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INTRODUCTION

Local zeta functions are relatively new mathematical objects. The first general
theorems were proved from 1968 to 1973. Since then, especially during the last
fifteen years, remarkable results have been obtained, allowing one to call the accu-
mulation a “theory.” Nevertheless, there remain several challenging problems whose
solution will make the theory much richer. The purpose of this book is to introduce
the readers to this theory. The book is written in such a way that it should be
appropriate for those who have mastered the “basic courses” taught in America for
first year graduate students. Assuming the reader has this background, nearly all
material will be explained with detailed definitions and proofs. There are, however,
two exceptions. We shall use Hironaka’s desingularization theorem and the func-
tional equations of Weil’s zeta functions over finite fields. We shall explain these
theorems by examples so that the readers can accept them with some understand-
ing. The references are given primarily to indicate our indebtedness to the authors
and not for the readers to consult.

Since local zeta functions are new, we shall define them briefly with details given
in the text. If k is a number field, any completion of k is called a local field. Every
local field K carries a Haar measure, and the rate of measure change under the
multiplication by a in K* = K\{0} defines its absolute value |a|x; it is completed
by |0|x = 0. If now X = K™ for some n > 1, f is a K-valued non-constant
polynomial function on X, and @ is in the Schwartz-Bruhat space S(z) of X, then

Z,;,(s):/x\f(x)ﬁ((b(x) dz,  Re(s)>0

is called a local zeta function. If ® is the standard function on X, i.e., exp(—ntzx)
for K = R, exp(—2n'zz) for K = C, and the characteristic function of O% for a
p-adic field K with O as its maximal compact subring, then we drop the subscript
®. Furthermore, we normalize the Haar measure dz on X so that Z(s) tends to
1 as s — 0. The set of ws(-) = |- |% for all s in C forms the identity component

ix



x INTRODUCTION

of the group Q(K*) of all continuous homomorphisms w from K* to C*. By
replacing ws by w we get a more general local zeta function Zg(w). In view of
the fact that |w(-)| = Wy () (+) for a unique o(w) in R satisfying o(ws) = Re(s), we
define the right-half plane in Q(K*) by o(w) > 0. Then the first general theorems
are as follows: Zg(w), which is clearly holomorphic on the right-half plane, has a
meromorphic continuation to the whole Q(K*). Furthermore, in the p-adic case,
if 1Ok denotes the ideal of nonunits of O, then Zg(w) is a rational function of
t = w(m). These results were obtained jointly by I. N. Bernstein and S. I. Gel’fand,
independently by M. F. Atiyah, then by a different method by Bernstein, and in
the p-adic case, by the author.

We shall now explain the motivation. In the archimedean case where K =R or
C, the general theorem was proposed as a problem by I. M. Gel’fand in 1954 and was
discussed for some well-selected f(x) in the first volume on generalized functions by
I. M. Gel’fand and G. E. Shilov. The solution of the problem implies the existence
of fundamental solutions for constant-coefficient differential equations. It appears
that this situation served as a motivation of the work by Atiyah, Bernstein, and S.
I. Gel’fand. On the other hand, we started differently. In the middle 60’s, A. Weil
showed that Siegel’s main theorem on quadratic forms is a Poisson formula. More
precisely, if k4 denotes the adele group of k and ¢ a nontrivial character of k4 /k,
then in the special case where the base space is one dimensional and

Fe(i®) = | 4" f(2))®(z)dr,

n
k%

in which ¢* isin k4, f(z) is a nondegenerate quadratic form on k™, ® is in S(k%), dx
is the Haar measure on k7 normalized as vol(k”; /k™) = 1, and Fg (i) is the inverse
Fourier transform of Fj(i*), then the Poisson formula takes the form

Y Fali) =) F3(i").

ick i*ck

There is a condition n > 4 for the convergence of the series. Following Weil, we
call the RHS, the right-hand side, the Eisenstein-Siegel series, and the identity itself
with a modified LHS, the Siegel formula. Later, J. G. M. Mars proved the Siegel
formula for a certain cubic form. Toward the end of 60’s, we proved the Siegel
formula for the Pfaffian and determined all cases where the Siegel formula might
hold. However the proof of the convergence of the Eisenstein-Siegel series in general
became a serious difficulty. In order to overcome this obstacle, we introduced Zg (w)
over K as above and showed that the general theorems on Zg(w) can effectively be
used to examine the convergence problem. In fact, it was shown to be sufficient to
estimate Z(w) for almost all p-adic completions K of k.

These were some of the developments up to the middle 70’s. Before we start an
explanation of later activities, we mention that the general theorems were proved
by using Hironaka’s theorem except for the second proof by Bernstein. In that
proof he used the following remarkable fact: If k, is any field of characteristic 0
and f(x) is in ko[x1,... ,2,]\{0}, where z1, ... ,z, are variables, then there exists
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a differential operator P with coeflicients in k[s,z1,... ,2,], where s is another
variable, such that

Pf(x) ™t = by(s)f(x)°

for a monic polynomial b¢(s). The bs(s), which is reserved for the one with the
smallest degree, is called Bernstein’s polynomial of f(x). In the archimedean case,
the above fact immediately implies the general theorem. In fact if br(s) = [[(s+A),

then
HF(S + N7 Za(s)
A

becomes a holomorphic function on the whole s-plane. The proof via Hironaka’s
theorem shows that the poles of Zg(s) are negative rational numbers. On the other
hand, M. Sato developed his theory of prehomogeneous vector spaces in the middle
60’s. Suppose that G is a connected reductive algebraic subgroup of GL,,(C) acting
transitively on the complement of an irreducible hypersurface f~1(0) in C" with
f(x) necessarily homogeneous of degree say d. Then without losing generality we
can normalize G and f(z) so that ‘G = G = G, f(z) isin R[xy,... ,z,] and further

f£(8/0x) f(x)*t = b(s) f(z)*

for a monic polynomial b(s) of degree d called Sato’s b-function. By definition b (s)
is a factor of b(s). Actually they are equal. It can be seen, e.g., as follows: If
b(s) =](s + A), then Z(s) has the form

/n |f (z)|fexp(—2ntaz) doe = (2m) "9 H (W)

A

for Re(s) > 0. This with the above results implies b(s) = by(s). It also gives in the
prehomogeneous case another proof to a general theorem of M. Kashiwara stating
that all X’s in by(s) = [[(s + A) are positive rational numbers.

Now in the p-adic case, what we did after the middle 70’s was to compute Z(w),
especially Z(s), for those f(x) which might give the Siegel formulas. In compiling
a list of Z(s), we gradually became interested in patterns appearing in the shape
of Z(s) as a rational function of t = ws(m) = ¢~ %, where ¢ = card(Og /7O).
We therefore started a systematic computation of Z(s) for a larger class of f(x),
especially for those f(x) which appeared in Sato’s theory, hoping to find conjectures
on Z(s). It did not take too long to find the first conjecture stating that if f(z) is
a homogeneous polynomial in k[z1,...,2,]\k, where k is a number field as before,
then

deg;(Z(s)) = —deg(f)

for almost all K. We might emphasize the fact that this conjecture was not sug-
gested by any existing theory, but it came from explicit computations. At any rate
the conjecture was investigated by D. Meuser and proved as stated by J. Denef in
the late 80’s. In a similar manner, the ever-increasing list of explicitly computed
Z(s) suggested a new type of functional equations satisfied by Z(s). This conjecture
also became a theorem by Meuser and Denef in the early 90’s. More precisely, the
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new functional equation was derived from the functional equations of Weil’s zeta
functions over finite fields proved by A. Grothendieck. We shall devote the last
chapter to a detailed explanation of their work.

We shall explain some problems on the denominator and the numerator of Z(s)
as a rational function of ¢. It is known for a general f(z) that except for a power of ¢
and the allowance of cancellation, the denominator of Z(s) is of the form[[(1—q %)
for some positive integers a, b. Now in all known examples bs(—a/b) = 0, i.e., the
real parts of the poles of Z(s) are zeros of bs(s), and the order of each pole is at most
equal to the order of the corresponding zero. What it says is that bs(s) for some
hidden reason describes the poles of Z(s) also in the p-adic case. This is extremely
remarkable in view of the fact that bs(s) does not play any direct role in that case.
At any rate the problem is to convert the above experimental fact into a theorem.
In the two variable case, i.e., if n = 2, the problem was settled by F. Loeser. Also in
the prehomogeneous case, it was settled jointly by T. Kimura, F. Sato, and X.-W.
Zhu, except for the information on the orders of poles stated above. In the general
case, a solution seems to require a new theory.

Again, in the case of f(z) appearing in Sato’s theory, hence d = deg(f) =
deg(by), if b > 1 in some factors 1 — ¢~ %" of the denominator of Z(s), then Denef’s
theorem suggests that Z(s) might have a nonconstant numerator. By going through
the list of Z(s), we notice that certain cubic polynomials in ¢ of the same type appear
rather mysteriously in the numerators of Z(s) for those f(z) which do not have any
apparent similarity. No hint to solve this mystery can be found in the complex case
by the uniform simplicity of Z(s) mentioned above, and a similarly explicit and
general form of Z(s) is not known in the real case. At any rate, no conjecture of
any kind has been proposed on how to describe the numerator of Z(s). We might
finally make it clear that there are several important results, especially those by J.
Denef, which we did not mention in this book. The reader can find most of them
in Denef’s Bourbaki seminar talk [11] and our expository paper [31].

The author would like to thank Professor S.-T. Yau for kindly inviting him
to publish this book in the AMS-IP series. The author would also like to thank
Professor M. M. Robinson for her effort to bring the manuscript into this final form.
Finally, the author would like to gratefully acknowledge the invaluable assistance
by his wife, Yoshie, for providing ideal working conditions for the last fifty years.
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Chapter 1

Preliminaries

1.1 Review of some basic theorems

We shall assume that the reader is familiar with definitions and basic theorems on
groups, rings, vector spaces, and modules in algebra. We shall review two theorems,
among others, which we shall use later.

We shall assume, unless otherwise stated, that all rings are associative. If A is
any ring with the unit element 1 # 0, then we shall denote by A* the group of units
of A. If M,,(A) is the ring of n x n matrices with entries in A, then M,,(A4)* will
be denoted by GL,(A). Suppose that A is commutative. Then an element a of A
is called a zero divisor if ab = 0 for some b # 0 in A. If A has no zero divisor other
than 0, then it is called an integral domain; and an element a # 0 of A is called
irreducible if @ is not in A* and if @ = be for b, ¢ in A implies that either b or ¢ is
in A*. An integral domain is called a unique factorization ring if every a # 0 in A
can be expressed uniquely, up to a permutation and elements of A*, as a product
of irreducible elements. The classical examples are the ring Z of integers and the
ring F[z] of polynomials in one variable z with coefficients in a field F'. In general,
we have the following consequence of Gauss’ lemma:

If A is a unique factorization ring and x is a variable, then Alz] is also a unique
factorization ring.

We might give some explanation. If we denote by F' the quotient field of A, then
every f(z) # 0in F[z] can be written as f(x) = ¢fo(z) with ¢in F* and f,(z) # 0in
Alz] such that its coefficients are relatively prime. We call such an f,(z) primitive.
According to the Gauss lemma, the product of primitive polynomials is primitive.
Therefore if f(x), g(x) are primitive and f(x) = g(z)h(z) with h(x) in F[z], then
necessarily h(x) is in A[z] and primitive. This implies the above statement. The
irreducible elements of A[z] are irreducible elements of A and primitive polynomials
which are irreducible in F[z]. At any rate, as a corollary we see that F[z1,... ,2y],
where 1, ... ,x, are variables, is a unique factorization ring.

We shall also use the following fact, which is sometimes called the “Principle of
the irrelevance of algebraic inequalities”:

Let F' denote an infinite field and f(x),g1(x), ..., gi(x) elements of the polyno-
mial ring Fz] = Flz1,...,zy,], in which g1(x) # 0,...,g(x) # 0. Suppose that
fla) =0 for every a = (a1,... ,ay,) in F™ satisfying g1(a) #0, ... ,g:(a) # 0. Then
f(z)=0.
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The proof is as follows. If we put h(z) = f(z)g1(x) ... g:(x), then by assumption,
h(a) = 0 for every a in F™. If we can show that this implies h(z) = 0, since F[z] is
an integral domain and ¢1(z) # 0,...,¢g:(x) # 0, we will have f(xz) = 0. Suppose
that h(x) # 0. Suppose further that n = 1. Then the number of zeros of h(x) in F
is at most equal to deg(h). Since F' is an infinite field, we have a contradiction. We
shall therefore assume that n > 1 and apply an induction on n. If we write

hz) = co(x’) + ey (2 )ay + ...

with co(2'), e1(2’), ... in Flxy,...,2n-1], then ¢;(z’) # 0 for some ¢ by h(z) # 0.
By induction, we can find o’ = (ay,...,a,—1) in F"~1 satisfying ¢;(a’) # 0. Then
h(a',x,) # 0, hence h(a’,ay) # 0 for some a,, in F. We thus have a contradiction.

We shall assume that the reader is familiar with topological spaces, their com-
pactness, continuous maps, etc., in general topology. We shall review some defini-
tions and theorems.

