CHAPTER 3. p-ADIC INTEGRATION
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The aim of this chapter is to set up the theory of p-adic integration to an extent
which is sufficient for proving Igusa’s theorem [lg] on the rationality of the p-adic zeta
function, and Weil’s interpretation [\Wel] of the number of points of a variety over a finite

field as a p-adic volume, in case this variety is defined over the ring of integers of a p-
adic field. After recalling a few facts on p-adic fields, I will introduce p-adic integrals,
both in the local setting and with respect to a global top differential form on a K-
analytic manifold. I will explain Igusa’s proof of the rationality of the zeta function using
Hironaka’s resolution of singularities in the K-analytic case, and the change of variables
formula. Weil’s theorem on counting points over finite fields via p-adic integration will
essentially come as a byproduct; it will be used later in the course to compare the number
of rational points of K-equivalent varieties.

1. BASICS ON p-ADIC FIELDS

We will first look at different approaches to constructing the p-adic integers Z,, and
the p-adic numbers Q,, as well as more general rings of integers in p-adic fields, and
recall some of their basic properties. I highly recommend [Ne] Chapter II for a detailed
discussion of this topic.

p-adic numbers. Let p be a prime, and z € Q. One can write uniquely x = p™ - £ with
m € Z and a and b integers not divisible by p. We define the order and the norm of x

with respect to p as

1
ordy(z) :==m and |z, := —.

This norm on @Q is an example of the following general concept:

1
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Definition 1.1. Let K be a field. A non-archimedean absolute value on K is a map
|| : K — Ry satisfying, for all z,y € K, the following properties:

(i) |x| > 0 for all z, and |z| = 0 if and only if z = 0.

(i) loy| = || - Iyl

(if) |z + y| < max {Ja],[y]}.

If we consider the mapping d(z,y) := | — y|, then this is a (non-archimedean)
distance function (or metric), which in turn induces a topology on K.

Definition 1.2. The field of p-adic numbers Q,, is the completion of the topological space
Q in the norm |- |,, i.e. the set of equivalence classes of all Cauchy sequences with respect
to this norm. ' Note that Q, is a field of characteristic 0.

It is standard to see that every x € Q, has a unique “Laurent series (base p)
expansion”, namely a representation of the form
(1) T = App™ + A p"

where m = ord,(z) € Z and a; € {0,1,...,p — 1} for all 7.

Exercise 1.3. Check that in Q, one has:

(i) 5 =1+p+p°+...

(i) ~1=@-D+@-p+@-1p*+...

Exercise 1.4. Show that Q, is a totally disconnected, locally compact topological space.

Definition 1.5. The ring of p-adic integers Z, is the unit disk in the space Q,, with the
norm | - |, namely

Z,={reQ,||[z|, <1}.
This is precisely the set of x with no Laurent part in the expression in (1), i.e. such that
a; = 0 for » < 0, easily checked to be a ring via the properties of the norm.

The following exercise collects some of the most important properties of Z,,.
Exercise 1.6. (i) Z, is open and closed in Q,.
(ii) Z, is compact.
(iii) Z, is a local ring, with maximal ideal pZ, = {x € Z,, | |z|, < 1}, and
Z,/pZ, ~Z/pZ.
Completions of DVR’s. More generally, one can approach and extend the constructions
above is via completions in the m-adic topology. Consider a DVR (R, m), with field of

fractions K = Q(R) and associated discrete valuation v : K — Z. On R, or K, one can
consider the m-adic topology, which is the unique translation invariant topology with a

IThus in Q,, every Cauchy sequence is convergent, and Q can be identified with its subfield consisting
of classes of constant sequences.
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basis of neighborhoods of 0 consisting of {m'};>1. (See for instance [\ ] §8 for the general
setting, and for a detailed treatment of the properties discussed below.)

Definition 1.7. The completion of R with respect to the m-adic topology is
R :=lim R/m’.

(2

This is a Noetherian local ring with a canonical embedding R — R. Its maximal
ideal is m - R, and we have

E/(m . ﬁ)z ~ R/m" for alli > 1.

This implies in particular that dim R = dim R = 1, and that the maximal ideal of R is

generated by the image in R of a uniformizing parameter m of R, so that R is in fact a
DVR as well. Note that R R N R
K:=Q(R)~ R~ K®gR.

Recall now that if v : K — Z is the discrete valuation corresponding to R, one has
for every r € R, v(r) = max {i | r € m'}.
Definition 1.8. Let 0 < o < 1. For every = € K, define
2| (= |z|y) :== a'@ for z #0

and |0] = 0. This can be easily seen to be a non-archimedean norm, as in the special
case of | - |, above. Its corresponding distance function is d(x,y) = |x — y|, and one can
check that the associated topology is the m-adic topology described above (and hence
independent of the choice of «).

Exercise 1.9. Check that K has a valuation and a non-archimedean norm extending
those on K, and that as such it is the completion of K with respect to the topology
induced by | - |.

Example 1.10. The main example of course is that of p-adic integers discussed in the
previous subsection. Concretely, fix a prime p, and take R = Z;), the localization of Z in
the prime ideal generated by p. One has K = Q(Z(,)) ~ Q, and

R =1lim Z,)/p'Z) = lim Z/p'Z = Z, and K = Q.

By taking a = 1/p, we obtain the p-adic absolute value | - |, defined before.
p-adic fields and rings of integers. We collect only a few properties necessary later
on for working with K-analytic manifolds.

Definition 1.11. A p-adic field K is a finite extension of Q,. The ring of integers O C K
is the integral closure of Z, in K.

Lemma 1.12. We have the following:
(1) K = Q(Ok).
(Z’I,) K ~ OK ®Zp Qp'
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(111) Ok is a DVR.

