Z exp(27ri£;(m)

p L
ze{jplj=1,....pm "1}

);

for p a prime and m > 0 an integer, and conjectured that there exists ¢ such that
1
Ty} < epo @m0
p

for large enough prime numbers p and all integers m > 0, with o(g) and x(g) as
o and k but for g instead of for f. Denef and Sperber [3] proved this under the
condition that no vertex of Ag(g) belongs to {0,1}™. In this paper we prove this
conjecture of [3] for all polynomials g which are nondegenerate w.r.t. Ag(g) (thereby
removing the condition of [3] that no vertex of Ag(g) belongs to {0,1}").

1.3. Global sums: Igusa’s question mod p. Theorem [B.2.T]below is the modulo
p case for quasi-homogeneous polynomials of Igusa’s conjecture for exponential
sums in [4]. In this theorem, the polynomial & is not necessarily nondegenerate. It
generalizes the main result of [2] from the homogeneous to the quasi-homogeneous
case. The modulo p? case is already proven in [2] for all polynomials. In order to
prove Theorem B2 Tl we generalize some results by Katz [5]; see Theorem [T below.

2. A DICTIONARY

2.1. From finite sums to p-adic integrals. For QQ, the field of p-adic numbers,
r = (v1,...,7,) variables running over Qj, let |dz| be the unique (real-valued)
Haar measure on Q) so normalized that Z; has measure one. For a € Q,, the
complex number

exp(2mia mod Z,) := exp(2mia’)
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does not depend on the choice of representant a’ in Z[1/p] of a mod Z,,, and will be
denoted by exp(2mia).
Then, for f a polynomial in n variables over Q, one has the equality

St = | expmi%w,

n
D

and we will more generally consider for all y € Q, the integral

Sr,(0) = [ expCmiyf(w)ldal.
2.2. From Q, to finite field extensions of Q, and to F,((¢)). If f is a polyno-
mial over O[1/N] for some ring of integers @ and N > 0 an integer, when K is a
non-Archimedean local field which is an algebra over O[1/N] (thus p-adic or of the
form F4((t)), and ¢¥x : K — C* is a nontrivial additive character which is 1 on
Ok and different from 1 on some element of order —1, then we write for y € K,

Span) = [ dcluf(@)ldal.

with Ok the valuation ring of K and |dz| the Haar measure, normalized so that
O% has measure one.

Similarly, if ¢ is a polynomial over O[1/N] and with K and ¢, as above in this
section, we write

Tyscon®) = [ brlug(o)lds

with Mg the maximal ideal of Ok and M’ the n-fold Cartesian product of Mg
with itself.
For K = Q, one has

1 1
Tg(p_m) = Tq7@p7exp(27ri-)(p—m)
and
1 1
Si(=7) = St.0pexpleniy)()-

p pm

Write | - |i for the standard norm on K. So, the norm of a uniformizer of O

equals qu with g the number of elements in the residue field of Ok . Let |-| denote
the norm on C.

2.3. Nondegenerate polynomials. Let f be a nonconstant polynomial over C
in n variables with f(0) = 0[] Write f(z) = > ienn @iz’ with a; € C. The global
Newton polyhedron Agiohal(f) of f is the convex hull of the support Supp(f) of f,
with

Supp(f) :={i|i e N", a; # 0}.
The Newton polyhedron Ao(f) of f at the origin is

Ao(f) = Aglobal(f) + Ri

I'When f(0) # 0, then there is no harm in replacing f by f — f(0): all corresponding changes
in the paper are easily made.
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withRy ={z €R|z>0}and A+ B={a+b|ac A be B} for A,B CR".
For a subset I of R™ define

fi(z) == Z a;z’.
i€INNn

By the faces of I we mean I itself and each nonempty convex set of the form
{zel|L(x)=0}

where L(z) = by + Y ., biz; with b; € R is such that L(z) > 0 for each z € I. For
T a collection of subsets of R™, call f nondegenerate with respect to Z when f; has
no critical points3 on (C*)™ for each I in Z, where C* = C\ {0}. As is common
terminology, call f nondegenerate w.r.t. Ag(f) when f is nondegenerate w.r.t. the
compact faces of Ag(f).