A topological space is a nonempty set X equipped with a family of its subsets,
called open, with the property that the family is closed under the taking of arbitrary
union and finite intersection. The family then contains X and the empty set (). If
Y is any nonempty subset of X, then Y will be considered as a topological space
by the induced topology. The family of open sets in Y consists of intersections of
Y and open sets in X. Complements of open sets are called closed. If A is any
subset of X, the intersection A of all closed sets containing A is called the closure
of A; it is the smallest closed set containing A. An open set containing a point is
called its neighborhood. A topological space is called a Hausdorff space if any two
distinct points have disjoint neighborhoods. A Hausdorff space X with the following
property is called compact: If X is the union of open sets in a family I, then X
is also the union of open sets in a suitable finite subfamily of I. Every nonempty
closed set in a compact space is compact. The Tychonoff theorem states that the
product space, i.e., the product set with the product topology, of any nonempty set
of compact spaces is compact. A Hausdorfl space is called locally compact if every
point has a neighborhood with compact closure. The fields R and C of real and
complex numbers with the usual topology are locally compact. A Hausdorff space
is called normal if any two disjoint closed sets are contained in disjoint open sets.
Every compact space is normal. If ¢ is an R-valued function on any nonempty set
X satisfying p(x) > « for some « in R and for every x in X, we shall write ¢ > «
and also a < . If A, B are disjoint nonempty closed sets in a normal space X,
there exists an R-valued continuous function ¢ on X satisfying 0 < ¢ < 1 such that
o =0o0n A, ie., p(x) =0 for every z in A, and ¢ = 1 on B. This remarkable
theorem is called Urysohn’s lemma. We shall later use the following fact:

A Hausdorff space X is locally compact if and only if for every neighborhood U
of any point a of X there exist an R-valued continuous function ¢ on X satisfying
0 < ¢ <1 and a compact subset C' of U containing a such that ¢ =0 on X\C and
p(a) = 1.

We shall outline the proof. The if-part is clear. In fact, if O, denotes the set of
all z in X where p(x) > 0, then O,, is a neighborhood of a with its closure contained
in C', hence it is compact. Conversely, suppose that X is locally compact. Then



INTRODUCTION TO THE THEORY OF LOCAL ZETA FUNCTIONS 3

a has a neighborhood U, with compact closure. By replacing U by its intersection
with U,, we may assume that U is compact, hence normal. We choose disjoint open
subsets V and W of U respectively containing a and U\U. Then V is open in U,
hence also in X. By Urysohn’s lemma there exists an R-valued continuous function
¢ on U satisfying 0 < ¢ < 1 such that ¢ = 0 on U\V and ¢(a) = 1. If we extend
o to X as ¢ = 0 on X\V, then ¢ will have the required property with V as C.
We shall assume that the reader is familiar with routine theorems in complex
analysis. We shall review a few basic facts, just to refresh reader’s memory. If

P(z) = Z en(z—a)”

n>0

is a power series with center a and coefficients cg, ¢1,... all in C, then there exists
0 < r < oo, called the radius of convergence, such that P(z) is convergent (resp.
divergent) for every z in C satisfying |z — a| < r (resp. |z — a| > r). Furthermore r
is given by

1

~ lim SUD,, 00 |Cn|% ’

which is often called Cauchy-Hadamard’s formula. As a consequence, if we define
a power series Q(z) by a termwise differentiation of P(z) as

Qz) = Z nen(z —a)"

n>0

then @Q(z) has the same radius of convergence as P(z). Furthermore, the C-valued
function P on the disc |z — a| < r defined by P(z) is differentiable at every point of
the disc and its derivative P’ is given by the function @ defined by Q(z). If D is any
nonempty open subset of C and a is a point of D, we put D = D\D and denote
by dis(a, dD) the distance from a to D. We have 0 < dis(a, D) < co. Suppose
now that f is a C-valued function on D with the following property: At every point
a of D there exists a power series P(z) with a radius of convergence r > 0 such
that f(z) = P(z) for every z in D satisfying |z — a| < r. Then we say that f is
holomorphic on D. The above remark on P and @ shows that if f is holomorphic
on D, then its derivative f’ exists and is holomorphic on D. We call P(z) the
Taylor expansion of f(z) at a. A standard criterion for f to be holomorphic on D
is that f is differentiable at every point of D. In fact “Cauchy’s theorem” holds for
such an f, hence f(z) can be expressed by “Cauchy’s integral formula,” and hence
it can be expanded into a Taylor series. This line of argument implies that the
above r satisfies r > dis(a, D), and this fact supplies a basis for the holomorphic
continuation of f. At any rate, the above criterion implies the following criterion,
sometimes called Morera’s theorem:

Let f denote a C-valued continuous function on D such that its integral along
any closed curve of finite length in D is 0. Then f is holomorphic on D.

In the application D usually has the property that it is connected and simply
connected. Then Morera’s theorem becomes the converse of Cauchy’s theorem
mentioned above. At any rate the proof is straightforward. We may assume that D
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is connected. Choose a and z from D and join them by a curve C of finite length
in D. Then, by assumption, the integral of f along C' is independent of the choice
of C, hence we may denote it by F(z). In this way we get a well-defined function
F on D with f as its derivative. Therefore F', hence also f, is holomorphic on D.

If a is a point of D and the function of z defined by (z — a)*f(z) becomes
holomorphic on D for some k£ > 0, then a is called a pole of f. In such a case,
f(2) can be expanded into a Laurent series at a, which is similar to P(z) above but
with finitely many terms ¢, (z — a)™ for n < 0. Furthermore, the above mentioned
Cauchy’s integral formula implies that

for every n, in which 0 < r, < dis(a,dD) and the integral is from § = 0 to 27
after writing z — a = roexp(i6). We shall use meromorphic functions, meromorphic
continuation, etc. later on.

We shall finally review two theorems in calculus and one theorem in analysis.
The first one is called Gauss’ theorem, and it is as follows:

Suppose that D is a bounded open subset of R® such that 9D = D\D is piecewise
smooth; let fi(x), f2(z), f3(x) denote continuously differentiable functions on D.
Then
R

+—==) dz1dzodzs.

/aD(fl(x)dwzdx3+f2<$>dx3d$1+ f3(x)dx1dx2):/[)(ax1 Oxy ' O

Since D is assumed to be piecewise smooth, it has a “surface element” do. If
n = (n1,n2,n3) denotes the outer normal unit vector at a smooth point of D and
f-n = fin1 + fano + fans, then the integrand on the LHS can be replaced by
(f -n) do. The second one is called Fubini’s theorem, and it is as follows:

Suppose that —co < a < b < 00, —00 < ¢ < d < 00 and D consists of (x,y)
satisfying a < x < b, ¢ < y < d; let f(x,y) denote a continuous function on D
which is absolutely integrable on D, i.e., the integral of |f(x,y)| over D is finite.

Then
| fadzay = [ b ( / df(x,y)dy)dx= / d( / bf(:s,y)dx)dy.

The third one is called Lebesgue’s theorem, and it is as follows:

Suppose that D is defined by a < x < b and {f;(x)}; is a sequence of continuous
functions on D which converges to a continuous function on D; suppose further that
there exists an absolutely integrable function ¢(x) on D satisfying |fi(x)| < ¢(x) for
all i and all x in D. Then

lim Dfi(;v) dx = /D(_lim fi(x)) dx.

1—00 i—00

We have formulated the above theorems rather restrictively so that the integrals
become those familiar in calculus. Actually, the third theorem is proved in analysis
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for a convergent sequence of Lebesgue integrable functions. In our later applications
we more or less keep the restrictions on functions, but the domains of integration
will become multidimensional. We shall use Lebesgue’s theorem to shorten the
proof, i.e., to avoid longer and artificial argument.

1.2 Noetherian rings

We shall summarize basic theorems on noetherian rings. Although some of them
may be included in the first course on algebra, we shall give outlines of standard
proofs to all of them.

A noetherian ring A is a commutative ring with the unit element 1 in which
every ideal has a finite ideal basis. Equivalently, every strictly increasing sequence
of ideals is finite. In the following, we shall explicitly state it if this condition is
used. If a, b are ideals of A, then ab denotes the set of finite sums of ab for all a in
a and b in b; by definition ab is an ideal of A. If a is an ideal of A, then its root r(a)
consists of all @ in A such that its image in the factor ring A/a is nilpotent, i.e., a®
is in a for some positive integer e depending on a. We see that r(a) is an ideal of
A, r(r(a)) = r(a), and the operation “r” is monotone, i.e., preserves the inclusion
relation, and commutes with the taking of finite intersection. Furthermore, if A is
a noetherian ring, hence r(a) has a finite ideal basis, a suitable power r(a)¢ of r(a)
is contained in a. We say that an ideal p of A is prime if A/p is an integral domain,
ie., if p # A and ab in p, a not in p imply b in p. We say that an ideal q of A is
primary if A/q # 0 and every zero divisor of A/q is nilpotent, i.e., if g # A and
ab in g, a not in q imply b in r(q). In that case, we see that r(q) is a prime ideal.
Clearly every prime ideal is a primary ideal. If a is an ideal of A and E is a subset
of A, then we denote by a : E the set of all a in A such that ab is in a for all b in E.
We observe that a : E is an ideal of A. Furthermore, the operation “- : E” clearly
commutes with the taking of finite intersection. We shall often use the following
fact: namely, if an ideal a is not contained in r(q) for a primary ideal g, i.e., 7(a) is
not contained in r(q), then q: a = g.

Lemma 1.2.1 Let a denote an ideal of a noetherian ring A which is different from
A and meet-irreducible in the sense that it cannot be expressed as an intersection
of two ideals of A both strictly containing a. Then a is a primary ideal.

Proof. We shall assume that a is not primary and derive a contradiction. Since
a # A is already assumed, we will have the situation that ab in a, a not in a,
and b not in r(a). Since the sequence a : b, a : b2,... is increasing, we will have
a:b* = a:bF*! for some positive integer k. Then both a; = AbF+aand ay = Aa+a
strictly contain a. If z is in aj, then z = cb* + d for some ¢ in A and d in a. If z is
also in as, since ab is in a, we see that bx is in a. Then cisin a : b**! = a: b*, hence
z is in a. Therefore a is the intersection of a; and as, hence a is not meet-irreducible.

In a noetherian ring A every ideal a can be expressed as an intersection of a finite
number of meet-irreducible ideals. Otherwise, starting from a we can construct an
infinite sequence of strictly increasing ideals in A. On the other hand if qq, ... , q¢ are
primary ideals of A satisfying r(q;) = p for all ¢ and ¢ > 0, then their intersection q is
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a primary ideal and r(q) = p. Therefore, by Lemma 1 every ideal a can be expressed
as an intersection of primary ideals qq,... ,q; with distinct 7(q1),...,7(q:). If no
g; is redundant, then for the sake of simplicity we call such an expression a minimal
representation of a. We shall only use the following uniqueness theorem:

Theorem 1.2.1 If a is an ideal of a noetherian ring A and

ﬂ:ﬂqz'

1<i<t

is a minimal representation of a, then the set {r(q1),...,7(q:)} is uniquely deter-
mined by a.

Proof. If t = 0, i.e., a = A, then the theorem holds trivially. Suppose that a has
another minimal representation as an intersection of primary ideals qf,... , g, and
assume by induction that min(s,¢) > 0. Since the situation is symmetric, we may
assume that p = 7(q¢) is maximal among r(q;),7(q}) for all 7, j. Then p is among
r(g}), ... ,7(q,). Otherwise we will have

arqe= ()@= ) dj=a

1<i<t 1<j<s

hence g is redundant. This is a contradiction. Therefore we may assume that
r(q.) = p. Then we get

arq,= ()@= ) d

1<i<t 1<j<s

We observe that they are minimal representations of the LHS. Therefore, by induc-
tion the two sets {r(q1),...,7(q:—1)} and {r(q}),... ,r(q5_1)} are the same.

We shall use the operation S~! by a multiplicative subset S of A, i.e., a multi-
plicatively closed subset containing 1, but only in the case where S is free from zero
divisors. In that case, S~1A simply consists of a/s for all a in A and s in S with the
convention that a/s = a’/s’ if and only if s'a = sa’. We convert S~1A4 into a ring
as in the special case where A = Z and S is the set of positive integers. Then S—1A
becomes a commutative ring with 1/1 as its unit element and A can be identified
with its subring under the correspondence a — a/1. If a is an ideal of A, then S~1a
is defined as the set of a/s for all @ in a and s in S. Then S~!a becomes an ideal of
S~1A. We observe that the operation a — S~!a is monotone and commutes with
the taking of finite intersection. Furthermore, if a* is an ideal of S~ A, then ANa*
is an ideal of A and a* = S~1(ANa*) because a/s = (1/s)(a/1) for every a/s in a*
with a = a/1 in ANa*. Therefore if af, a3, ... form a strictly increasing sequence of
ideals of S7'A, then ANa}, ANaj,... form a strictly increasing sequence of ideals
of A. This implies that S~ A is noetherian if A is noetherian.

Lemma 1.2.2 Let q denote a primary ideal of A. If q and S are disjoint, then
S~1q is a primary ideal of ST*A, r(S71q) = S~r(q), and ANS~lq=4q. If q and
S intersect, then S~'q = S~ 'A.
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Proof. Since the second part is clear, we shall only prove the first part. If ¢ and S
are disjoint, then clearly S~'q # S~!A4 and AN S~!q = q because 7(q) and S are
also disjoint. Furthermore, if a/s for a in A and s in S is in S~!q, then a is in q.
In fact, if a/s = a’ /s’ with @’ in q and ¢’ in S, then s'a = sa’ is in q and ¢’ is not in
7(q), hence a is in q. This implies 7(S~'q) = S~!7(q). We shall show that S~'q is
a primary ideal of S71A. If (a/s)(a’/s’) is in S~'q with a/s not in S~'q, then aa’
is in q with a not in g, hence a’/s’ is in S~1r(q) = r(S~1q).