Proof. Take any x € K. Since K is algebraic over Q,, one can easily check that there
is some a € Z, such that ax € Og. This implies that K = Q(Ok), and in fact K =
Q, ®z, Ok, which proves (i) and (ii). For (iii), note first that clearly O is normal,
while since Z,, C Ok is an integral extension and dim Z, = 1, we also have dim Ox = 1.
To conclude that O is a DVR, it remains to show that it is local. Now every integral
extension of a DVR is a finite algebra over it, and therefore in our case O is a finite
Z,-algebra. The assertion then follows from the following general statement: if (R, m) is
a complete local ring, and S is a finite R-algebra, then S is a local ring as well. This is a
well-known consequence of Hensel’s Lemma (explain). U

Given the Lemma, let vg : K — Z be the discrete valuation of K correponding
to O. The ramification index of K over Q, is ex = vk (p); K is called unramified if
ex = 1, and otherwise ramified. We can define a non-archimedean norm on K extending

| [p on Qp by
=1 K—Q, M@IW for z # 0
and |0] = 0. We clearly have
Ox = {z € K | Jal, < 1},

while the maximal ideal mx C Of is given by the condition |z|, < 1. As before, we
consider on K and O the topology corresponding to this norm.

Proposition 1.13. Let K be a p-adic field, with the topology associated to |- |,. Then:
(i) As a Z,-module, O is isomorphic to the free module Zg, where d :== [K : Q).
(1i) There exists a basis of open neighborhoods of 0 in Ok given by {p'Ox ti>1.

(#i) Fizing an isomorphism O ~ Zﬁ, the topology on Ok corresponds to the product
topology on Z4.

(iv) Ok and K are complete topological spaces.

Proof. (i) The ring Z, is a PID (every ideal is generated by a power of p) and Ok is a
torsion-free Z,-module. Since O is finite over Z,, by the structure theorem for modules
over PID’s we get that O is a free Z,-module, of finite rank equal to d = [K : Q,].

(ii) The topology given by |- |, coincides with the mg-adic topology, and so the family
{mi };>1 gives a basis of open neighborhoods of the origin. Now the statement follows by
observing that by the definition of ramification it follows that pOx = m3¥, so the mg-adic
topology and the pOg-adic topology on Ok coincide.

(iii) Via such an isomorphism, the ideal pOg corresponds to the product of the ideals
pZ,. Now by (ii) and the basic properties of Z,, the powers of these ideals on the two
sides give bases for the respective topologies.
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(iv) This follows immediately from (iii): since the topology on Z, is complete, so is the
product topology on Zg and hence that on Ok. As every point in K has a neighborhood
homeomorphic to Ok, this implies that K is complete as well. U

Remark 1.14. The reasoning in (i) and (ii) above can be made a bit more precise. On
one hand the quotient Ok /pOf is free of rank d over F,. On the other hand, it has a
filtration with successive quotients isomorphic to O /my, namely

(0) C mSE ! /mSE C - Cmg/mSE C O /msE
This implies that the residue field O /m is a finite extension of F, of degree [K : Q,]/ex.

Proposition 1.15. A p-adic field K is locally compact, and its ring of integers Ok is
compact.

Proof. Since Ok is complete with respect to the topology given by |- |,, which is the same
as the mg-adic topology, we have

~Y ] z
Ok ~ lim O /m,.
p—
i
Now, as in any discrete valuation ring, we have
n+1 ~
my /mh Ok /mg.

(If mg = (7k), then the mapping is given by an} — a(mod mg).) Since O /mg is a
finite field, the exact sequences

0 — mit/ml — Ok /my — O /mict — 0.

imply inductively that all the rings O /m’- are finite, and hence compact. The product
[1:2, Ok /m is then compact, and so the closed subset lim Ok /m} is compact as well.

Now Ok is open in K, so for every x € K the set z + Ok is a neighborhood of  which
is compact. 0

Finally, let’s note the following fact, in analogy with the p-adic expansion of an
element in Q,. Let K be a p-adic field, and let 7, be a uniformizing parameter for O.
Recall that Ok /my ~ F, with ¢ = plEiQel/ex and choose a system of representatives
S C Ok for Og/mg (so a finite set of cardinality ¢, including 0). Then every element
x € K admits a unique representation as a convergent Laurent series

T = QTR+ am+17r?+1 + ...
with a; € S, a,, # 0, and m € Z.

Remark 1.16. A p-adic field is a (not quite so) special example of the more general
notion of a local field (see [Ne] Ch.II §5). Most of the general aspects of the discussion
above can be extended to the setting of local fields.
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2. p-ADIC INTEGRATION

Let G be a topological group, i.e. endowed with a topology which makes the group
operation G x G — G, (g,h) — gh, and the inverse map G — G, g — ¢!, continuous.
If G is abelian® and locally compact, it is well-known that it has a non-zero translation
invariant® measure p with a mild regularity property, which is unique up to scalars. This is
called the Haar measure. More precisely, a Haar measure is characterized by the following
integration properties:

e Any continuous function f : G — C with compact support is p-integrable.

e For any pu-integrable function f and any g € G, one has

/G f (@) = /G f(ge)dn.

Other important properties of the Haar measure are as follows: every Borel subset of G
is p-measurable, p(A) > 0 for every nonempty open subset A of G , while A is compact
subset if and only if 1(A) is finite. For a thorough treatment, including a proof of existence
and uniqueness, see [RV] §1.2.

We use this in the p-adic setting (see for instance [Ig] §7.4 or [Wel]). Let’s start with
the more down-to-earth case of Q,. Since Q,, is locally compact, it has Haar measure p,
which according to the discussion above can be normalized so that for the compact subring
7, it satisfies

w(Zy) = 1.

For any measurable function f : Q, — C, one can consider the integrals

fdu and especially fdu.
Qp Zp

Here are some first examples of calculations.
Example 2.1. p(pZ,) = %.
Proof. Since Z,/pZ, ~ F,, with a set of representatives 0,1,...,p — 1, we have a disjoint
union decomposition
Z,=pZ,J (pZp+1)U...U(pZp+p—1).