For k € R} put

vik) = kithket-+ky,
Nk = i k-,
F(f)(k) = {iedo(f) | k-i=N(f)(k)},

where k-4 is the standard inproduct on R", and where 7 also runs over R’} . Denote
by Fo(f) the smallest face of Ag(f) which has nonempty intersection with the
diagonal {(¢,...,t) | t € R} and let (1/0(f),...,1/0(f)) be the intersection point
of the diagonal with Fy(f). Let x(f) be the codimension of Fy(f) in R™. If there is
no possible confusion, we write o instead of o(f), N(k) instead of N(f)(k), F(k)
for F(f)(k), and & for s(f).

2.4. Notation. Often in this paper, f is a quasi-homogeneous polynomial and g
a polynomial, both over O[1/N] and in n variables, with O a ring of integers and
N > 0 an integer, such that f and g are nonzero, f(0) = g(0) = 0 and such that f
is nondegenerate w.r.t. Ag(f) and g is nondegenerate w.r.t. Ag(g). If f and g are
such we will say that they are as in section [2.4]

By K is usually meant a non-Archimedean local field that is an algebra over
O[1/N] and by gk the number of elements in the residue field of Og. If f and g,
K and gy are such, we will say that they are as in section 2.4

3. THE MAIN RESULTS

Let f, g, and K be as in section [2.4] and use the notation of sections and

3.1. Theorem. There exists ¢, only depending on Ag(f), resp. on Ag(g), such that
for all K with large enough residual characteristic, all Vg as in section 2.2 and
all y in K with ordk (y) <0,

(3.1.1) 1S5 10mc ()] < ely| 7 Jord g (y)[FD 1,
resp.
(3.1.2) Ty, 5¢.0n ()] < eyl Jord e (y) <91

2Sometimes one requires that f; has no singular points on (C*)™, instead of no critical points
on (C*)™. Recall that z¢ is a critical point of f; if and only if grad f7(zo) is the zero vector.
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In the case that f is moreover homogeneous, a slightly weaker form than (BT
has been conjectured by Igusa [4] and BI1I), (312 have been conjectured by
Denef and Sperber [3]. The similar conjecture by Igusa mentioned in the beginning
of the introduction (namely for all primes p) then follows by standard arguments;
cf. [2]. Denef and Sperber prove (B1.2]) when no vertex of Ag(g) belongs to {0,1}".
As briefly mentioned in the introduction, (B for homogeneous f is proven in
[3] under the condition that no vertex of Ag(f) belongs to {0,1}" and in [I] in full
generality. Recall that in Theorem [B.1] f is allowed to be quasi-homogeneous and
g is general.

3.2. Let h be any quasi-homogeneous polynomial over O[1/N] (so, h is not neces-
sarily nondegenerate). Let v, be the motivic oscillation index of h as defined in [2]
according to a suggestion by Jan Denef. As in [2], we conjecture that there exists
¢ such that for all K with large enough residual characteristic (where K runs over
non-Archimedean local fields that are algebras over O[1/N]), all ¥k as in section
22 and all y in K with ordg(y) <0,

(3.2.1) |Sh. ks ()] < clyl lordg ()"

Generalizing the main theorem of [2] to the quasi-homogeneous case, we prove the
following evidence for this conjecture.

3.2.1. Theorem. Statement BZI)) holds for ally € K of orders —1 and —2. That
is, there exists ¢ such that for all K of large enough residual characteristic with K
an algebra over O[1/N], all Y as in section 22, and all y € K of order —1 or
order —2, statement [B2ZI)) holds.

Note that BI1]) of Theorem B.I]also constitutes evidence for this conjecture.

3.3. A third main result is Theorem [Z.4] on finite field exponential sums and gen-
eralizes some results by Katz [B] to the quasi-homogeneous case (not necessarily
nondegenerate). Proposition represents a new kind (a similar bound in the
homogeneous case was introduced in [I]) of very simple bounds for nondegener-
ate finite field exponential sums for quasi-homogeneous polynomials, based on the
combinatorics of the Newton Polyhedron.

3.4. The underlying idea of the proofs of these questions, apart from the ideas and

results of [3], [5], [1], and [2], is that one can make a homogeneous polynomial out

of a quasi-homogeneous polynomial f(z) in finitely many steps, by replacing one

of the variables z; by yx; with y a new variable, that is, by replacing f(x) by
fl(xvy) = f(xla L2y oo s Li—1, LY Tit1,y - -+ 7‘I7L)

and so on, and then one compares the considered objects for f and for f;.

4. A DENEF - SPERBER FORMULA FOR Sf i 4, AND Ty g

The following proposition has essentially the same proof as Proposition (2.1) of
[3], but is slightly more general. We give the proof for the convenience of the reader.