Proposition 1.2.1 In Theorem 1.2.1 suppose that q; and S are disjoint for i < r
but not for i > r. Then
STla= () S'a

1<i<lr
is a minimal representation of S~'a in STLA.

Proof. This follows immediately from Lemma 1.2.2 except for the fact that none
of S7'qi,...,8 g, is redundant. If we denote by a’ the intersection of qi,... ,q,,
then by Lemma 1.2.2 we get ANS~'a’ = a/. Therefore, if, e.g., S~'q, is redundant,
we will have
d=AnStd = ﬂ qi,
1<i<r

hence g, becomes redundant in the minimal representation of a. This is a contra-
diction.

We say that an ideal m of A is maximal if m is maximal in the set of all ideals
of A different from A. In that case, Aa +m = A for every a in A not in m, hence
A/m is a field, and hence m is a prime ideal. We say that A is a local ring if the
set of all nonunits of A forms its maximal ideal. If p is a prime ideal of A such that
S = A\p is free from zero divisors, then Lemma 1.2.2 shows that S~'A is a local
ring with S~!p as its maximal ideal. At any rate, if A is a local ring with m as its
maximal ideal, then every element of 1 + m is a unit of A.

Theorem 1.2.2 Let m denote an ideal of A with the property that every element of
1+m is a unit of A and M a finitely generated A-module, i.e., M = Ax1+...+ Ax,
for some x1, ... ,x, in M, satisfying mM = M. Then M = 0. Furthermore, if A
is a noetherian ring, then the intersection of all powers of m is 0.

Proof. We shall prove the first part. Suppose that M # 0 and express M as in
the theorem with the smallest n necessarily positive. Then z, is in M = mM,
hence z,, = a121 + ... + apx, with a; in m for all 4. This implies (1 — a, )z, =
a1x1 + ...+ ap_1T,_1. Since 1 — a, is a unit of A by assumption, we see that
T, is in Axy + ...+ Az,_1, hence M = Axy + ...+ Ax,_1. This contradicts the
minimality of n.

We shall prove the second part. We denote the intersection of all powers of m
by n. Then n is an ideal of A, hence a finitely generated A-module. By the first
part we have only to show that mn = n. Since mn is contained in n, we shall show
that n is contained in mn. Let

mn = rw q;

1<i<t
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denote a minimal representation of mn. Then mn is contained in ¢;, hence n is
contained in g; : m for all <. If m is not contained in r(q;), then n is contained in
g; : m = ¢;. On the other hand if m is contained in r(g;), then m® is contained in g;
for some e, hence n is contained in q;. Therefore, n is contained in all g;, hence in
mn.

The second part, i.e., the fact that the intersection of all powers of m is 0, is due
to W. Krull [36]. We might mention that the first part, i.e., the fact that mM = M
implies M = 0, is sometimes called Nakayama’s lemma. It has the following useful
corollary:

Corollary 1.2.1 Let A denote a local ring with m as its mazimal ideal and M o
finitely generated A-module; for every a, x respectively in A, M denote by a, T
their images in A/m, M/mM and convert M /mM into a vector space over A/m as
aZ =az. Then M = Axy + ...+ Az, if and only if T1, ... ,Zy span M/mM over
A/m.

Proof. Since the other part is clear, we shall prove the if-part. We observe that
M/mM = (A/m)Z; + ...+ (A/m)Z, can be rewritten as M = (Ax; + ...+ Ax,) +
mM. If we put N = M/(Axy+...+ Azx,), then N is a finitely generated A-module
and mN = N, hence N = 0.

1.3 Hilbert’s theorems

It is a well-known historical fact that D. Hilbert put a period to the classical theory
of invariants by his monumental paper [19]. We shall explain three important
theorems in that paper with proof. We shall start with the following lemma:

Lemma 1.3.1 . Let A denote a noetherian ring, M a finitely generated A-module,
and N any A-submodule of M. Then N is also finitely generated.

Proof. 1f we express M as M = Az, + ...+ Ax,, then the Lemma holds trivially
for n = 0. Therefore we shall assume that n > 0 and apply an induction on n. If
we denote by N’ the intersection of N and M’ = Axq + ...+ Ax,_1, then N’ is
finitely generated by induction. If we denote by a = (M’ + N) : x,, the set of all a
in A such that ax,, is in M’ + N, then a is an ideal of A. We choose a finite ideal
basis {ai,...,a:} for a and write a;z, = x} + y; with 2} in M’ and y; in N for all
i. If we put N” = Ayy + ...+ Ay, then we have only to show that N = N’ + N”.
Since N’ + N” is contained in N, we shall show that every element x of N is in
N’ + N". If we write x = 2’ + ax,, with 2’ in M’ and a in A, then «a is in a, hence
a=biay + ...+ bia; for some by, ... by in A. Then = — (byys + ...+ by is in N,
hence z is in N’ + N”.

Lemma 1.3.2 If A is a noetherian ring and x is a variable, then the polynomial
ring Alz] is also a noetherian ring.

Proof. We take any ideal 2 of A[z] and show that 2 has a finite ideal basis. We
shall exclude the trivial case where 2l = 0 and denote by a the set of coefficients of
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the highest powers of  which occur in elements of 2. If az™, bx™ are the highest
terms of elements of 2l and m > n, then ™™ - bz™ = bx™ is also the higest term of
an element of 2. Therefore if a, b are in a, then a + b is in a and ca for any ¢ in A
is clearly in a. This shows that a is an ideal of A. We choose g1(z),... ,gs(x) from
2A such that the coefficients of the highest powers of  which occur in them form an
ideal basis for a. By the same adjustment as above, we may assume that z” for some
n > 0 is the highest power of z which occurs in all of them. We denote by 2’ the
intersection of 2 and A+ Az+...+Ax" "1 and put 2" = A[z]g1(x)+. ..+ Alx]gs(x).
We shall show that 2 = 20" + 2”. Since 2l contains 2" + A", we have only to show
that 2 is contained in 2" + 2A”. Take any f(x) from 2 and put deg(f) = m. If
m < n, then f(z) is in 2’. Therefore we shall assume that m > n and apply an
induction on m. By the choice of g;(z),...,gs(z) we can find ay,...,as in A such

that for
fl@)=fx) = Y aa™ "g()
1<i<s

we have deg(f’) < m. Then by induction f’(z), hence also f(x), is in A’ +2”. The
rest of the proof is as follows.

Since 2’ is an A-submodule of the finitely generated A-module A + Az + ...+
Ax™~! by Lemma 1.3.1 it is finitely generated. Therefore 2’ = Afy(x)+...+Af.(x)
for some f1(z),..., fr(x) in A. This implies

A=) Allfix)+ Y Allg(@).

1<i<r 1<j<s

If K is an arbitrary field, then 0 and K are the only ideals of K, hence it is a
noetherian ring. Therefore by using Lemmas 1.3.1 and 1.3.2 we get Hilbert’s basis
theorem, which we state as follows:

Theorem 1.3.1 Let A denote the polynomial ring K[xq,... ,x,], where K is a
field and x4, ... ,z, are variables, M a finitely generated A-module, and N any
A-submodule of M. Then N is also finitely generated. In particular, every ideal of
A has a finite ideal basis.

We shall next explain Hilbert’s Nullstellensatz. We shall start with its shallow
generalization for a better understanding. Since we shall not use this result, we
just outline its proof. Let A denote any commutative ring with the unit element.
Then a nilpotent element of A is clearly contained in every prime ideal of A. The
converse is true and the proof is quite simple. Consider the polynomial ring A[z] as
in Lemma 1.3.2 and take any a from the intersection of all prime ideals of A. Then
1 — ax is a unit of Afz]. Otherwise 1 — az is contained in a maximal ideal, hence a
prime ideal, say, P of Alz]. This is clear if A, hence A[z], is a noetherian ring. In
the general case, we have only to use Zorn’s lemma. At any rate, if p denotes the
intersection of A and ‘B, then p is a prime ideal of A, hence p contains a. Then B
contains (1 — ax) 4+ ax = 1, a contradiction. Therefore (1 — ax)f(z) = 1 for some
f(x) in Alz], and this implies a"™! = 0 if deg(f) = n. The above result implies
that for any ideal a of A, its root r(a) is the intersection of all prime ideals of A
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which contain a. Hilbert’s Nullstellensatz is similar to the above statement. We
shall state and prove it after the following lemma:

Lemma 1.3.3 Let m denote any mazximal ideal of the polynomial ring Klx] =
Klzy,... ,x,]). Then the images of x1,... ,xy in K[z]/m are all algebraic over K.

Proof. We denote the image of z; in K[z]/m by 2}, assume that they are not all
algebraic over K, and derive a contradiction. After a permutation we may assume
that y; = a for ¢ < r are algebraically independent over K and z/ for ¢ > r are
algebraic over K(y), where y = (y1,...,¥-). We choose d(y) # 0 from K][y] so
that if we denote d(y)x} for i > r by z1,..., zs, then they become zeros of monic
polynomials with coefficients in K[y] of respective degrees say ni,...,ns. Since
Kl2'] = K[z},... 2] is a field, d(y)~! is in K[2], hence K[z'] = K[d(y)~',y, 2],
where z = (21, ..., 2s). Furthermore if we put N =ny ---n, and denote 27" - - - 2,
where 0 < e; < n; for all 4, by wy,...,wy, then we will have K[y, z] = K[yJw; +
...+ K[yJwy. On the other hand, for some ¢’ = (yi,... ,y.) with y; algebraic over
K we have d(y') # 0. We can take ¢’ from K" if K is infinite. If we denote by
p the kernel of the homomorphism K[y] — KJy'| defined by y; — yj, then p is a
prime ideal of K[y] not containing d(y) and p # 0 by r > 0, hence K[z'lp = K[2].
We put S = K[y]\p, A = S~ 'KJy], and M = S~1K[y,z]. Then A is a local ring
with S™1p as its maximal ideal and M = K[z'] = Awy + ...+ Awy. Furthermore,
(S~'p)M = M. This implies the contradiction M = 0 by Theorem 1.2.2.

Now Hilbert’s Nullstellensatz is a consequence of Lemma 1.3.3 and the fact that
r(a) for any ideal a of K|xz] is the intersection of all maximal ideals of K[z] which
contain a. The classical statement is as follows:

Theorem 1.3.2 Let f(x), fi(x),..., f-(z) denote elements of the polynomial ring
Klz] = Klx1,...,x,] and Q any algebraically closed extension of K such that
f(a) =0 for every a = (a1, ... ,a,) in Q" satisfying fi(a) =0 for all i. Then there

exists a positive integer e and a1(x), ... ,a.(x) in K[z] such that
fl@) =Y ai(2)fi(x).
1<i<r

Proof. We exclude the trivial case where f(z) = 0, introduce a new variable y, and
denote by a the ideal of K[x,y] generated by fi(z),..., fr(z), 1 — f(x)y. Then
Lemma 1.3.3 and the assumption imply that a is not contained in any maximal
ideal of K[x,y], hence a = K[z, y], and hence

L= Y ai(@,y)file) +alz,y)(1 - f(x)y)

1<i<r

for some a1 (z,y),...,ar(x,y),a(x,y) in K[z,y]. If y° is the highest power of y
which occurs in a;(x,y), ... ,a-(z,y) and e = e, + 1, then by replacing y by 1/ f(x),
we get the relation in the theorem with a;(z) = f(x)%a;(z,1/f(z)) in K[z] for all i.
Finally, we shall explain Hilbert’s theorem on his characteristic functions.
Hilbert’s original proof depends on the theory of syzygies. Another proof by B. L.
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van der Waerden depends on ideal theory. We shall explain the proof by M. Nagata
[44] which seems to be the simplest known proof. We shall start with the following
well-known lemma, in which N denotes the set of nonnegative integers:

Lemma 1.3.4 Let x(t) denote a polynomial of degree d in one wvariable t with
coefficients in a field of characteristic O such that x(r) is in Z for all large v in N.
Then x(t) is necessarily of the form

=Y ),

0<i<d

7

(t) =t(t—1)...(t—i+1)/i

with ag, a1, ... ,aq in Z.

Proof. Since the highest degree term of (:) is ' /i!, we can uniquely write x(¢) as in
the lemma with ag, aq, ... ,aq in the field. Since they are clearly in Z for d = 0, we
shall assume that d > 0 and apply an induction on d. If we put o(t) = x(t+1)—x(t),
then deg(c) =d — 1 and o(r) is in Z for all large . Therefore if we write

o)=Y b (f)

0<i<d

then by, b1,... ,b4—1 are in Z by induction. On the other hand

W= x0 = 3 an}).

0<i<d
hence a1 = bg,as = b1,... ,aq9 = bg_1 are in Z. Then
r
w=x(r)= 3 a (z)
0<i<d

with x(r) in Z for all large r shows that ag is also in Z.