By translation invariance, all of the sets on the right have the same measure, and since
w(Z,) = 1, this immediately gives the result. O

Exercise 2.2. Show more generally that for every m > 1 one has u(p™Z,) = me.

2This is not necessary, but otherwise we would have to speak separately of left and right invariant
measures.
3This means that for every measurable set A C G and any g € G, one has u(A) = u(gA).
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A useful observation for calculating integrals is the following: the functions f :
Z, — C we will be dealing with have their image equal to a countable subset, say C' C C.
Suppose we want to calculate the integral [ 1 f(x)dp, for some measurable set A. If

Ap(c) ={xz € A | f(z) =¢}
are the level sets of f in A, then
[r@dn=3 [ s@dn=3 e uas),
A cec /As(0) ceC
For arbitrary functions f : Z, — C, the definition and calculation of the integral is of

course much more complicated.

Example 2.3. Let s > 0 be a real number, and d > 0 an integer. Then

-1
|24|*dp = L —.
Z, p—=D

Proof. We take advantage of the fact that in this context the function we are integrating
is the analogue of a step function, as in the comment above. We clearly have:

o [2U°* =1 for x € Z, — pZ,.

o [2° = 5 for x € pZ, — p°Z,.

o 2" = o for v € p*Z, — p°Z,,.

and so on. Since these sets partition Z, we get

1 1
|xd|sdﬂ =1-uw(Z, — pZ,) + ]% P2y — p2Zp) + P2 ‘ N(p2zp - p3Zp) +..

Zp

Using the exercise above, this sum is equal to

1<1 1>+1 <1 1>+1 (1 1)+ B
P pds P p2 p2ds p2 pS

B 1 1 1 1 1 B
- 1+pds+1+p2ds+2+"’ _]_9' 1+pds+1+p2ds+2+”' -

O

Let now K be more generally any p-adic field, with ring of integers Og. Recall that
if myg = (7 ) is the maximal ideal, then Ok /my ~ F,, where ¢ = p” for some r > 0. Take
on K the topology dicussed in the previous section, namely that induced by the norm
| - |, extending the p-adic norm on Q,. We have seen that K is a (totally disconnected)
locally compact abelian topological group, hence we can consider a Haar measure y on K.
According to the discussion above, since Ok is compact we can normalize this measure
so that it satisfies

1(Ok) = 1.
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For any r > 1, we can also consider the Haar measure on K" with the product topology,
normalized such that (O} ) = 1. We can integrate any measurable function f defined on
K", for instance f € Og[Xy,...,X,].

Lemma 2.4. For every k > 1, u(mf) = .

Proof. First note that we have a disjoint union
OK = U (mK + S) ,
seS

where S is a set of representatives in Ok for Ok /mg ~ F,. By translation invariance,
this immediately implies that u(mg) = 1/¢. By a completely similar argument we see that

1
Ok /mi|

Now a simple filtration argument as in the previous subsection shows that

p(m)

O fmie| = [mi " fmie| - [me /mic| - |Oxc /mic| = ¢
The last equality follows since for each i we have m% ' /mi. ~ Oy /my. O

. x\ 1 1
Exercise 2.5. Show that x(O%) =1— .

Exercise 2.6. Show that for any non-negative integers ky, ..., k., one has
1
k kry _

Exercise 2.7. Let s > 0 be a real number, and d > 0 an integer. Then

—1
/ ’{Ed"Sd'u - : —ds’
Ok q—dq

More generally, for any non-negative integers kq, ..., k,,
| 7 4-1
it Pdp = | |
/o;{ 1} q—q e

(Hint: Fubini’s formula holds for p-adic integrals.)
Remark 2.8. (1) The computations above still work if one takes s € C, imposing the
condition Re(s) > —1.

(2) What makes an integral as above easy to compute is the fact that the integrand is a
monomial in the variables, i.e. it involves only multiplication (for which we have the norm
formula |zy| = |z||y|). As soon as addition appears in the integrand, things become a lot
more complicated, partly due to the absence of a formula for |z + y|. Here is a typical
example:

Exercise 2.9 (Challenge; cf. [1u5]). For s > 0, compute the integral

/ lzy(x + y) | dp.
z;
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Definition 2.10. Let f € Og[Xy,..., X,] (or more generally any K-analytic function as
defined below), and let s € C. The (local) zeta function of f is

2(79)= [ |f@ldn
Ok
It is a holomorphic function of s for Re(s) > 0 (exercise). (This is a special example of a
more general type of zeta functions introduced in [Wel].)

3. INTEGRATION ON K-ANALYTIC MANIFOLDS

K-analytic functions and manifolds. In this section, besides Igusa’s book [Ig], I am
benefitting from lecture notes of Lazarsfeld [l.a]. Let K be a p-adic field, and » > 0 an
integer. For any open set U C K", a K-analytic function f : U — K is a function which
is locally around any point in U given by a convergent power series. Such a function can
be seen in a standard fashion to be differentiable, with all partial derivatives again K-
analytic functions (see [lg] Ch.2). We call f = (fi,..., fm) : U — K™ a K-analytic map
if all f; are K-analytic functions.

Definition 3.1 (K-analytic manifold). Let X be a Haussdorff topological space, and

n > 0 an integer. A chart of X is a pair (U, py) consisting of an open subset of X

together with a homeomorphism ¢y : U — V onto an open set V' C K™. An atlas is a

family of charts {(U, ¢r)} such that for every Uy, Uy with Uy N Us # () the composition
eu, 0@yl oo, (U N Uz) — u, (U1 N Us)

is bi-analytic. Two atlases are equivalent if their union is also an atlas. Finally, X together
with an equivalence class of atlases as above is called a K -analytic manifold of dimension
n. If we vary z around a point xqg € U, where U is an open set underlying a chart,
then oy (z) = (z1,...,7,) is called a system of coordinates around zy. K-analytic maps
between manifolds X and Y are defined in the obvious way.