4.1. Proposition. Let f, g, K, and qx be as in section 24 There exists M > 0
such that if the residual characteristic of K is greater than M, then for all y in K
with ordg (y) <0,

(411) quKﬂ//K(y) =dk- Z (Af(K’va)+E(Kay,fTawK)Bf(Kay,T))
T face of Ag(f)
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and

(412) T97K7¢K (y) = dK : Z (AQ(K7y7 T) + E(Kay7g‘rv'(/}K)Bg(Ka va))7

T compact
face of Ag(g)

with
di = (1—qx")"™,
Ap(K,y,7) = > ",
ke N"

B(f)(k) =7
N(f)(k) = —ord(y)

Bf(K7 Y, T) = Z Q;V(k)v
keN"
F(f)(k) =T
N(f)(k) = —ord(y) —1

and similarly for Ag(K,y,7) and By(K,y,T), and, for h(z) either f. or g,

@13 BEwhvo =g Y afhl)

z € (Gm(Fog )"
with ¢, @ Fq — C* a nontrivial additive character on F,, sending b to
wK(yw;(mdy*lb'), with b a representant in Ok of b and 7k a uniformizer of Ok.

Proof. Rewrite the definition

Spacn) = [ oluf(a)lda]

as
Strex®)= Y > [ sl
7 face of Ao(f) ke N ordrc o=k
F(f)(k) =7

Put z; = W’;guj for k € N”, with 7 a uniformizer of Og. Then |dx| = qu(k)\du|
and
N(f)(k
F@) = m g D (frip (@) + 7 (),

for x with ordz = k, where the dots take values in Og. Hence, Sy i 4, (y) equals
(4.1.4)

> S @ [ P ) ),
7 face of Ao(f) ke N» ue(Og)"
F(N)k) =7

with O the group of units in Of. Because of the nondegenerateness assumptions,
for 7 any face of Ag(f) and when the residue field characteristic of K is large
enough, the reduction f; mod Mg has no critical points on (Fx )™ (this holds
indeed for all faces and not only for the compact faces by the quasi-homogeneity of
f). Hence, the integral in [@I4) is zero whenever ordg (y) + N(f)(k) < —2. When
ordg (y) + N(f)(k) > 0, the integral over (Ox)"™ in ([EI4) is just the measure of
(O%)™ and thus equals (1 — gx')™. When ordk(y) + N(f)(k) = —1, the integral
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over (Ox)" in @I4) equals ¢" (¢ — 1)"E(K,y, h, k). Equation (@II) now
follows from the fact that Sy x 4. (v) equals (£17).
Equation ([LI2) follows in a similar way. Namely, one writes

Tykwc)= 3 /  xlg(o)ldal,

7 face of Ao(g) k€ (N \ {opH"
F(g)(k) =

which equals

Ty s (9) = 3 /  klug(e)ldal,

7 compact face of Ag(g) ke N”
F(g)(k) =1

and one proceeds as for f. O

5. Bounps FoRr v(k), Ay, By, Ay, AND By

We recall two results from [I], about lower bounds for v(k) in terms of N(f)(k)
and N(g)(k), and upper bounds for Ay, By, A,, and B,.

5.1. Proposition ([I], Theorem 4.1). Let h be any nonzero polynomial in n vari-
ables with h(0) = 0. Let 7 be a face of Ag(h). Then one has for all k in N™ with
F(h)(k) =7 that

(5.1.1) v(k) > o(h) (N (h)(k) +1) — o(h,).

The main point in Proposition B, and one of the main differences with the
approach from [3], is that one subtracts o(h,) on the right hand side of .
Subtracting o(h) would yield trivial bounds since one has v(k) > o(h)N(h)(k) for
all ke N7

The bounds for Ay and A, in Proposition are essentially proven in [3] and
follow from Lemma (3.3) of [3], which is recalled in Lemmal53below (in [I] the proof
of these bounds is repeated from [3]). The bounds for B; and B, are essentially
proven in [I] and follow from Lemma (3.3) of [3] and Proposition Bl

5.2. Proposition ([Il, [B]). Let f, g, A, and B be as in Proposition 1. Then
there exists a real number ¢ > 0 such that for all K as in section 24, all faces T of
Ao(f), resp. of Ao(g), and all y in K with ordg (y) <0,