We take the polynomial ring A = K[zy,...,z,] as before and denote by A,
its subspace consisting of homogeneous polynomials of degree r for all r. Then A
becomes the direct sum of Ag = K, Ay, As, ... satisfying A;A; C A;4; for all 4, 5.
Such an A, with Ay just a subring of A in general, is called a graded ring. If an
A-module M is a direct sum of its additive subgroups My, M7, Ms, ... satisfying
A;M; C M;y; for all 4,7, then it is called a graded A-module. If N is an A-
submodule of M such that it becomes the direct sum of N, = N N M, for all r, then
automatically A;N; C N;y; for all ¢,7; such an N is called a graded A-submodule
of M. In that case, the factor module M/N becomes a graded A-module with
(M/N), = M,./N, for all . We observe that A itself is a graded A-module; we call
its graded A-submodule a homogeneous ideal of A. If M is any graded A-module,
we put

F(M) =Y M;=My+M +...+M,
i<r
for all r. The Hilbert characteristic function, abbreviated as Hf, is the polynomial
X(M,t) of t in the following theorem:
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Theorem 1.3.3 If A is the polynomial ring K[x1,... ,x,] and M is a finitely gen-
erated graded A-module, then there exists a polynomial x(M,t) of degree at most n
satisfying

dimg (F.(M)) = x(M, )

for all large .

Proof. If x(M,t) exists, then we say that M has an Hf. To be proved is that every
finitely generated graded A-module M has an Hf. We observe that if M has an
Hf and M# is a new graded A-module defined as (M#), = M, for some fixed
7o and for all r, then M# also has an Hf and x(M,t), x(M#,t) have the same
degree. Furthermore, if M’ is a graded A-submodule of M and if both M’ and
M/M’ have Hf’s, then M has x(M’,t) + x(M/M’ t) as its Hf. In particular, if
deg(x(M',t)),deg(x(M/M’',t)) < n, then deg(x(M,t)) < n. After these remarks
we write M = Af1 +...+ Af,. We may assume that each f; is in M, for some ;.
If m =0, hence M = 0, then M has 0 as its Hf. Furthermore, if we can show that
every M with m = 1 has an Hf, then by induction M’ = Af; + ...+ Af,,_1 and
M" = M/M’' will have Hf’s, hence M has an Hf. Therefore, we have only to show
that M = Af; has an Hf and deg(x(M,t)) < n.

If we denote by a the kernel of the A-homomorphism from A to M defined by
a +— af, then a is a homogeneous ideal of A and (A/a), becomes K-isomorphic
to Myqp, ie., (A/a), is mapped K-linearly and bijectively to M, , for all r.
Therefore, if A/a has an Hf, so does M. Furthermore, since

dim (Fy (A/a)) < dimg (F,(A)) = (” ' T) ,
we will have deg(x(M,t)) < n. Consider the set 3 of all homogeneous ideals a of
A, different from A, with the property that A/a does not have an Hf. We have
only to derive a contradiction assuming that ¥ is not empty. We choose any a
which is maximal in ¥. Then a; is strictly contained in A; for otherwise a becomes
A1 4+ As + ... and A/a will have 1 as its Hf. Therefore, we can choose f from
Ai\a;. Then the homogeneous ideal Af + a strictly contains a, hence A/(Af + a)
has an Hf, and hence o(t) = x(A/(Af + a),t) is defined. We observe that a: f is a
homogeneous ideal of A containing a and that the correspondence a — af gives rise
to a K-isomorphism from A,/(a : f), to (Af + a)r41/a,41 for every r. A simple
computation of dimensions then shows that

dimg (Fry1(A/a)) — dimg (F.(A4/(a: f))) = dimg (Fr1(A/(Af + a)))

for every r, and the RHS is equal to o(r + 1) for all large . If a : f = a, then
we see, as in the proof of Lemma 1.3.4, that A/a has an Hf, which is not the case.
Therefore a : f strictly contains a, hence A/(a : f) has an Hf, and then A/a also
has an Hf. This is a contradiction.

We remark that if a is any homogeneous ideal of A = K|[zy,... ,x,], different

from 0, then in
t
X(aa t) = Z a; (l)

0<i<n
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we always have a,, = 1. In fact a # 0 implies a,, # 0 for some r,. If f # 0isin a,,,
then A, f C ayyp, C Aryr,, hence

dimg (A,) = dimg (A, f) < dimg (ar4r,) < dimg (Arir,)

for every r. This implies the above assertion.
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Chapter 2

Implicit function theorems
and K-analytic manifolds

2.1 Implicit function theorem

We shall prove an implicit function theorem over an arbitrary complete field K
using calculus of limits. This method was discovered by A. Cauchy in the case
where K = C to prove general existence theorems. The fact that it can be applied
to prove similar theorems over an arbitrary complete field K was pointed out,
possibly for the first time, in [21]. At any rate, since Cauchy’s calculus of limits is
very seldom taught in any graduate course, we shall give all the details to the proof.

We shall denote by K a field with an absolute value |- |x. This means that | -|x
is an R-valued function on K satisfying the following conditions:

AV 1. |a|g > 0 for all a in K and |a|x = 0 if and only if a = 0.

AV 2. |ab|k = |a|k|b|k for all a, bin K.

AV 3. |a+ b|x < |a|k + |b|k also for all a, b in K.
We shall exclude the trivial case where Im(K *), the image of K* under |- |k, is
{1}. Then Im(K*) contains a sequence {r;}; = {ry,r2,...} which tends to 0. If
for any b in K we take the family of subsets of K defined by |a — b|x < r; for

i1=1,2,... as a base of open sets containing b, then K becomes a Hausdorff space.
Furthermore the algebraic operations in K are continuous. If a = (a1,... ,a,) is in
K", we put

”a” = maX(|a1|Ka ceey |an|K)-

Then in K™ with the product topology the family of subsets defined by |la||x < 4
for i =1,2,... forms a base of open sets containing 0. We shall later replace | - |k
by | - |4 for some p > 0, e.g., in the case where K = C. If we do this, the new
absolute value ceases to satisfy AV 3 and yet it defines the same topology on K.
We shall assume in most cases that K is complete. This means that every
Cauchy sequence in K | i.e., a sequence satisfying Cauchy’s criterion of convergence,
is convergent. Explicitly stated, if a1, as, ... are elements of K and |a; —a;|x tends
to 0 as ¢, j tend to oo, then there exists an element a of K, necessarily unique, such
that |a; — a|x tends to 0 as i tends to co. If K is any field with an absolute value
| - |k, the set of Cauchy sequences in K forms a commutative ring with the unit
element under the termwise addition and multiplication. In this ring the set of all
null sequences, i.e., sequences which tend to 0, forms a maximal ideal. We denote

15
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the corresponding factor ring by K*. If a* is an element of K* represented by a
Cauchy sequence {a;};, then the sequence {|a;|x}; in R has a limit which depends
only on a*. If we denote this limit by |a*|x~, then |- |g~ gives an absolute value on
K* and K* becomes a complete field. If to every a in K we associate the element
of K* represented by the sequence all terms of which are a, then we get an injective
homomorphism from K to K*. If we identify K with its image in K*, then |- |k«
restricts to ||k on K and K is dense in K*, i.e., K* becomes the closure of K. The
field K* is called the completion of K. The completion of Q by the usual absolute
value on Q is R. If p is a prime number, then every a in Q* can be written uniquely
as a = p°b for some e in Z and b in Q* with its denominator and numerator both
not divisible by p. If we put

lalp =p"% [0, =0,

then | - |, gives an absolute value on Q and the corresponding completion of Q is
the Hensel p-adic field Q,.

If A is a commutative ring with the unit element, in particular if A is a field
K,and if i = (i1,... ,4p) 18 in N* 2 = (21,... ,2,) where x1, ... ,x, are variables,
and ¢; is in A for all 7, then we shall write

T 11 in
E ;T = E Ciy.ig®y * T,
ilv'*'viﬂ

The set A[[z1, ... ,2,]] of all such formal power series forms a commutative ring. If
K is a complete field, basic properties of sequences and infinite series for K =
R, which one learns in calculus, remain valid for K. If a series in K[z]] =
K{[[z1,... ,z,]] is convergent at every a in K™ satisfying ||a|| < r for some r > 0,
then it is called a convergent power series. The set K {(x)) = K{{(z1,... ,2,)) of all
such convergent power series forms a subring of K[[z]]. If for 3" ¢;z® in K[[z]] and
M eat in R{(x)) we have |¢;| < ¢§ for all i, then we shall write

E Gz << g cix'
0 .0 . . et
and call > cfz* a dominant series for Y c;x*.

Lemma 2.1.1 A formal power series is a convergent power series if and only if it
has a dominant series.

Proof. Since the if-part is straightforward, we shall prove the only-if part. Suppose
that > c;x® is a convergent power series, i.e., > c;a’ is convergent for every a in
K™ satistying ||a|| < r for some r > 0. Choose 0 < 7, < r from Im(K *). Then for
every a in K" satisfying ||a|| < ro we have

leia | < leilwrt,  lil = i1+ .. +in.

Furthermore |ci|Kr(|f‘ tends to 0 as |i| tends to oo, hence it is bounded by some
M > 0. It is then clear that

Zcixi << Z (%) xi.
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We observe that if F(y) is in Al[y1,...,ym]] and fi(z) is in A[[z1,... ,z,]] sat-
isfying f;(0) = 0 for 1 <4 < m for some m, n, then F(f(z)) = F(f1(x),..., fm(z))
is clearly in A[[z1,...,2z,]]. If A = K is a complete field and F(y), fi(x) are
convergent power series for all 4, then F(f(z)) is a convergent power series.

Lemma 2.1.2 If F(xz,y) is an element of K|[[z,y]] = K[[z,y1,--. ,Ym]], it can be
written uniquely as

F(.’t,y) :F($,0)+ Z Hk(x,ylv"' >yk)yk

1<k<m

with Hi(z,y1, ... ,yk) in K[z, y1,...,yx]] for 1 <k < m. If further F(x,y) is a
convergent power series, then every Hy(x,y1,... ,yr) is a convergent power series.

Proof. Firstly, the uniqueness is clear. Since the lemma holds trivially for m = 0,
we shall assume that m > 0 and apply an induction on m. We have

F(:c,y) = F(xayla s aym—lvo) + Hm(xay)ym
with Hp,(z,y) in K[[z,y]]. Furthermore if F(x,y) << F°(z,y) and
Fo(l‘,y) - Fo(xayla ce 7ym—1ao) + Hﬁq(%y)ym,
then F(x,y1,... ,Ym—-1,0) << F°(z,91,... yYm—1,0) and Hy,,(z,y) << HS, (x,y).

Therefore we have only to apply an induction to F(z,y1,. .. ,Ym—1,0).
As a consequence, if G(z,y) is an element of K[[z,y]] (resp. K{(z,y))) of the
form G(z,y) =Y ci;aty? with coo = 0 and cp; = 0 for [j| = 1 and if 2,... , 2, are

variables, then

1<k<m

with Hy(x,y,2) in K[[z,y, z]] (resp. K{{(z,y,z))) free from zj41, - ,2m. Since
G(0,z) = H1(0,0,2)z1 + ...+ Hpn(0,0, 2) 2y, we have Hy(0,0,0) = 0 for all .
All termwise partial derivatives of a convergent power series are convergent

power series. More precisely if
E crt << E ez,

8(2 cix') )0z << 8(2 ')/ Ox;

for all j. In fact, we have |ijc;|x < i;¢f for every ¢ and the RHS is a convergent
power series.

then

Lemma 2.1.3 Suppose that

fla)=> e’ << (%) zt

for some M,r > 0 and U is the neighborhood of 0 in K™ defined by |la| < r;
denote by f the K-valued function on U defined by a — f(a). Then f =0 implies
f(z) = 0. Furthermore partial derivatives of f are the functions on U obtained from
the corresponding termwise partial derivatives of f(x). In particular f is continuous.
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Proof. We shall prove the first part, i.e., f = 0 implies f(x) = 0. This can be done
by using the principle of the irrelevance of algebraic inequalities in Chapter 1.1 or
directly as follows. Suppose first that n = 1 and

= Zcifci, cr #0

i>k

for some k > 0. If a is in K* and |a|x < 7, then

. M
%:c;ﬂLZcm“k:O, 1> cia'™ k‘K_rk lalx

i>k i>k — lalx)”

We know that Im(K*) contains a null sequence in R. Therefore we can choose a
above so that the RHS becomes less than |cx|x. We then have a contradiction.
Suppose next that n > 1 and

f(x) = f(a',2n) Zfz T, fe(z") #0,

i>k

in which f;(2') are all in K[[z1,...,2,—1]]- Then they are convergent at every a’
in K"~! satisfying ||a|| < 7, where || - || is relative to K"~!. Since fi(2’) # 0,
by induction we can find @’ such that fi(a’) # 0. Then f(a’,z,) # 0, hence
f(d',ay) # 0 for some a, in K satisfying |a,|x < r, and hence f # 0. This is a
contradiction.

We shall prove the second part. As in calculus, we may assume that n = 1.
Take a from K, h from K* satisfying |a|x + |h|x < 7. Then we have

f(aL i = Mr|h|x

r—lalx — [hlx)(r —lalx)*

If |h|k tends to 0, the RHS, hence also the LHS, tends to 0.