From the similar properties of K (and hence K") we get:

Lemma 3.2. A K-analytic manifold is a locally compact, totally disconnected topological
space.

Example 3.3. (1) Every open set U C K™ is a K-analytic manifold.

(2) X = O} C K™ is a compact K-analytic manifold; note that it is a manifold since it
is an open subset of K.

(3) Consider the projective line P! over K, with homogeneous coordinates (z : y). This
is covered by two disjoint compact open sets (sic!), namely

U:={(z:y)|lz/yl <1} and V:={(z:y) | |y/z| <1}.
We have bi-analytic maps

U— Ok, (z:y)—a/y and V — Mg ~homeo Ok, (T :y) — y/x.
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(4) Let 7 : Bly(K?) — K? be the blow-up of the origin in the affine plane over K, naturally
defined inside K? x P'. Let

X=0%CK? and Y =7 (X),

both compact K-analytic manifolds. Recall that Bly(K?) is covered by two copies of K2,
mapping to the base K? via the rules

K? — K? (s,t) = (s,st) and K?— K? (u,v) — (uv,u).
We can then express Y as the disjoint union of the compact open sets
U={(s,t) | |s| <1,t] <1} and V ={(u,v) | |u| < 1,|v| <1},
by noting that
m(U) ={(z,y) | ly| < [z] <1} and 7(V) = {(z,y) | |z| < |y| <1} U{(0,0)}.

What we saw in the examples above is a general fact:
Exercise 3.4. Every compact K-analytic manifold of dimension n is bi-analytic to a

finite disjoint union of copies of O}.

Differential forms and measure. If X is an n-dimensional K-analytic manifold, we
can define differential forms in the usual way. Locally on an open set U with coordinates

Z1,...,%,, a form of degree k can be written as
(2) VvV = Z fih---ﬂk dl’il VANPIRIAN dxik’
11 <...<i

with f;, . ; K-valued functions on U. If these functions are K-analytic, then v is a K-
analytic differential form.

We will be particularly interested in forms of top degree n, and the measure they
define. Let w be such a K-analytic form on X. The associated measure p,, = |w| on X is
defined as follows. Let’s assume first that X is a local 77} Ok x ... X 7" O, on which (2)
holds globally. For any compact-open polycylinder

A (2 4+7HO0K) X ... X (2, + T Ok) € X

we set
ol A) = / 1 (@)ldn

where g is the usual normalized Haar measure. This is easily checked to define a Borel
measure on X.

To define the measure p, on a global X, we need to check that it transforms precisely
like differential forms when changing coordinates.
Theorem 3.5 (Change of variables formula, I). Let ¢ = (¢1,...,¢,) : K™ — K" be a
K-analytic map. Suppose x € K™ is a point where det (%(m)) # 0. Then ¢ restricts to

a bi-analytic i.somorphism
o:UCK" =V cCK"
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with U a neighborhood of x and V' a neighborhood of ¢(z), and pify,.. = ‘det <%%(x)>‘

1ar, which means that for every measurable set A C U one has

a%‘
b = [ e ( <x>)
/w(A) " O

Here is just a brief sketch of the proof (for more details see [[g] §7.4). The essential
point is to treat the case when ¢ is given by multiplication by an invertible matrix M.
For this in turn the essential case is that of a dlagonal matrix M = diag(nhl, ... wh).

This maps the polydisk OF%, of measure 1, to 7TK 1Op X ... X 7TK" Ok, of measure m,

K

- dp

Haar*
K

on the other hand |det(M)| = m, since |7 | = g-

Remark 3.6. Let’s change notation slightly in order to make this look more familiar:

denote |dz| = |dzy A ... Ndx,| and |dy| = |dyy A ... A dy,| the Haar measure on U and V/
respectively. Then the Theorem says that for A C U measurable,

[t = [ eyl = [ Jaet(Gacte) -Jdal.
w(A4) A A

Putting together all of the above, we obtain

Corollary 3.7. Let X be a compact K -analytic manifold, and w a K-analytic n-form on
X. Then there exists a globally defined measure 1o on X. In particular, for any continuous
function f : X — C, the integral fX x)dp,, is well-defined.

Proof. By Exercise 3.4, we can cover X by finitely many disjoint compact open subsets U
on which w = f(z)dzy A...Adx,. But by Theorem 3.5, y1,, is independent of the particular
choice of coordinates, hence it gives a globally defined measure. 0

Since removing sets of measure 0 does not affect integrals, Theorem 3.5 immediately
implies the following slightly more general statement.

Theorem 3.8 (Change of variables formula, II). Let ¢ : Y — X be a K-analytic map
of compact K-analytic manifolds. Assume that @ is bi-analytic away from closed subsets
Z CY and p(Z) C X of measure 0. If w is a K-analytic n-form on X and f is a
K-analytic function on X, then

J st = [ 170 e

Example 3.9. Let 7 : Y = Bly(0%) — X = O% be the blow-up of the origin. Recall
that in Exercise 2.7 we’ve computed

1 1 g—1\>
a, bjw _
3 [t ndyl = s e ()

q

We verify the change of variables formula on the blow-up Y. We know from Example 3.3
(4) that Y is covered by two disjoint polydisks Y = U UV with

U={(s) [ [s[ <1, [t} <1} and V = {(u,0) [ u] <1,]v| <1}
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with maps to X given by
(s,t) — (s,st) and (u,v)— (uv,u).
This means that
7 (dx A dy) = sds Adt on U and 7*(dx A\ dy) = vdu A dv on V.
while on the other hand
|7 fI* = |s*T| 18 on U and |7*f|* = |[u®|“[v*T*[* on V.