(5.2.1) Af(K 7)< elyl " ordie ()"0
and

(5.2.2) By(K,y,7) < clyl "V gidT jord e ()<,
resp.,

(52.3) Ay (K, y,m) < elyl 7 Jorde (y)| "9~
and

(5.2.4) By(K,y,7) < clyl " g7 Jord e ()|~

Moreover, one can choose ¢ depending on Ao(f) and Ag(g) only.
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Proof. We give the proof for B, for the convenience of the reader. The proof for By
is similar, and the proofs for Ay and A, can be found in [3]. To derive (5.24) from
Lemma [5.3] and Proposition .11 use for C' the topological closure of the convex hull
of {0} U{k € N* | F(g)(k) = 7}, and note that C'"* "N" = {k € N* | F(g)(k) =
7}. Clearly (g) > 1 and s(g) > dim{k € C | v(k) = N(g)(k)o}. By EII),
v(k) > N(g)(k)o(g) + o(g) — o(g,) for all k € C™* NN". So for v one can take
o(g) — o(g-), which is nonnegative. O

5.3. Lemma ([3], Lemma (3.3)). Let C be a convex polyhedral cone in R"} generated
by vectors in N™, and let L be a linear form in n variables with coefficients in N.
We denote by C'™ the interior of C in the sense of Newton polyhedra. Let o > 0
and v > 0 be real numbers satisfying

5.3.1 v > o+, fora e C'™ N N".
(53.1) (k) 2 Lk)o +7, forallk € C™ AN

Put

e =dim{k € C | v(k) = L(k)o}.
Then there exists a real number ¢ > 0 such that for all m € N and for all ¢ € R
with ¢ > 2,

(5.3.2) Z qu(k) < Cq*mff*’y(m + 1)max(0,efl).
k € C™mt O N"
L(k)=m

6. ESTIMATES FOR FINITE FIELD EXPONENTIAL SUMS

For each prime number p, let 1, be a nontrivial additive character from F, to
C*, and likewise, for each power g of p, let ¢, be a nontrivial additive character
from F, to C*.

6.1. Lemma. Let f be a polynomial over some number field in the n variables
X1,...,Tn. (Thus f is not necessarily quasi-homogeneous.) Let g(x1,...,%n,y)
be the polynomial f(z1y,x2,...,2,) in the n + 1 variables (x,y). Suppose that
f(0) =g(0) =0. Then o(f) = o(g). Moreover, if f is nondegenerate w.r.t. Ao(f),
then g is nondegenerate w.r.t. Ag(g).

Proof. Clearly, for any point P = (p1,...,pn) on Ag(f), the point P’ = (p1,...,pn,
p1) lies on Ag(g). Indeed, this holds for points P in the support of f, thus also for P
in the convex hull of the support of f, and thus for general P in Ay (f). Vice versa,
for any point @ = (q1, - .., gnt1) on Ag(g), the point Q' = (q1,. - ., qn) lies in Ag(f).
From this it follows that o(f) = o(g). The statement about the nondegenerateness
is immediate since we performed a coordinate transformation on the torus G
induced by a Z-module automorphism of Z"*1. O

The following generalizes Corollary 6.4 of [I] from the homogeneous case to the
quasi-homogeneous case. Corollary 6.4 of [I] is proven in [I] using results by Katz
[5], by Segers [6], and by the author [2].

6.2. Proposition. Let f be as in section 24l (In particular, f is quasi-homoge-
neous.) Then there exists a > 0 such that for each large enough prime p, and each
power q of p such that Fy is an algebra over O[1/N], one has

: > e(f(@)] <ag oD

(6.2.1) —
€= 1" e
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and

(6.2.2) |qi,, S (f(@)] < ag—,

zEAR(F,)
for all choices of 1q. Moreover, a can be chosen depending on Ao(f) only.

Proof. We first prove ([62.1). First suppose that f is homogeneous. If moreover
f(z) is of the form >, a;x;, (6.21]) follows from the obvious inequality o(f) < n.
If f is nonlinear (that is, f(x) is not of the form >, a;z;) and homogeneous, then
the proposition holds by Corollary 6.4 of [I]; see also section 9 of [I]. So, the case
of homogeneous f is done. Now let f be quasi-homogeneous. After finitely many
steps as in going from f to g in Lemma and renumbering the variables z;, one
can go from a quasi-homogeneous polynomial to a homogeneous polynomial A in
possibly more variables. Going from f to g as in Lemma consists of two steps:
first, one defines a polynomial fo(z,y) which equals f(x), that is, one considers f
as a polynomial in one more variable y. Then one performs the transformation on
the torus, (z,y) to (x1y,22,...,Zn,y), to obtain g. Under both these steps, the
sum ([@27)) remains unaltered, since one divides by (¢ — 1)™ with n the number
of variables in the left hand side of (6.2.1]), and since in the second step we just
perform a transformation on the torus. Lemma [6.] together with the homogeneous
case now proves (6.2.1)).