Theorem 2.1.1 (i) Let K denote an arbitrary field and assume for some m,n that
every Fi(z,y) in F(z,y) = (Fi(z,y),..., Fn(z,y)) is in
Kl[z,y]] = K[[x1,... ,Tn,Y1,--- ,Ym]] satisfying F;(0,0) =0 and further

8(Fla'-- 7F7H)/8(y1a 7ym)(0’0) #07

in which O(Fy,...,Fn)/0W1, ... ,ym) is the jacobian, i.e., the determinant of the
square matriz of degree m with OF; /0y; as its (i, j)-entry. Then there exists a unique
f(x) = (fi(x),..., fm(z)) with every fi(x) in K[[z]] = Kl[x1,...,2,]] satisfying
1:(0) =0 and further F(x, f(x)) =0, i.e., Fi(x, f(x)) =0 for all i.

(ii) In the above situation, if K is a complete field and if every F;(x,y) is a conver-
gent power series, then every f;(x) is also a convergent power series. Furthermore
if a is near 0 in K™, then f(a) is near 0 in K™ and F(a, f(a)) =0, and if (a,d) is
near (0,0) in K™ x K™ and F(a,b) =0, then b= f(a).
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Proof of (i). If we write

Fi(z,y) = Z aijy; — Gi(x,y), Gi(z,y) = Z cijptly*

1<j<m |71+%1>0

with a;j, ¢, in K, in which ¢, = 0 for |k| = 1, then a,;; = (0F;/dy;)(0,0) for all
i,j. The square matrix a with a,; as its (4, j)-entry is in GL,,(K) by assumption.
We observe that f(x) satisfying F'(x, f(z)) = 0 is not affected by any invertible
K-linear transformation of entries of F(z,y). Therefore, after multiplying a=! to
F(z,y), regarded as a column vector, we may assume that a;; = d;;, i.e., a; =1
and a;; = 0 for ¢ # j. After this adjustment we write

fz(.’ﬂ) = Z dijl’j

l7]>0

with unknown coefficients d;; in K. Since F(z, f(z)) = 0 can be rewritten as

filz) = Z Cz‘jkfﬂjf(l’)k

|7]+[+|>0

for all ¢, if we denote by f;,(x) the homogeneous part of degree p in f;(x), then
F(z, f(z)) = 0 becomes equivalent to

fi@) = ciwa’ | [T T fores@ |

1<a<m 1<B<kq

in which "k, = |k| and

(%) 4+ D> Y pas=p  Dpap >0,

1<as<m 1<B<ka

in particular |j| + |k| < p, for p =1,2,3,... . Since ¢;op = 0 for |k| =1, if p =1,

then

fu(ﬂ?) = Z CiijJ~

l7]=1

Furthermore, if p > 1, then in (x) we have pog < p for ¢;;, # 0. In fact if pag > p,
hence pos = p, for some «, 3, then j = 0, k, = 1, and ko = 0 for o # a. This
implies |k| = 1 and ¢;;x = cior = 0. We have thus shown that fi;(z) is as above and
fip(x) for p > 1 is determined by firy (x) for p’ < p. Therefore f;(x) is uniquely
determined by an induction on p.
Proof of (ii). We start with an additional observation still in the case where K is
an arbitrary field. The above proof shows that d;; = ¢; o for |j| = 1 and that d,;
for |j| = p > 1 is a polynomial in ¢ and d;v o for |§'| + |K'| < p and |5”] < p
with coefficients in N. Therefore, again by an induction on p, we see that

dij = Pij(cirji),
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in which P;; is a polynomial in ¢/ for |j'| + |k’| < p with coefficients in N.
Suppose now that K is a complete field and F;(x,y) is in K{{x,y)). Then by
Lemma 2.1.1 we will have

/ M .
Gi(z,y) << Z (m)xjyk

|51+1%|>0

<< Z <p+q> (21 + -+ )P (Y1 + .+ Ym)?

p+q>0

for some M,r > 0, in which 3" (resp. 3.") indicates the restriction |k| > 1 for
j =0 (resp. ¢ > 1 for p = 0). If we denote the last power series by G¢(z,y) and
put

Fio(x,y) =Y *G?(l’,y), Gf(.’ﬂ,y) = Z ngkxjyka
|71+1<|>0

(f2(@), ..., fo(x)) in R[[z]] satisfying f7(0) = 0 and F°(x, f°(x)) = 0. Further-

more
— 0 . o _ P. . (n°
x) = E di;x?, di; = Pij(cijn)
[71>0

then |[ciklx < ¢ for all i,5,k and by (i) we have a unique f7(z) =

with the same polynomial P;j; as before. Since the coefficients of P;; are in N,
therefore, we get

dijl e = [Pij(cirjre )ie < Pij(|cinjrir|i0) < Pij(cij) = d3;

for all 4,j. If, for a moment, we accept the fact that fP(x) is in R{(x)), then
definition f;(x) << f?(x) for all i. Therefore the formal identity F(x, f(x)) =
implies F'(a, f(a)) = 0 for all @ near 0 in K™.

We shall show that if (a,b) is near (0,0) in K™ x K™ and F(a,b) = 0, then
b= f(a). fyq,...,y., are other variables, then by the remark after Lemma 2.1.2
we can write

Gi(x,y) — Gi(z,y') = > Hij(2,9,9)(y; — v))

1<j<m

with H;(z,y,y') in K{(z,y,y’)) satisfying H;;(0,0,0) = 0 for all ¢, j. Furthermore,

bi — fia) = Gi(a,b) = Gi(a, f(a) = Y Hijab, f(a))(b; — f(a)),

1<j<m

hence
> (65— Hij(a,b, f(a))(b; = fi(a)) =0
1<j<m
for all . Since H;j(a,b,b") depends continuously on (a,b,b’) near (0,0,0) in K™ x
K™ x K™ by Lemma 2.1.3 and H;;(0,0,0) = 0, the coefficient-matrix is invertible
for (a,b) near (0,0), hence b = f(a).
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Finally, we shall show that f(x) is in R((z)). If we put X =21 + ...+ 2z, and
Y =vy1+...4 ym, then we have

M
(1=X/r)(1=Y/r)

Gf(m,y): _M(1+Y/T)7

hence F°(xz,y) =0if and only if y; = ... = y,, = Y/m and

R

(=) e

rZ2  mr

This equation in Y has a unique solution in R{(X)) which becomes 0 for X = 0.
This clearly implies that f?(z) is in R{{x)).

Corollary 2.1.1 (i) If gi(z) in K[[z]], where K is an arbitrary field, satisfies
9i(0) =0 for1 <i<n and

g1y 59n) /021, ... ,2,)(0) #£0,

then there exists a unique f(x) = (fi(x),..., fa(z)) with fi(z) in K[[z]] satisfying
fi(0) =0 for all i and g(f(x)) = z. (i) In the above situation, if K is a complete
field and g;(x) is in K{(z)), then f;(z) is also in K{{zx)) for all i. Furthermore if b
is near 0 in K™ and a = g(b), then a is also near 0 in K™ and b = f(a). Therefore
y = f(x) gives rise to a bicontinuous map from a small neighborhood of 0 in K™ to
another.

This follows immediately from Theorem 2.1.1. We have only to take F;(z,y) =
xi —gi(y) for 1 <i<m=n.

Corollary 2.1.2 If g(0) # 0 for g(x) in K[[z]], then 1/g(x) can be expressed
uniquely as an element of K|[x]]; if further g(x) is in K{{x)), then 1/g(x) is also

We may assume that g(0) = 1. Then we have only to apply Theorem 2.1.1 to
F(z,y) = g(x)(1 +y) — 1 for m = 1. We also mention that if char(K) does not
divide a positive integer m and if the m-th power map is surjective on K>, then
the m~th power map is also surjective on K[[z]]*. In fact if g(z) is any element
of K[[z]] with g(0) # 0, then o™ = ¢(0) for some a in K*. This time we apply
Theorem 2.1.1 to F(z,y) = (a +y)™ — g(z).

2.2 Implicit function theorem (non-archimedean
case)
We say that an absolute value |- |k on a field K is non-archimedean if, instead of

AV 3, it satisfies the following stronger condition:
AV 3. la + bk < max(|a|k, |b|x) for all a,bin K.
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In such a case if we put
Ok ={a € K; |a|g <1},

then O forms a subring of K and the group of units Oy of O is given by
Of = {a € K; lalk = 1}.

We shall assume that Im(K ™), the image of K under |-|x, is discrete in R*. This
condition is equivalent to the ideal of nonunits of Ok being principal, i.e., of the
form mOg for some 7 in Og. We shall sometimes write mx instead of m to avoid
any confusion. We keep in mind that 7 is unique up to a factor in O, hence |7|x
does not depend on the choice of 7. At any rate, if a,b are in K and a — b is in
1Ok for some e in Z, mostly for e > 0, then we shall write ¢ = b mod 7°. If ¢ is
in Ok, then ¢ # 0 mod 7 means that ¢ is in Op.

We know that a non-archimedean absolute value is characterized by the con-
dition that |nl|g < 1 for all n in N. We might as well recall its simple proof. If
[nl|x <1 for all n in N, then

(la +0[x)" < (n+ Dmax(|a|x, [b] )"

for all a,b in K, and this implies AV 3’ above as n — oo. In particular Q, is
a complete non-archimedean field. This implies, e.g., by Proposition 11.6.1, that
every extension of QQ,, of finite degree is also such a field.

We shall assume that K is a complete non-archimedean field. Then a series
in K is convergent if and only if the sequence obtained by replacing each term by
its absolute value forms a null sequence in R. If A is a subring of K, then we
shall denote by A((x)) the intersection of A[[z]] = A[[z1,...,z,]] and K{{z)) =
K{{x1,...,2,)). We say that f(z) = ¢;2* in K[[x]] is a special restricted power
series, abbreviated as SRP, if f(0) =0, i.e., ¢co = 0, and

¢; = 0 mod 71—, li] =14+ ... +in
for all 4 # 0 in N™. This clearly implies that f(z) is in Og/[[z]]. Furthermore f(x)
is convergent at every a in O%. In fact, we have
leia’ [ < leslwe < (Imlx)! 1
and the RHS tends to 0 as |i| — oo. Therefore f(a) = > c;a’ is convergent and
f(a) is in Og. We introduce the notation

P#(z) =7wP(r 'z) = nP(r txy,... , 7 tzy,)
for every P(x) in K][[z]] satisfying P(0) = 0. Then clearly P(z) is an SRP in
T1,... 2y, if and only if P#(z) is in Ok[[z]]. Furthermore if F(y) is an SRP in
Y1,---,ym and all entries of f(x) = (fi(z),..., fm(x)) are SRP’s in x1,... , 2y,

then F(f(x)) is also an SRP in z1,...,2,. This can be proved, e.g., as follows.
If we put G(z) = F(f(z)), then G(0) = 0 and G¥#(x) = F#(f#(z)), in which
() = (fF(x),..., f#(x)). Since F#(y) is in Ok[[y]] and all entries of f#(x) are
in Og|[[z]], clearly G#(z) is in Og|[[x]], hence G(z) is an SRP in z1,... ,x,.

We shall now go back to Theorem 2.1.1. In (i) below the field K need not be
complete:
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Theorem 2.2.1 (i) If Fi(z,y) is in Ok[[z,y]] and F;(0,0) =0 for all i and further
O(Fy,...,Fn)/0(y1,--- ,Ym)(0,0) # 0 mod m,

then every f;(x) in the unique solution f(x) = (fi(x),..., fm(x)) of F(z, f(z)) =0
satisfying f;(0) =0 is in O |[[z]]. (i) If every F;(x,y) is an SRP in

Tlyeee s Ty YLy -« > Ym, then every fi(x) is an SRP in x1,... ,x,. Furthermore if a
is in OF, then f(a) is in OF and F(a, f(a)) =0, and if (a,b) in OF x OF satisfies
F(a,b) =0, then b= f(a).

Proof of (i). If, as in the proof of Theorem 2.1.1, we write

Fi(x,y) = > aijy; — Gi(,y), Gi(w,y)= Y cippa’y”

1<j<m |71+1k1>0

with a;j, ¢;j, in Ok this time, in which ¢;or, = 0 for |k| = 1, then the square matrix
a with a;; as its (¢,j)-entry is in GL,,(Ok) by assumption. Therefore, after the
normalization a;; = d;; by multiplying a=! to F(z,y), the new c¢;jy is still in Og
for all ¢, j, k. Since

fi(z) = Z dijzd, dij = Pij(cirjir),
[71>0

in which the coefficients of the polynomial P;; are in N, we see that f;(x) is in
Ok|[z]] for all i.

Proof of (ii). We observe that the normalization a;; = §;; does not affect the
assumption that F;(z,y) is an SRP in z1,... ,Z,,y1,... ,Ym for all i. Therefore
Fi#(x, y) = nF;(r 1z, 77 1y) is in Og[[z,y]] and FZ-#(O, 0) = 0 for all 4, and further

6(F1#a ’Fnﬁf)/a(ylv aym)(ovo) =1

Therefore if g(z) = (g1(x),- -, gm(z)), where g;(0) = 0, is the unique solution of
F#(x,g(x)) = 0, then every g;(z) is in Ok[[z]] by what we have shown. On the
other hand, F(z, f(x)) = 0 implies F#(z, f#(z)) = 0, in which fz#(O) = 0 for all
1. Therefore by the uniqueness we get fz#(x) = gi(z), hence f;(x) is an SRP in
x1,- -, Ty, for all 4. In particular if @ is in O, then f(a) is in O and the formal
identity F'(z, f(z)) = 0 implies F(a, f(a)) = 0.