This gives

/|7r*f|w-|7r*(dx/\dy)| :/ |s|w(“+b)+1|t|Wbds/\dt+/ Ju[@e [t [T qundo.
Y [s|<1,tI<1

ul <3, lvl<1

We now use result similar to Exercise 2.7, namely

Exercise 3.10. For every non-negative integer m and any c,

—m(c+1) -1
q 4q
|z|¢|dz| = . :
Aﬂgq}n | ’ ’ 1 — qf(chl) q

Given this formula, we can write the integral above as

(q ; 1)2 ((1 - Q‘w<“+b)‘12)(1 ) I q"‘”‘l‘l)(ll - q"‘“(‘”b)‘z))

and a simple calculation leads to the same formula as (3).

Resolution of singularities. We start with an example. Generalizing a previous exercise,
given integers a, b, ¢ let’s consider the integral

! ::/ [f(@.y)["]de Ady|, with f(z,y) = 2" (z — y)"
X=0%

Given the change of variables formula, and the fact that integrals of monomial functions
are much easier to compute, a natural idea is to pass to a birational model of X on which
the function f can be brought to a monomial form. In this particular case, fortunately
one needs to consider only the blow-up 7 : Y — X at the origin. Recall yet again that Y
is covered by two disjoint polydisks ¥ = U UV with

U={(s,t) | |s| <1,[t| <1} and V = {(u,v) | |u] < 1,|v| <1}
with maps to X given by
(s,t) — (s,st) and (u,v)— (uv,u).
Consider now
Iy = [ 7Sl (de Ady)|.
A simple calculation shows that on U liive have

(7" f)(s,t) = s*TFP(1 —1)° and n*(dx A dy) = sds A dt,
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which gives

IU — / ‘Sa+b+c+1tb<1 . t)c|s|d8 A dt| —
U

— </ |Sa+b+c+1|w|d8|> . (/ |tb|w|(1 —t)c|w|dt|) )
s|<1 [t<1

We have already seen the calculation of the first integral in the product a few times.
For the second integral, let’s choose a set S = {a; = 0,0 = 1,a3,...,0,} C Ok of
representatives for Ox/myg ~ F,. We can then split the region {|t| < 1} as a disjoint
union

1
{(f|<1}=TU...UT, TZ-::{|t—ozi|§a},

so that if we denote g(t) = t*(1 — t)¢, we have

Yldt] = Yldt| + ... W\ Jt].
[t = [ s+ [ oan

The point is that each of the integrals in the sum on the right can now be computed as
a “monomial” integral. For instance, note that the condition [¢| < % defining T} implies

that |t — 1| = 1, so that
ote)"latl = [ 10171
Ty

which we know how to compute. Similarly, the condition defining T3 implies |t| = 1, so
that

T

gt = [ 1= 1P,
Ta lt—1<7

which again we know how to compute after making the change of variables t' = t — 1.
The same thing can be done for all the other T;’s, which means that we can complete the
calculation of Ij; via only monomial computations. One can similarly define Iy, and deal
with it in an analogous fashion, while finally by the change of variables formula and the
decomposition of Y we have [ = Iy + Iy.

Exercise 3.11. Complete all the details of the calculation above to find a formula for I.

What happened here? Geometrically, by blowing up the origin in 0%, we “resolved
the singularities” of the curve f(x,y) = 0. (Draw the picture.) The essential point is
that on Bly(O%), the function 7*f is locally monomial. Hironaka’s famous theorem on
resolution of singularities says that we can always do this. Let’s recall first the better
known version over C, restricting only to the case of hypersurfaces in affine space.

Theorem 3.12 (Resolution of singularities over C). Let X = C", and let f € C[X1, ..., X,]
be a non-constant polynomial. Then there exists a complexr manifold Y and a proper sur-
jective map 7Y — X such that the divisor

div(m* f) + div(7*(dzy A ... Adxy,))

has simple normal crossings support.
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Remark 3.13. Let’s recall and expand a bit the terminology in the Theorem. A simple
normal crossings divisor on X is an effective divisor D = Zle F; such that each Fj is a
non-singular codimension 1 subvariety of X, and in the neighborhood of each point, D is

defined in local coordinates x4, ..., z, by the equation z; - ... - x; = 0. The conclusion of
the Theorem is that one can write
k k

div(m*f) = Z a;F; and div(7*(dzy A ... Adxy)) = Z b, F;

i=1 i=1

for some integers a;, b;, i € {1,...,k}, with Zle F; having simple normal crossings sup-
port. A mapping 7 as in the statement is called an embedded resolution of singularities
of the hypersurface (f = 0). The integers a;, b; are important invariants of the resolution,
called discrepancies.

Example 3.14. Let f(z,y) = y?*—x3, i.e. the equation defining a cusp in C?. Its embedded
resolution is one of the best known examples of this procedure. In order to get to a simple
normal crossings divisor, we have to blow-up the origin three successive times, keeping
track of multiplicities; for the geometric picture, see [Ha] Example 3.9.1. If Y — C? is the
composition of the three blow-ups, denoting by C' the proper transform of (f = 0), and
by Ei, Ey, E5 the three exceptional divisors in Y (coming from the succesive blow-ups, in
this order), we have
le(’/T*f) = C + 2E1 —|— 3E2 + 6E3
and
KY/02 = le(ﬂ'*(dlE A dy)) == El + 2E2 + 4E3

Exercise 3.15. Complete the details of the calculation.