The inequality ([6.2.2) is not used in this paper and follows from (BI]) of The-
orem [3.I] with argument y of order —1. ([

7. A COROLLARY OF RESULTS BY KATZ

The results in this section will only serve to prove Theorem [B:2.I] not to prove
Theorem Bl In this section as well as in Theorem [B.2.I] we focus on quasi-
homogeneous polynomials in general (thus not necessarily nondegenerate ones).

Call a collection of polynomials f; in n variables quasi-homogeneous with the
same weights if there are integers a; > 0, not depending on 4, such that f;(z]*,...,
x8) is homogeneous for each 1.

7.1. Lemma. Let f; be quasi-homogeneous polynomials with the same weights, for
i = 1,...,d. Suppose that fq is nonconstant. Let X be the locus of the f; for
i=1,....,d—1 i A" and let Y be the locus of the f; fori=1,...,d in A™. Then

dimX <dimY +1,
where the dimension of the empty scheme is —1.

Proof. Clearly this statement holds when the f; are homogeneous polynomials, by
intersection theory. Since the f; have the same weights, let a;, j = 1,...,n be
positive integers such that each of the f;(z{*,...,z%") is homogeneous. Consider
the application

G:A" - A"z — (27, ..., 20m).

The application G is finite to one; hence G~1(X) has the same dimension as X, and
G~1(Y) has the same dimension as Y. By the above statement for homogeneous
polynomials, the dimension of G71(X) is less than or equal to the dimension of
G~Y(Y) plus 1. The lemma is proven. O
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7.2. Corollary. Let f be a quasi-homogeneous polynomial over a field of charac-
teristic zero in the n variables x1,...,x,. Let g(x1,...,2,,y) be the polynomial
f(z1y, @2,...,zpn) i n+ 1 variables. Let Cy be the closed subscheme of A™ given
by grad f = 0, and let Cy be the closed subscheme of A"+ given by gradg = 0.
Suppose that Cy contains the point 0. Then

dim Cy; < dimCy + 1,
where the dimension of the empty scheme is said to be —1.

Proof. For i =1,...,n let f;(x) be the polynomial %(w), let g;(x,y) be the poly-
nomial g—i(x,y), and let go(z,y) be g—g(x,y). Note that the polynomials f; are
quasi-homogeneous with the same weights. Similarly, the polynomials g; are quasi-
homogeneous with the same weights.

By the chain rule for differentiation one has

9o(z,y) = 1 fr(21y, 22, .. ., Tp),
91(z,y) = yfi(@1y, 22, . .., T0),
and, for ¢ > 1,
gi(z,y) = filx1y,29,. .., 2p).

On the part Uy of A"™! where z1y # 0 the bound is clear. Indeed, U; NCy is the
subscheme of A"+ given by z;y # 0 and f;(x1y,x2,...,2,) =0 fori =1,...,n,
which has dimension at most dim C'y 4 1.

Now work on the part Us where 21 = 0 and y # 0. Then UsNCy, is the subscheme
of A"+ given by fi(x) =0fori=1,...,n,y # 0, and 2; = 0, which has dimension
at most dim Cy + 1.

Finally work on the part Uz, where ; = 0 and y = 0. Then Us N Cj is the
subscheme of A" given by 1 =y = 0 and 0 = f;(x) for i = 2,...,n. We know
that f; is nonconstant since Cy contains 0. So, the subscheme of A™ given by
0= fi(z) for i = 2,...,n has at most dimension dim Cy + 1 by Lemma[Z.Il Hence,
the dimension of Cy N Uz has at most dimension dim Cy 4 1 and the corollary is
proven. O

The following is a trivial lemma.

7.3. Lemma. Let f be a nonconstant, quasi-homogeneous polynomial in n variables
T1,...,Tn over a field k of characteristic zero. Then exactly one of the following
two statements holds: either 0 is a critical point of f, or f contains a term of the
form a;x; with a; # 0 in k for some i € {1,...,n}.

From Lemma [7] and Corollary [[22] Katz’ results of [5] can be generalized to
quasi-homogeneous polynomials; see Theorem [Tl Namely, Theorem [4] gener-
alizes Katz’ results [5] and some of their corollaries in [I] from homogeneous to
quasi-homogeneous polynomials, on G}, and on A™.