We shall show that if (a,b) in O x O satisfies F(a,b) = 0, then b = f(a). We
observe that the LHS of

Gi(x,y) = Gi(z,y') = Y Hij(x,y,9)(y; — v))

i<j<m

in the proof of Theorem 2.1.1 (ii) is an SRP in the entries of z,y,y’, and it
starts from the degree 2 part. Therefore the remark after Lemma 2.1.2 shows
that #='H;;(z,y,v’) is also an SRP in the same variables. Now since F(a,b) = 0
implies

> (61— Hijla,b, f(a)))(b; = f(a)) = 0

1<j<m
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for all ¢ with the coefficient-matrix in GL,,(K), in fact in GL,,(Ok) because its
determinant is in 1 + 7Ok, we see that b = f(a).

Theorem 2.2.1 has a corollary similar to that of Theorem 2.1.1. We shall use
the same notation as in that corollary.

Corollary 2.2.1 (i) If gi(x) is in Og/[[z]] and g;(0) =0 for all i and further

g1y .-+ y9n)/0(x1,... ,2n) Z0mod T,

then every fi(x) in the unique solution of g(f(x)) = x satisfying f;(0) = 0 is also
in Ok|[[z]]. (it) If every g;(x) is an SRP in x1,... ,%,, then every f;(z) is also an
SRP in the same variables, and y = f(x) gives rise to a bicontinuous map from O%
to itself

2.3 Weierstrass preparation theorem

In general if f(z) is an element of A[[z]] = A[[z1,...,%,]], where A is any com-
mutative ring with the unit element, and if the homogeneous part f,(z) of f(x) of
degree p satisfies f,(z) = 0 for all p < r and for some 7 in N, then we shall write
f(z) = fr(z)+.... If further f.(x) # 0, then r and f,(x) are called respectively the
leading degree and the leading form of f(x). If gs(x) is the leading form of a similar
element g(z) of A[[x]] and if f,(x)gs(x) # 0, then it is the leading form of f(z)g(z).
This implies that if A is an integral domain, then A[[z]] is also an integral domain.
We shall explain an immediate consequence of Theorem 2.1.1. If F(z,y) is in
K[[z,y]] = K|[z1,...,%n,y]] satisfying F(0,0) = 0 and ¢ = (0F/dy)(0,0) # 0,
i.e., cy is the leading form of F(0,y), then there exists a unique f(z) in K[[z]]
satisfying f(0) = 0 and F(z, f(z)) = 0. If we put z = y — f(z), we will have
F(z,y) = F(z, f(z) + z) = zEy(z, z) with Eg(z, z) in K[[z, z]]. This implies

F(x’y) = E(x,y)(y - f(x))v

in which E(z,y) = Eo(z,y — f(z)) is in K[[z,y]] and E(0,0) = ¢. Furthermore
if F(z,y) is a convergent power series, then f(z) and E(z,y) are also convergent
power series. The Weierstrass preparation theorem is a generalization of this fact,
and it is as follows:

Theorem 2.3.1 If F(x,y) is in K[z,y]] = K|[[z1,... ,Zs,y]] and has the property
that F'(0,y) is different from 0 and has cy™ for some m > 0 as its leading form,
then F(x,y) can be written uniquely as

F(Jf,y) = E(zry)(ym + al(x)ym_l +...+ am(m))a

in which E(z,y) is in K|[z,y]] with E(0,0) # 0 and a1(x), ... ,am(z) are in K[[z]],
hence necessarily a;(0) = 0 for all i and E(0,0) = c. Furthermore if F(x,y) is
a convergent power series, then ai(x),...,an(x) and E(x,y) are also convergent
power series.
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Proof. We shall first show that we indeed have a;(0) = 0 for all ¢ and E(0,0) = c.
Suppose that a,,—;(0) = 0 for all i < k and for some & < m. Then we will have

™+ ... = (E0,0) + ... ) (am_r(0)y* + ...+ a1 (0)y™ 1 +y™).

By comparing the coefficients of 3* on both sides we get 0 = F(0,0)a,,_(0), hence
am—r(0) = 0. Therefore by induction we get a;(0) = 0 for all i. Then by comparing
the coefficients of y™ on both sides we get ¢ = E(0,0).

After dividing F(z,y) and E(z,y) by ¢, we may assume that ¢ = 1. Since E(z, y)
is a unit of K[[z,y]] by Corollary 2.1.2, we replace it by its inverse say H(z,y). Also
we replace F(z,y) by y™ — G(z,y). Then the equation to be solved becomes

(Y™ — Gz, y)H(z,y) =y +ar(2)y™ "+ ...+ an(2).

We express G(z,y), H(x,y) as power series in y as

Gx,y) =Y gy,  Hxy) =Y hi(@)y

i>0 i>0

and denote the homogeneous parts of g;(z), h;(x) of degree j by g;;(x), hi;(x) for
all . The condition that y™ is the leading form of F(0,y) then becomes

gio(x) = g:(0) =0

for all i < m. Furthermore if we compare the coefficients of 4/*T™ on both sides of
the above equation, we get

hi(@) = Y Grepmi(@) hi(x) = 6o (k)

0<i<k+m

for all k, and for each k this can be replaced by

hia(@) = D> > Grrm—ii—i (@) hij(x) = So(k) do(1)

0<i<k+m 0<5<1

for all I. In the above, do(k) is the function taking the value 1 at K = 0 and 0
elsewhere. If we incorporate the fact that g;o(z) = 0 for all i < m, then we finally
get

() hia(z) = 8o (k)o(D) + Y Grrmio(x)ha(x)

0<i<k

D D grrmeii—i(@)hi(2)

0<i<k-+m 0<j<l

for all k, 1. If now we introduce a function ¢ on N? as ¢(i, j) = ai + 34 with «, 3 in
R, then the condition that both ¢(k — 1,1) and ¢(k + m,l — 1) are less than ¢(k,1)
becomes 0 < am < (. This condition is satisfied by a« = 1, 8 = m + 1. We shall
use the so-normalized ¢. We observe that (x) permits us to determine hy;(x) by an
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induction on ¢(k,1) for all k,l starting with hgo(z) = 1. Hence H(z,y) and also
a1(x),... ,am(x) are uniquely dertermined. We have thus shown that a solution by
formal power series exists and is unique.

We shall show that if G(x,y) is a convergent power series, then the unique
H(xz,y) is also a convergent power series. As we have seen in section 2.1, if we
choose M, r > 0 suitably, then we will have

r( M
Gle.p) << 6w = X (53 ) o oot

in which the summation is over N? and 3.’ indicates the restriction ¢ > m for
p = 0. We shall show that the unique H°(x,y) for G°(x,y) gives a dominant series
for H(z,y). We shall first make H®(z,y) explicit. If we write

y) = Z gij(x) (;) )
i,5>0
we will have

1+ ...+x, J
°. =M=
() ( " >

with the exception that g5, (z) = 0 for all ¢ < m. Therefore by (*) we get
H(z,y) << H°(z,y) = Zh (),
7,70

in which
(@) = Go(k)do(l) N
(%){ PIRICOERD DY (;) @)

0<i<k 0<i<k-+m 0<j<l

_|_

for all k,I. If we put p = M/r™ and X = (z1 + ...+ z,)/r, then we see by an
induction on ¢(k, 1) that hg,(x) = ar X!, in which

(%) arr = 6o(k)do(l) + p( Z ai + Z Z aij)

0<i<k 0<i<k+m 0<j<l
for all k,1. If we put Y = y/r, then we have only to show that
4,j>0

is a convergent power series in X, Y.
We shall show that
0<aw<af,
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in which « =2p+1, 3 = a™*! +1, for all k,I. Since ¢(k,l) = 0 implies k =1 =0
and since agg = 1 by (*x*), we shall assume that ¢(k,1) > 0 and apply an induction
on ¢(k,1). Then by (x*) we will have

0<akl S 1% ( Z Oéiﬂl+ Z Z aiﬂj)

0<i<k 0<i<k+m 0<j<l
1
= " =D+ (0" —aT (B -1} <t

The induction is thus complete. Therefore the series Y a;; XY is convergent for
| X|<p~tand |Y|<at

The rest of the proof is straightforward. If F(z,y) is a convergent power series,
so is G(z,y) = y™ — F(x,y), hence also H(z,y) by what we have shown. Since
H(0,0) =1, the inverse E(x,y) of H(z,y) is a convergent power series. Also

ar(@)y™ '+t am(@) = F(z,y)H(z,y) —y"

is a convergent power series. If we replace y by distinct ¢; in K with small |¢;|x
fori=1,...,m, we get m convergent power series by(z),...,by,(z), and they are
K-linear combinations of aj(x),...,am(x). Since up to sign the determinant of
the coefficient-matrix is the product of ¢; — ¢; for all i < j, it is different from
0. Therefore ay(z),... ,am(x) become K-linear combinations of by (z),... , by (z),
hence they are also convergent power series.

In the case where K = C the usual proof of Weierstrass’ preparation theorem is
by Cauchy’s integral formula. The proof by Cauchy’s calculus of limits is due to H.
Spéth [53]. At any rate any monic polynomial

Y™ 4 ay ()y™ 4 a(2),

in which the coefficients ay(z), ... ,an(z) are power series satisfying a;(0) = 0 for
all 7, is called a Weierstrass polynomial.

Corollary 2.3.1 The ring K{{z)) = K{{(z1,...,2,)) of convergent power series is
a unique factorization ring.

Proof. We put A,, = K{{x1,...,z,)) and denote the leading degree of any f(z) in
A, \{0} by ldeg(f). Then f(z) = g(z)h(x) with f(z),g(x), h(z) in A,\{0} implies
ldeg(f) = ldeg(g) + ldeg(h) and f(x) is a unit of A, if and only if ldeg(f) = 0.
Therefore we see that every f(x) in A,\{0} can be expressed as a product of
irreducible elements with the number of factors at most equal to ldeg(f). The
problem is to show that the product-decomposition is unique up to a unit. We
observe that if f(x) is in A;\{0}, then up to a unit f(z) is equal to z§ with e =
ldeg(f). This shows that A; is a unique factorization ring. We shall therefore
assume that n > 1 and apply an induction on n. We take a(z),b(x),p(x) from
A \{0} such that p(z) is irreducible and divides the product a(z)b(xz). We have
only to show that p(z) then divides either a(z) or b(x). In doing so we may apply
any automorphism to A,
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If g is an element of GL,, (K') with g;; as its (¢, j)-entry, then the correspondence
T; — Y =y gijx; gives rise to a K-automorphism of A,. If f(z) is any element
of A,\{0} with f,,(z) as its leading form, since every complete field is infinite, we
will have f,(a) # 0 for some a in K™\{0}. We can then find ¢ in GL,(K) with
a as its last column. In fact if the k-th entry of a is different from 0, we can take
€1y-- s €h_1,€kils--- En, whereer = Y(1,0,...,0), etc., as the first, ..., the (n—1)-
th columns of g. If in f(y) = f(gx) we put 2; = 0 for all i < n, then we get cz™+. ..
with ¢ = fn(a) # 0. By applying the above observation to a(z)b(z)p(x) as f(x),
we may assume that a(0,2,)b(0, z,)p(0,2,) # 0. Then by Theorem 2.3.1 we may
further assume that a(x), b(z), p(z) are Weierstrass polynomials in B,, = A,,—_1[x,].
We know by induction and by a consequence of Gauss’ lemma that B,, is a unique
factorization ring. Furthermore a Weierstrass polynomial in B, is a unit of A, if
and only if it is 1; that a Weierstrass polynomial is irreducible in A,, if and only if
it is irreducible in B,,. Therefore p(x) divides either a(x) or b(x).

We remark that if K is any infinite field, the above proof is applicable without
any change to K[[z]] = K[[z1,... ,z,]], hence it is also a unique factorization ring.
We might mention that both K[[z]] and K((z)) are noetherian rings, and the idea
of the proof for K[[z]] is as follows. If 2 is any ideal of K[[z]], then the leading
forms of elements of A\{0} generate an ideal a of Kx]. If we choose a finite subset
I of A\{0} such that the set of leading forms of its elements forms an ideal basis
for a, then I forms an ideal basis for 2.

2.4 K-analytic manifolds and differential forms

There are two ways to define real-analytic manifolds, one non-intrinsically by
“charts” and another intrinsically by “sheaves.” The fact is that if K is any com-
plete field, then K-analytic manifolds can be defined in the same way as in the case
where K = R. For the sake of completeness, we shall review some basic definitions.

If x = (x1,... ,2,), where x1,... ,x, are variables or letters, then by the usual
practice x will also be considered as a variable point of K™. Suppose that U is
a nonempty open subset of K™ and f : U — K is a map. If at every point
a = (ay,...,a,) of U there exists an element f,(z) of K{((z — a)) = K{{x; —
a1,...,Tn — ap)) such that f(z) = f.(x) for any variable point = near a, then f
is called a K-analytic function on U. As we have seen in section 2.1, such an f is
differentiable and all its partial derivatives are K-analytic functions on U. Suppose
that U is as above and f : U — K™ is a map. If every f; in f = (f1,..., fm)
are K-analytic functions on U, then f is called a K-analytic map. Let X denote
a Hausdorff space and n a fixed nonnegative integer. Then a pair (U, ¢y), where
U is a nonempty open subset of X and ¢y is a bicontinuous map from U to an
open subset ¢y (U) of K, is called a chart. Furthermore ¢y (x) = (z1,... ,z,) for
a variable point  of U are called local coordinates of x. A set of charts {(U, ¢v)}
is called an atlas if the union of all U is X and for every U, U’ such that UNU’ # ()
the map

pur o ¢yt ou(UNU') — du (U NU)

is K-analytic. Two atlases are considered to be equivalent if their union is also
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an atlas. This is an equivalence relation and any equivalence class is called an n-
dimensional K-analytic structure on X. If {(U, ¢y/)} is an atlas in the equivalence
class, we say that X is an n-dimensional K-analytic manifold defined by {(U, ¢v/)}
or simply an n-dimensional K-analytic manifold, and we write n = dim(X). We
observe that every nonempty open subset U of K™ is an n-dimensional K-analytic
manifold defined by the atlas consisting of one chart (U, ¢y), in which ¢y is the
inclusion map U — K™.