Since we're at this, let’s record a few more things about general birational maps
between smooth complex varieties. Let 7 : Y — X be a birational map (not necessarily
proper) between two such varieties of dimension n. A key point to note is that while we
cannot talk about canonically defined divisors Kx and Ky, there is a canonically defined
relative canonical divisor Ky,x, namely the zero locus of the Jacobian of the map .
This supported on the exceptional locus of «: if E; are the exceptional divisors of 7, with
1 <7 <k, then there exist positive integers ap, such that

(4) Ky)x = Z(Jac(r)) = ¥ ap, - E;.

i=1
Let’s make this explicit. Fix an exceptional divisor E for 7, and consider Z = f(F) C X,
with codimyZ = ¢ > 2. Let y € E be a general point, and = = f(y) € Z. Since these
are smooth points, we can then choose systems of coordinates vy, ..., ¥y, around y, and
Z1,...,2, around z, such that £ = (y; =0) and Z = (z; = ... = . = 0). Then for each
1 <4 < ¢ there exist integers k; > 1 such that

with ¢); an analytic function which is invertible at y. Noting that
wde; = Kt -y dys + d -yl
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this gives
7 (dxy A ..o Ndxy,) = yiP - (unit) - (dys A ... Adyy),

with ag = (D°;_, ki) — 1. In other words, locally around a general point of E we have
Ky /x = ag - E. Globalizing this to include all exceptional divisors of = we get (4). Note
also that for every effective divisor D C X we have

k
i=1
where D is the proper transform of D, and b; are non-negative integers.

Going back to the K-analytic picture, for our present purposes the important fact is
that a statement completely analogous to Theorem 3.12 holds for K-analytic manifolds.

Theorem 3.16 (K-analytic resolution of singularities). Let K be a p-adic field, X = K™,
and f € K[X3,...,X,] a non-constant polynomial. Then there exists an n-dimensional
K-analytic manifold Y, a proper surjective K-analytic map © : Y — X which is an
1somorphism outside a set of measure 0, and finitely many submanifolds Fi, ..., Fy of Y
of codimension 1, such that the following hold:

e the divisor Zle F; has simple normal crossings support.
o div(m*f) = Zle a; F; for some non-negative integers ay, ..., ay.

o div(m*(dzi A ... Adx,)) = S5 b;F; for some non-negative integers by, . . ., by.

In terms of equations, this means that in suitable coordinates y = (v, . . ., ¥, ) around
any point y € Y we have
™ f=puly) -yt
and
m(dey AL A dxy) = v(y) -yt -yt (dys A A dyy)

with ©(0) # 0 and v(0) # 0.

Roughly speaking, the Theorem follows from the usual version: by Theorem 3.12,
there exists a smooth algebraic variety Z defined over K a morphism 7 : Z — A} which
is an embedded resolution of (f = 0). One takes Y = Z(K).

4. IGUSA’S THEOREM ON THE RATIONALITY OF THE ZETA FUNCTION

In this section we prove a theorem of Igusa which was one of the first important
applications of the theory of p-adic integration. The number theoretic set-up is as follows:
fix a prime p, and let f € Z,[X;,...,X,] (for instance f € Z[X; ..., X,]). For any integer
m > 0, define

Now = {a € (Z/p"2)" | f(mod p™)(x) = 0},

with the convention Ny = 1. Consider the Poincaré series

QUf 1) =Y Ny - t™
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The following result was conjectured by Borevich and Shafarevich [35] and proved by
Igusa (see e.g. §8.2).

Theorem 4.1. Q(f,t) is a rational function.

A more general statement appears in Theorem 4.4, and a more precise statement
appears in Theorem 4.8 below. Let’s start by looking at some examples.

Example 4.2. (1) Take f(z) = z. Then z = 0 (mod p™) has precisely one solution, so
N,, = 1 for all m. Then

1
Q(f,t):1+t+t2+...:m.

(2) Take f(z) = 2% Then N, is the number of solutions of z*> = 0 (mod p™):
e For m = 1, we have p|z? iff p|x, so Ny = 1.

e For m = 2, we have p?|z? iff p|x, so Ny = p.

e For m = 3, we have p3|z? iff p?|z, so N3 = p.

e For m = 4, we have p*|2? iff p?|z, so N, = p?.

e For m = 5, we have p°|z? iff p*|z, so N5 = p>.

The pattern is now clear. We have
QUf.t) =1+t +pt* +pt> +p*t +p*° + ... =
14t

=(1+)(1+pt?+ptt+..) = ——.
(A4 PP+ ) = 75

(3) Take f(x,y) = y — x*. Fixing an arbitrary x, the congruence y = z* (mod p™)
determines y, so we easily get NV,,, = p™ for each m. We have
1
QUfLt)=1+pt+p P +p* P +... = ——.
1—pt

Exercise 4.3. (1) Compute Q(f,t) for f(z) = 2 with d > 3.
(2) Challenge: compute Q(f,t) for f(z,y) = y* — a°.
(2) Challenge: compute Q(f,t) for f(zy,...,x,) =29 ... 2% withn > 1 and dy, ..., d,
arbitrary positive integers. Start with some small cases, like x - y, etc.

Theorem 4.1 can be proved in the more general context of arbitrary p-adic fields.
Consider such a field K, with ring of integers Ok, such that Ok /myg ~ F,, ¢ = p". Let
f € OklXi,...,X,], and for any m > 0 define

N = {z € (Ox/mig)" | f(mod mi)(x) = 0},

with the convention Ny = 1. Define as before the Poincaré series of f to be

QUf 1) =Y Ny - t™
m=0
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Theorem 4.4 ([lg] §8.2). Q(f,t) is a rational function.