7.4. Theorem. Let f be a quasi-homogeneous polynomial in n wariables over
O[1/N] for some ring of integers O and integer N > 0. Suppose that 0 is a critical
point of f. Let d be the dimension of the locus of grad f = 0, with the dimension
of the empty scheme equal to —1. Then there exists a > 0 such that for each large
enough prime p, each power q of p such that Fy is an algebra over O[1/N], one has

LY (@) <agE

(7.4.1) —
(0= D" cdpten
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and

—n+d
(7.4.2) — Y Gf@) <ag T,

;CEA"(]F )

for all choices of 4.

Proof. We first prove (C4T]). By [1], Corollary 6.1 and section 9, (.41]) holds for
nonlinear homogeneous f. Now let f be quasi-homogeneous and suppose that 0 is
a critical point. After finitely many steps as from going from f to g in the proof
of Corollary and after renumbering the coordinates, one can go from a quasi-
homogeneous polynomial to a nonlinear homogeneous polynomial h in possibly more
variables. Going from f to g consists of two steps: first, one defines a polynomial
fo(z,y) which equals f(x); that is, one considers one more variable y. Then one
performs the transformation on the torus (x,y) to (x1y,x2,...,Zn,y) to obtain
g. Under both these steps, the sum which is the left hand side of (Z4.1]) remains
unaltered, since one divides by (¢ — 1) with n the number of variables in the left
hand side of (.41, and since one just performs a transformation on the torus.
Corollary [[2 now proves (.4.1]).

Now let us prove (L42). Let fo(&) be the polynomial f(0, Z) in the n—1 variables
& = (22,...,2,). Clearly fy is quasi-homogeneous in n — 1 variables. Write Cy for
the locus of gradf = 0 in A" and Cj, for the locus of grad fo = 0 in A"~!. By
(TZ1) it is enough to show that n — 1 + dim Cy, < n + d. Thus we only have to
show that

(743) dim Cfo < dim Cf +1,
where we recall that dim Cy = d. This inequality (ZZ3) follows from writing

f@) =21 f(z) + fo(@)
with f a polynomial in z, and from Lemma [T} as follows. By Lemma [7.3} f is
nonconstant. For ¢ = 1,...,n, let f;(z) be the polynomial %(9&) and for j =
2,...,n, let fo;(&) be the polynomial g%‘;(:%) Let Y be the locus in A™ of the
polynomials fo; and the equation z; = 0. Let Z be the intersection of C'y with
21 = 0. Then clearly
(7.4.4) dimY = dim C},.

Since f; = f+x10f/0x1, it follows that Z equals the intersection of Y with f(z) =
0. The polynomials f; and f are quasi-homogeneous with the same weights. By
Lemma [Tl and since f is nonconstant, dimY < dim Z + 1. Clearly also dim Z < d.
Now ([Z43) follows by ([44), and thus the proposition is proved. O

8. PROOFS OF THE MAIN THEOREMS

Proof of Theorem Bl By (621 of Proposition [6.2] one finds immediately that
there is a ¢ such that for all K and ¢x as in section 2.4] of large enough residue
characteristic, and all faces 7 of Ag(f), resp. all compact faces 7 of Ag(g),

(8.0.5) \E(K,y, fr,Vx)| < cq”7,
resp.
(8.0.6) \E(K,y, gr, Vx| < cq”t,
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since automatically each f., resp. each g., is quasi-homogeneous for such 7. More-
over, ¢ only depends on Ag(f), resp. on Ag(g), by Proposition 621 Now use Propo-

sition 1] Proposition 5.2 and 805, (8:0.6]). O

The above proof of Theorem B.1] is similar to the one of the main theorem of
[1]. The key new ingredient in its proof is Proposition for quasi-homogeneous
polynomials instead of for homogeneous polynomials. Note that Proposition

was used both for (B and for BI2]).

Proof of Theorem B.21l By Lemmal[l.3lwe may suppose that 0 is a critical point of
f. Otherwise, that is, when 0 is not a critical point, one has Sy i 4, (y) = 0 for the
K and y under consideration. The theorem then follows from (Z42) of Theorem
[(4] and from the fact that the motivic oscillation index ay, of h satisfies
-n+d
2
with d the dimension of the locus of grad h = 0, by Theorem 5.1 of [2]. O

< Qh,
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