Suppose that X, Y are K-analytic manifolds respectively defined by {(U, ¢v)},
{(V,9y)} and f: X — Y is a map. If for every U, V such that U N f=1(V) # 0,
where f~1(V) is the preimage of V under f, the map

by o f o ¢ptiou(UN FHV)) = KImO)

is K-analytic, then f is called a K-analytic map. The K-analyticity of f defined
above does not depend on the choice of atlases. We shall not repeat this kind of
remark. If f: X - Y, ¢g:Y — Z are K-analytic maps of K-analytic manifolds,
the composite map g o f: X — Z is K-analytic. If f : X — K is a K-analytic
map, it is called a K-analytic function on X. If f is a K-analytic function on X
such that f(a) # 0 at every a in X, then Corollary 2.1.2 shows that 1/f is also a
K-analytic function on X. If (U, ¢y) is a chart on X and ¢y (x) = (x1,... ,2,) as
above, and f is a K-analytic function on X, then we shall denote d(f o ¢')/dx;
simply by 0f/0x; for 1 <i <mn.

If X, Y are K-analytic manifolds respectively defined by {(U, ¢v)}, {(V,¢¥v)},
then {(U x V, ¢y x ¥y)}, where (¢oy x ¥y)(z,y) = (9u(x), vy (y)) for every (z,y)
in U x V, gives an atlas on the product space X x Y. Therefore X x Y becomes
a K-analytic manifold with dim(X x Y) = dim(X) + dim(Y"). We call X x Y the
product manifold of X and Y. Suppose that X is a K-analytic manifold defined
by {(U,¢v)} and Y is a nonempty open subset of X. If for every U' =Y NU #
we put ¢y = (bU‘U/, the restriction of ¢y to U’, then {(U’, ¢y)} gives an atlas on
Y. Therefore Y becomes a K-analytic manifold with dim(Y) = dim(X). We call
Y an open submanifold of X. Suppose that Y is a nonempty closed subset of an
n-dimensional K-analytic manifold X and 0 < p < n such that an atlas {(U, ¢v)}
defining X can be chosen with the following property: If ¢y (z) = (21,...,2,)
and U’ =Y NU # 0, then there exist K-analytic functions F1,... , F), on U such

that firstly U’ becomes the set of all x in U satisfying Fi(z) = ... = F,(z) =
0 and secondly O(Fh,...,F,)/0(x1,...,2p)(a) # 0 at every a in U’. Then by
Corollary 2.1.1-(ii) the correspondence x — (Fi(x),...,EFp(z), Tpt1,... ,Tpn) gives

a K-bianalytic map from a neighborhood of a in U to its image in K". It follows
from this fact that if we denote by V' the intersection of such a neighborhood of a and
Y, and put ¢y (z) = (xp4y1,... ,2,) for every z in V, then {(V, ¢y )} for all V' and
for each U above gives an atlas on Y. Therefore Y becomes a K-analytic manifold
with dim(Y) = n —p. We call Y a closed submanifold of X, p = dim(X) — dim(Y)
the codimension of Y in X, and denote p by codimy (V).

We shall define K-analytic differential forms on a K-analytic manifold X. If U,
V are neighborhoods of an arbitrary point a of X and f, g are K-analytic functions
respectively on U, V such that f |W = g|W for some neighborhood W of a contained
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in U, V, then we say that f, g are equivalent. If we denote by Ox 4, or simply by O,,
the set of such equivalence classes, then O, becomes a commutative ring containing
K. We shall use the same notation for f and its equivalence class. We observe that
f(a) is well defined for every f in O, and O, is a local ring with its maximal ideal
m, defined by f(a) = 0. Furthermore if (U, ¢p) is a chart with U containing a and
¢u(x) = (x1,... ,xy,) as before, then m, has 1 —z1(a),... ,z, — 2, (a) as its ideal
basis, and O, becomes isomorphic to K((x — z(a))). We shall use O, to define the
tangent space T, (X) of X at a. In order to make the definition accessible, we recall
the following fact in calculus.

If a = (a1,...,a,) is a point of R™ and v = (vy,... ,v,) is a vector in R™, then
the derivative in the direction v of a differentiable function f at a is defined as

a v a
(P Do = 3 (G

1<i<n

If we denote the LHS by 0f, then the operation 0 is R-linear and

(%) 9(fg) = (0f)g(a) + f(a)(9g)
for all differentiable functions f, g at a. Furthermore the vector v can be recovered
from such a 0 as v = (Ox1,... ,0zy).

We now define T,(X) as the vector space over K of K-linear maps 0 : O, — K
satisfying (x) for all f,g in O, and denote its dual space by Q,(X). We recall that
for any vector space E over a field K, its dual space E* is the vector space over K
of all K-linear maps v* from E to K; we write v*(v) = [v,v*] for every v, v* in V,
V*. We shall show in the present case that 2,(X) can be identified with the factor
space m,/m?2 as [0, f + m2] = f for all d in T,(X) and f in m,. If for any f in
O, we denote by (df), the image of f — f(a) in m,/m2, then 9f clearly depends
only on 0 and (df),. Furthermore if ¢y () = (21,... ,2,), then (dz1)q, ..., (d2n)q
form a K-basis for m,/m?2 and (df), can be written uniquely as

o= Y (L)@ ).

N
1<i<n Oz;

Therefore we have only to observe that the correspondence f — (9f/0x;)(a) defines
an element (0/0x;), of To(X) and

0= Z (ai)aaxi’ [(a_l.i)a’(dxj)a]:5ij

1<i<n

for all 0 in T, (X) and all 4, j. We observe that if (df1)q, ..., (dfn)s for f1,..., fnin
O, are linearly independent, then by Corollary 2.1.1-(ii) there exists a neighborhood
V of a in U such that ¥y = (f1,..., fn) gives a K-bianalytic map from V to an
open subset of K™. Therefore the addition of (V,y) to the given atlas {(U, ¢v)}
on X will produce an equivalent atlas. We shall apply such a process whenever it
becomes necessary. We call (f1,..., f,) local coordinates of X around a.
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We shall use the Grassmann or the exterior algebra of a vector space. We shall
briefly recall its definition. In general, if A is a vector space over an arbitrary field K
equipped with a K-bilinear multiplication A x A — A, then A is called a K-algebra.
We shall consider, for the time being, only associative K-algebras each with the unit
element. If F is a vector space over K, assumed to be finite dimensional, then the
exterior algebra A(E) of E is the K-algebra generated by E with v2 = 0 for every
v in E as its “defining relation.” A more precise definition is as follows. If E, E’
are vector spaces over K, their tensor product £ ® E’ is the vector space over K
with a K-bilinear map (v,v’) — v ® ¢’ from E x E' to E ® E’ such that F ® E’
is spanned by the image and dimg (F ® F’) = dimg(E) dimg(E’). If we choose
K-bases for E, E’, the set of formal products of their members forms a K-basis for
E ® E'. This fact can be used as a non-intrinsic definition of £ ® E’. At any rate,
if we denote by T'(F) the direct sum of K, F,E® E, ... and define a product in
T(E) by ®, then T(E) becomes a K-algebra, and it is called the tensor algebra of
E. If I(E) denotes the two-sided ideal of T'(E) generated by v ® v for all v in E,
then A\(F) is the factor ring T'(E)/I(E). If v1,... ,v, are elements of E, the image
of v1 ®...®vp, in A(E) is denoted by vi A...Av, and the K-span of such elements
by A’(E). We have

vAv =0, vAUY +v Av=0

for every v, v' in E. As a vector space /\(F) is the direct sum of A¥(E) for0 <p <n
if dimg (F) = n, hence dimg (A(F)) = 2™.

If now we take Q,(X) as E and if ¢y(x) = (z1,... ,2,) with U containing a,
then we get

N QX)) = 3 K(dey)ah...A(dey,)a;

i< <l

we shall denote it by Q2(X) for 0 < p < n. We say that « is a differential form of
degree p on X if a(a) is in QP(X) for every a in X. If we replace a by a variable
point = of U, then we write dz;, etc. instead of (dz;)., etc. A differential form « of
degree p on X has a local expression

az) = Z Joiy iy () dwgy Ao ANdag ),

i1 <...<ip

in which fy;, i, are K-valued functions on U. If they are all K-analytic functions
on U for every U, we say that « is a K-analytic differential form of degree p on
X. In particular, if f is any K-analytic function on X, then df is a K-analytic
differential form of degree 1 on X.

If f: X — Y is a K-analytic map of K-analytic manifolds and (§ is a K-
analytic differential form of degree p on Y, then we get a similar differential form
(6£)*(8) on X as follows. If a is any point of X and f(a) = b, then a K-linear map
dof 1 To(X) — Tp(Y) is defined as (64.f)(0)(g) = O(g o f) for all g in Oy, and its
dual map (0a.f)* : (YY) — Q4(X) is given by

(0af) (g+mp) =go f+m
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for all g in m,. We observe that (0, f)* uniquely extends to a K-algebra homomor-
phism A(Q(Y)) — A(Qa(X)). If we write 0 f instead of d, f, then we have

OO gdgi A...Ndgy) = (go fldlgiof)A...Nd(gyo f)

for all K-analytic functions g, gi1,...,gp on Y or on its open submanifolds. There-
fore if (U, ¢u), (V,9y) are charts on X, Y with ¢py(x) = (1,...,2,),¥v(y) =
(Y1, .- ,ym) satisfying U' = U N f~1(V) # 0 so that

Bly) = Z gV,jlmjp(y)dyjl/\.../\dyjp

j1<'~~<jp

with K-analytic functions gy j,..;, on V, then we have

@GN B) @)= D (gvigies, 0 N@)dlys o f) A== Ad(y;, o f)

J1<-<UJp

on U’. We shall sometimes write f* instead of (0f)*. In the special case where
dim(X) = dim(Y) = p = n, if we put gy = gv.1...n, then we simply have

F0)@) = ov (@) g 0y o

(1, ,Zn)

2.5 Ciritical sets and critical values

Let K denote any complete field and f : X — Y a K-analytic map of K-analytic
manifolds; for every a in X and b = f(a) let 6o f : To(X) — Tp(Y), (0o f)* : Q(Y) —
Q,(X) denote the corresponding dual K-linear maps. Then a is called a critical
point of f if §,f is not surjective, i.e., if (0,f)* is not injective. The set Cy of all
critical points of f is called the critical set of f. We shall consider the special case
where Y = K, hence f is a K-analytic function on X. In that case we see that a is
a critical point of f if and only if 6, f = 0, i.e., (df ), = 0. If a is a critical point of f,
then f(a) is called a critical value of f. We shall denote by V the set of all critical
values of f. The critical set C'¢ is an important geometric object associated with f.
In the following we shall examine V} in the case where f is a polynomial function
on a vector space X over K. We shall start with a generalization of T, (X).

Let L denote an extension, i.e., an extension field, of any field F', R a commu-
tative F-algebra, and 6 an F-algebra homomorphism from R to L; let Derp (R, L)
denote the set of all F-linear maps 0 from R to L satisfying

d(ab) = (9a)(6b) + (6a)(b)

for every a,b in R. Then Derp(R, L) forms a vector space over L. We observe that
T.(X) can be written as Derg (O, K) with 6o = ¢(a) for every ¢ in O,. If now
0 is injective and S is a multiplicative subset of R free from zero so that 6 extends
uniquely to ST!R, then every 9 in Derp (R, L) extends also uniquely to an element
0% of Derp (SR, L) as

(9a) (6b) — (0a)(db)
(6)?

o* () =
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for every a in R and b in S. The correspondence 9 — 0% gives an L-linear bijection
from Derp(R, L) to Derg(S™!R, L). Therefore we shall denote 9# simply by 9.
In particular if R is a finitely generated integral domain over F i.e., of the form

Flz] = Flz1,...,z,) with F(z) as its quotient field, we get an L-linear bijection
from Derp(F[z], L) to Derp(F(x), L). We shall make Derp(Fx], L) explicit.
We introduce variables t1, ... ,t,, put F[t] = F[t1,... ,t,], and choose an ideal

basis I for the kernel of the F-algebra homomorphism F[t] — F[z] defined by
t; — x; for 1 < i <n.If f(t)is arbitrary in F[t], 0x = a, i.e., Ox; = a; for all 4, and
0 is in Derp(F[z], L), then

() 07 = 3 (2D,

1<j<n Y

in which v; = dz; for 1 < j < n. In particular

5= Y (Fy@u =0

1<j<n Y

for every f;(t) in I. Conversely if vy,... ,v, are elements of L satisfying the above
condition, then we can easily verify that 0f(z) is well defined by (%) and J gives an
element of Derp(F[z],L).