The key idea in Igusa’s approach to Theorem 4.4 is to relate Q(f,t) to a p-adic
integral via the following:

Proposition 4.5. With the notation above, we have

219 =Q(f o ) (1= + 0

Proof. For every m > 0, consider the subset of O} given by
n 1
Vi :={z € O | |f(z)] < q—m},

so that V,,, — V,,,11 are the level sets of f. In Lemma 4.6 below we will show that

1
M(Vm) =Np-—

qnm '

Assuming this, and decomposing the domain into the disjoint union of these level sets,
we have

Z(f,s) = / (@) du =

K

= 1 (u(Va) — (V1)) + qi (V) — (V) + qi (u(Va) — (Vi) + ... =

1 1 1 1 1 1 1
:1'(1—N1'—n)+:'(N1'7—N2'E)+§'(Nz'E—NS'E)JF---:
q q q q q q q

1 1 . 1 1
:(1+N1qn+3+N2W+)_q(qun+5+N2W+):
1 . 1
—Q (f, —W) —q -(Q (f, —W) —1).

Lemma 4.6. With the notation in the proof of Proposition /.5, we have u(Vy,) = Ny -

qn'm .

Proof. Note that V,, is the preimage in O} of the subset
{z | f(mod m%)(z) = 0} C (O /m%)".

But this is a disjoint union of N,, translates of the kernel of the natural mapping Of% —
(O /mi)" i.e. a disjoint union of translates of (m’7%)™, from which the result follows using
Lemma 2.4. U

Example 4.7. Let’s verify the statement of Proposition 4.5 in the case of f(z) = z¢ for
some positive integer d. We have seen before that

qg—1
Z(f,8) = 41—
( ) q_qfds
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Rewriting this in terms of ¢ = ¢=°, we have
Z(f,t) = ——.
(10 =2=
By the theorem we then have
1 qt qt —t — 14 ¢ 144
= 2Z(fqt)——) - = .
QU ( ) qt> <qt - 1> (1= g% 1) (gt — 1)
This agrees with the examples above for d = 1,2 (and also tells you what the answer
should be in Exercise 4.3(1)).

Using the substitution ¢ = ¢~°, the result in Proposition 4.5 can be rewritten as

af.an =20

A more precise version of Theorem 4.4 is then given by the following:

Theorem 4.8. Let K be a p-adic field, and f € Ok[Xy,...,X,]. Then the zeta function
209 = [ Itdu
Ok

is a rational function of q=°. Moreover, let (a1,b1), ..., (ag, by) be the discrepancies asso-
ciated to an embedded resolution of singularities of (f =0) (as in Remark 3.13). Then
P(q)
7 —
(f7 S) (1 _ qfalsfblfl) L (1 _ qfaksfbkfl)’
bi+1

where P € Z[1/q][X]. Consequently, the poles of Z(f, s) occur among the values —*-2=, .. .,

Proof. Let w : V. — K" be an embedded resolution of singularities of (f = 0), and let
X =0% cCc K"and Y = 77 '(X), so that we get a restriction 7 : ¥ — X. We’ve seen that
Y is a compact K-analytic manifold which is covered by disjoint compact open charts U;
on which in coordinates we have

T =uly) -yt
and
m(day A AN dxy) = v(y) -y oyl (dyg A A dyy)
with u(y) # 0 and v(y) # 0 for all y € U;. By the change of variables formula, we have
Z(f,s) = Z/ @) Pl )y **0 - Ty 0 | dyy A A dyl.
i Ui

Note now that the functions |u(y)| and |v(y)| are locally constant on each U;. By shrinking
the U;, we can then assume that they are in fact constant, say

ul =q™* and |v|=q¢".

Since U; can be identified with a polydisk P; given by |y;| < ¢~* for all i, we obtain that
Z(f,s)is a sum of terms of the form

g b / [y 50y Ay A A dy| =
P;

_betl
ap
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= q—as—b . / |y1|a1s+b1|dy1| . / |yn anS+bn dyn| _
lyr|<q—F1 lyn|<q—Fn
__—as—b qg—1 " . q—]fl(a1s+b1+1) . . q_kn(an5+bn+1)
—1 q 1— q—(a1s+b1+1) 1= q—(ans+bn+1) ’

where we use Exercise 3.10 for the last line. So the statement follows if we check that no
extra poles can arise from the term involving ¢~ (note that a and b can be negative). To
this end, note that (f o7)(P;) C Ok, so that |7*f| <1 on P;. This means that for every
y € P; we have

()] - g™ -yl ™ < L
This is equivalent to

q_“_klal_'”_k"“" <1, ie a+ka+...+kya, >0,

so indeed ¢~® appears with a non-negative power in the numerator of the expression

above. OJ

Remark 4.9 (Monodromy conjecture). Going back to the statement of Theorem 4.8, most
of the time the poles of the local zeta function do not account for all the values —b"a—tl
(at an even more basic level, some of these values are not invariant with respect to the
choice of embedded resolution). A deeper conjecture due to Igusa, called the monodromy

congecture, aims to identify these poles more precisely.

Here is a brief explanation. Consider f as a mapping f : C* — C, and fix a point
x € f710). The Milnor fiber of f at x is

M;, = f'(t)N B.(x),

where B.(x) is the ball of radius ¢ around z, and 0 < t < ¢ < 1. It was shown by Milnor
that as a C'"° manifold M, does not depend on ¢ and €. Each lifting of a path in a small
disk of radius ¢ around 0 € C induces a diffeomorphism My, — M., whose action on
the cohomology H'(Mj,, C) for each i is called the monodromy action.

Conjecture 4.10 (Igusa’s Monodromy Conjecture). Let s be a pole of Z(f,s). Then

e*™s is an eigenvalue of the monodromy action on some H'(M;,,C) at some point of

z € f710).

This truly remarkable conjecture, known in only a few cases, relates number theoretic
invariants of f € Z[X, ..., X,] to differential topological invariants of the corresponding
function f : C" — C. An even stronger conjecture relates the poles of Z(f, s) to the roots
of the so-called Bernstein-Sato polynomial of f.

5. WEIL’'S MEASURE AND THE RELATIONSHIP WITH RATIONAL POINTS OVER FINITE
FIELDS

Let K be a p-adic field, with ring of integers O, and residue field Og/myx ~ F,,.
In the next chapter we will need a result of Weil, roughly speaking relating the p-adic
volume of a K-analytic manifold to the number of points of the manifold over F,.
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Let X be a scheme over S = Spec Ok, flat of relative dimension n. Recall that
the set of Og-points of X is the set X(Ok) of sections of the morphism X — S. We
can also consider the set X(K) of K-points of X, i.e. sections of the induced Xy :=
X xg Spec K — Spec K.

Exercise 5.1. (1) If X is an affine S-scheme, then
X(0Og)={r € X(K) | f(z) € Ok for all f € T(X,0x)} C X(K).

(2) If X is proper over S, then X(Ok) = X(K). (Hint: use the valuative criterion for
properness.)

Definition 5.2. Assume that X is smooth over S. A gauge form on X is a global section
w e I'(X, Q% /s) which does not vanish anywhere on &'. Note that such a form exists if
and only if (2%, /s 18 trivial; more precisely, we have an isomorphism

Ox — Qy/g, 1 —w.

(Therefore gauge forms always exist locally on X.)

Weil’s p-adic measure. We saw in §3 that if w is a K-analytic n-form on X'(K), one can
associate to it a measure u,,. In a completely similar way, one can associate a measure i,
on X(Ok) to any n-form w € I'(X, €25, ). (Note that X(Ok) is a compact space in the
p-adic topology.) Although not important for our discussion here, following the arguments
below one can see that when w is a gauge form, the measure pu, can in fact be defined
over the entire X(K). This is called the Weil p-adic measure associated to w.

Theorem 5.3 (Weil, [We2] 2.25). Let X be a smooth scheme over S of relative dimension
n, and let w be a gauge form on X, with associated Weil p-adic measure p,,. Then

X(F
[ =)
X(OF) qr

Proof. This is really just a globalization of the argument in Lemma 4.6. Consider the
reduction modulo myx map
0: X(0kg) — X(F,), z—z.

It is enough to show that for every z € X'(F,), one has

1
e~ 1(z) q

This follows from the following two observations. On one hand, we have a K-analytic
isomorphism ¢~1(z) ~ m’%, since locally the mapping ¢ looks like O% — (O /mg)". On
the other hand, if we write in local coordinates w = f(x) - dx; A ... A dz,, by virtue of
the fact that w is a gauge form we have that f(z) is a p-adic unit for every x, so that
|f(x)| = 1. This facts combined give

1
/ d,uw:/ |dey Ao AN dan| = p(my) = —.
0~ 1(2) mn q

K
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Canonical measure. Let again X be a smooth scheme over S, this time not necessarily
endowed with a gauge form. One can nevertheless naturally produce a measure on X' (Oy)
(but not necessarily on X(K) if X' is not proper over S) by gluing local measures given
by gauge forms.

Consider a finite cover Uy,...,U; of X by Zariski open S-schemes such that for
cach ¢ the line bundle €2} ¢ is trivial over U;, i.e. Q?“/SIU- ~ Qy,. This means that we can

pick a gauge form w; on each U;, with associated Weil measure p,, defined on X(K) as
above. Consider its restriction to X'(Ok). Now any two gauge forms clearly differ by an
invertible function, i.e. by a section s; € I'(U;, Oy;)), so that for any Og-point = € U; we
have |s;(z)| = 1. Recalling how the measure associated to an n-form is defined in §3, this
has the following consequences:

e The Weil measure p,, on U;(Ok) does not depend on the choice of gauge form.

e These measures glue together to a global measure pic,, on the compact X (Ok), called
the canonical measure.

Weil’s result Theorem 5.3 continues to hold in this setting.

Corollary 5.4. Let X be a smooth scheme over S of relative dimension n. Then

X(F
[ e = L
X(0k) q

Proof. Consider a Zariski-open covering Uy, ..., U of X as above, such that one has gauge
forms on each U;. Since ficay, is obtained by gluing the local Weil measures, we have

dﬂcan - / d/ican - / dﬂcan +...+ (_1)k/ d/vbcam
/X(OK) ; Ui(Ok) Z (UinU;)(Ok) (U1N...NUE)(Ok)

i<j
Now for each of these integrals one can apply Theorem 5.3. The result follows by noting
that by the inclusion-exclusion principle one has

[ X (Fy)| = Z Ui(F)l =D [N U)(EF| 4.4 (=DM (U NN U ().

1<J

O

Let’s conclude by noting a useful technical result which essentially says that proper
Zariski closed subsets are irrelevant for the calculation of integrals with respect to the
canonical measure.

Proposition 5.5. Let X be a smooth scheme over S, and let Y be a reduced closed S-
subscheme of codimension > 1. Then Y(Ok) has measure zero in X (Og) with respect to
the canonical measure fieay-

Proof. Using an affine open cover of X, we can immediately reduce to the case when
X is a smooth affine S-scheme. Considering some hypersurface containing ), we can
also reduce to the case of a principal divisor, i.e. Y = (f = 0) with f € I'(X,Ox)
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irreducible. By the Noether normalization theorem, we can then further assume that
X = A}, =Spec Og[Xy,...,X,| and f = X,

To show that pican(V(Ok)) = 0, we will use a limit argument. Define for every integer
m > 1 the subsets of A"(Ok)

Vi (Ok) ={(x1,...,2,) € O% | &1 € mP}.
Noting that Ny°_ m%E = 0, we have

V(0k) = (] Yml(Ok).
m=1
It suffices then to show

/ d/ULcan = lim d/vbcan = 0.
Y(Ok) =90 JYm(Ok)

But each one of the terms in the limit can be easily computed using Fubini:

= 1
/ d,ucan = / |dl‘1| : H/ |dxz| = T
ym(OK) my(b i=2 Ok q

hence the limit is indeed equal to zero. 0]
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