Lemma 2.5.1 Let x1,...,x, denote elements of an extension field L of a field F
such that x1,... ,xq are algebraically independent over F and F(x) = F(x1,... ,xy)
is separably algebraic over F(x') = F(x1,... ,xq); define Derp(F[x], L) by using the
inclusion map of Flx] in L as 8. Then the correspondence O — (Ox1, ... ,0xq) gives
an L-linear bijection from Derp(F[z], L) to LY.

Proof. Since F(z) is separably algebraic over F'(z'), we can write F'(z) = F(z2',y)
with y satisfying fo(y) = 0 for a unique irreducible monic polynomial f,(¢) in
F(2)[t], where t is a variable. Since y is a simple root of f,(t), we have (df,/dt)(y) #
0. By multiplying a common denominator of the coefficients, we can convert f,(t)
into a primitive polynomial f;(z’,t) in F[2'][t] = F[a’,t]. Then by a consequence
of Gauss’ lemma the kernel of the F-algebra homomorphism F[z’,t] — Fla,y]
defined by =’ — 2’ t — y is the principal ideal generated by fi(z’,t). Therefore
if we denote the coordinates on L4+ by wvy,... ,v441, then by our previous obser-
vation the correspondence 9 — (9z1,...,0x4,0y) gives an L-linear bijection from
Derp(F[x’,y], L) to the subspace of L*! defined by

0 0
Z (ail)(x/ay) v; + (%)(zlay) Vd+1 :Oa
1<i<d v

in which (0f1/0t)(z,y) # 0. Since F(z',y) = F(z), we also know that
Derp(F[2',y], L), Derp(F(x),L), Derp(F[z],L) all have the same dimension as
vector spaces over L. Therefore the correspondence 0 — (0x1,...,0z4) gives an
L-linear bijection from Derp(F[z], L) to L%
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Theorem 2.5.1 Let F' denote a field with char(F) =0 and f(t) any element of the
polynomial ring F[t] = Ft1,... ,t,]; define Cy as the set of all a in F™ satisfying
(0f/0t1)(a) = ... = (0f/0ty)(a) = 0 and V} as the set of f(a) for all a in Cjs.
Then V; is a finite subset of F.

Proof. If L is any extension of F', then Cy, Vy can be defined relative to L and
they respectively contain the original C'y, Vy. Therefore by extending F' we may
assume for our purpose that it is algebraically closed. We consider the ideal a of
F[t] generated by Of/0t1,...,0f/0t, and take its minimal representation as an
intersection of primary ideals:

a= 3 FIGD = ) W

1<i<n v 1<5<r

If » = 0, hence a = F[t], we see that C'y and V} are empty sets. Therefore we shall
assume that r > 0, choose q = q; and put p = r(q). If we denote by z; the image of
t; in F[t]/p, then F[z] = F[z1,...,%,] is an integral domain and (9f/0t;)(z) = 0
for 1 < ¢ < n. We shall show that o = f(z) is in F.

If zg is not in F, since F' is algebraically closed, it is transcendental over F'.
Therefore we may assume after a permutation that zg,x1,... ,24 for some d > 0
are algebraically independent over F' and F(z) = F(zg, ) is algebraic, necessarily
separable by char(F') = 0, over F(zg, 1,...,2q4). Then by Lemma 2.5.1 there exists
an element 9 of Derp(F[z], F(x)) so that dxg takes any preassigned value in F(z).
On the other hand z¢ = f(x) implies

of

drg = —)(x) 0x; = 0.
0 Z (3ti ) () 0:
1<i<n
We thus have a contradiction.
We now take any point a = (a1, ... ,a,) of Cy. Thenty—ai,... ,t,—a, generate
a maximal ideal m of F[t] which contains a. Since the product of qy,...,q, is

contained in a, hence in m, some q = q; is contained in m. Then p = r(q) is contained
in m. Therefore, in the above notation, we get an F-algebra homomorphism F[z] —
Fla] = F as ; — a; for 1 <14 < n. Since 2o = f(z) is in F, this implies 2y = f(a).
Since the number of z is at most equal to r, we get card(Vy) < r including the
case where r = 0.

In the above theorem if we drop the assumption that char(F) = 0, then it
becomes false. In fact if char(F) =p > 0 and f(t) =t + ... + &, then Cy = F"™.
Therefore if F' is algebraically closed, then Vy = F', which is infinite. On the other
hand, if f(t) is homogeneous, then V; is either an empty set or {0} provided that p
does not divide deg(f). This follows immediately from the classical Euler identity

> (5 = deenis

1<i<n

valid for any homogeneous polynomial f(t).
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Chapter 3

Hironaka’s desingularization
theorem

3.1 Monoidal transformations

Hironaka’s desingularization is achieved by successive monoidal transformations;
they have been known in algebraic geometry for a long time. We just mention
O. Zariski’s paper [62] which contains a rigorous definition of a general monoidal
transformation and its basic properties. We shall explain a monoidal transformation
with smooth center following A. Borel and J.-P. Serre [4]. We fix a complete field
K and start with a definition of the projective space P, (K).

We regard two points of K™1\{0} to be equivalent if they differ by a scalar
factor in K* and denote the set of all equivalence classes by P, (K). If ¢ is a point
of P,(K), therefore, it is represented by some (t1,...,t,+1) in K"T1\{0}, called
the homogeneous coordinates of t. The condition ¢; # 0 on t is independent of
the choice of its homogeneous coordinates and defines a subset U; of P, (K) for
1<i<n+1. Iftisin U;, then a map ¢ : U; — K™ is well defined as

t tic1 i1 tn+1
(= (= ... . .
¢z( ) (tz ’ ) t; ; t; ) ’ t; )

We observe that ¢; is a bijection. We shall make the map
pj 07t ¢i(UiNU;) — ¢ (U; NU;)

for i # j explicit. After a permutation we may assume that ¢ = 1 and j = 2. Then
we will have

(bl(Ul ﬂUg) = ¢2(U2 ﬂUl) =KX x K" L

Furthermore if we put ¢1(t) = (u1,... ,un), ¢o(t) = (v1,...,v,), then ¢p 0 p7 " :
KX x K" — KX x K" 1 is given by

1 wus u
(*) (v1;v2>-~-;Un):(uil;uila"'vui?)a
hence uy = 1/v1, ug = va/v1, ... , 4, = v, /v1. Therefore the map ¢o o ¢f1 is K-

bianalytic. In particular if we topologize U; by the condition that ¢; is bicontinuous,
then U; and U; induce the same topology on U; NU;. We call a subset U of P, (K)

35
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open if and only if U NU; is open in U; for all ¢. Then P, (K) becomes a Hausdorff
space. Furthermore, again by (), we see that {(U;, f;)} gives an atlas on P,(K),
hence P, (K) becomes an n-dimensional K-analytic manifold. We keep in mind that
the map K"*1\{0} — P,(K) defined by (t1,...,t,41) + t is K-analytic, hence
continuous, and its restriction to the subset defined by max(|¢t1|k,. .. , [tht1]x) =1
is surjective.

We now take an n-dimensional K-analytic manifold X and a closed submanifold
C with p = codimx (C) > 2, and define the monoidal transformation f : X# — X
with center C. Tt will have the following properties: Firstly X# is also an n-
dimensional K-analytic manifold; secondly f is a K-analytic map which induces a
K-bianalytic map X#\ f~1(C) — X\C, where the preimage f~!(C) of C under f
is a closed submanifold of X# of codimension 1, called the exceptional divisor of f;
thirdly f~!(a) for every a in C is a closed submanifold of X# which is K-bianalytic
to P,—1(K). In particular f is surjective. In the special case where C is a point f
is often called the quadratic transformation with center C'.

We take an atlas {(U, ¢py)} on X with ¢y (z) = (21,...,2,) such that if UNC #
(0, then it consists of all z in U satisfying z1 = ... = x;, = 0. We then define for each
U an n-dimensional K-analytic manifold U# equipped with a K-analytic surjection
fu : U# — U and piece them together to get X# and f: X# — X as f|U# = fu.
If UNC =, we simply take U# = U and fy = idy, the identity map of U. If
UNC # (), then U# is the closed subset of U x P,_1(K) defined as follows: It
consists of all (x,t) satisfying x;t; —x;t; = 0 for 1 <14 < j < p, in which (¢1,... ,1p)
are the homogeneous coordinates of t. We put fy(x,t) = x. By definition if z
is not in C, then ¢ has (z1,...,x,) as its homogeneous coordinates and f;;'(x)
consists of the single point (z,t) for that ¢. On the other hand if = is in C, then
fot(x) = x P,_1(K). After this simple observation, we shall examine U# more
closely.

We take the open covering of P,_1(K) by V; defined by ¢; # 0 and introduce
local coordinates of t in V; as

ty ti1 tiva t_p)
LT e st LRy

(ul,... ,’ll,p_l) = (

for 1 <14 < p. Then we can easily see that Ui# =U# N (U x V;) is defined by
(%) Tj = TU, (1<j <), Tj= TiUj_q (i<j<p).

Therefore if we denote by W; the image of ¢r(U) in K" P*! under the projection
(1., Zn) — (X4, Tpt1,- .- ,Tp), then

(b#(ﬂi,t) = ($Z‘,$p+1,... s Lp, ULy - - ,up_l)

gives a bicontinuous map from U to an open subset ¢ (U¥) of W; x KP~1. We
shall examine d);‘7£ o ((j)f)*l for i # j. After a permutation we may assume that ¢ = 1
and j = 2. Then we will have

dFUF NUF) c Wy x KX x KP=2 ¢#(UF nUF) c Wy x KX x KP2.
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Furthermore if (u1,...,up—1) and (v1,...,vp_1) are the local coordinates of t re-
spectively in V; and V3, then

of o (o) ol (U nUS) — of (UF nUT)
is given by

1 _
- 2 ,7M),

(xlaxp+17'~' y Tp,y, UL, U2,y - - - 7up71) = (x1u17xp+17"' s Ly u 7u P U
1 1 1

Therefore it is clearly K-analytic. We have thus shown that {(Ul# , fi#)} gives an
atlas on U, hence it becomes an n-dimensional K-analytic manifold. Also we
see by (*x) that the map fy : U¥ — U is K-analytic. Furthermore fﬁl(U NnC)
becomes a closed submanifold of U# of codimension 1 because we see by (x*) that it
is defined in each Ui# by 2; = 0. Finally fi maps U#\ f;;'(UNC) K-bianalytically
to U\(U N C) because we see again by (#x) that on the open subset of U defined
by x; # 0 the inverse of fy is given by

m T T Sy

5 ey

x»—>(xix+1... In
Piad ) I 7«%1'7 7xi x; z;

for 1 <i<np.

We shall construct X# and f : X# — X out of the set {(U#, fi/)} for all U in
the atlas {(U, fy)} on X. We take U, U’ with U" =UNU' #0. fU"NC =0,
then fy, fus respectively map fgl(U”), fg,l(U”) K-bianalytically to U”. We shall
identify the above open subsets of U#, (U’)# by this bijection. If U” NC # (), then
we shall identify (z,t) in f;;'(U”) with the (x,t) in f;;}(U"). This identification
is based on the following fact: If ¢y (x) = (z1,...,2n), fur(x) = (24,...,2),) and
(u1,...,up—1) are the local coordinates of ¢ in V;, then

O 0 (67) 7" LU N (U x Vi) — L, (U)F N (U x Vi)
is given by
(Tis Tpits e oo s Ty ULy ey Up 1) = (T Ty gy e s Ty UL,y Up 1),

Since f,...,x!, are K-analytic functions of (z1,...,,), we see by (x*) that the
above map is K-analytic. Therefore if we define X# as the union of all U# and
topologize X7 as in the case of P,(K), then X# becomes a Hausdorff space and
the set of charts defined above gives an atlas on X#. In this way X# becomes an
n-dimensional K-analytic manifold. If finally we define f : X# — X as f ‘U # = fu
for every U, then f becomes a K-analyic map with the properties stated in the
beginning.

We add the following remark for our later use. If K is any field with an absolute
value ||k, then for any € > 0 we define I, as the set of all a in K satisfying |a|x < e.
By making e smaller if necessary, we shall assume that € = |ag|x for some agin K *.
We observe that K is locally compact if and only if I; is compact. This follows
from the fact that a — a La maps I. bicontinuously to I;. If K is locally compact,
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then K is complete. Furthermore all K-analytic manifolds are locally compact.
We recall that P,(K) is a continuous image of the subset of K"*1\{0} defined by
max(|ti|k, ... ,|tnt1|k) = 1. Since this subset is compact, P, (K) is also compact.
Therefore if f : X# — X is a monoidal transformation, then f is a proper map,
i.e., the preimage under f of any compact subset of X is a compact subset of X#.

3.2 Hironaka’s desingularization theorem
(analytic form)

We shall explain Hironaka’s desingularization theorem in his fundamental paper
[20]. Actually, we shall do so only in the special case we need and without proof.
We start with some preliminary observations and definitions.

Let X denote an n-dimensional K-analytic manifold and E a closed submanifold
of X of codimension 1. Then at every point a of E there exist local coordinates
(x1,...,2,) of X around a such that E is defined locally around a by z; =0, i.e.,
ENU for some neighborhood U of a is defined by z; = 0. We call 1 = 0 or rather
xy itself a local equation of E around a. We may assume that x;(a) = 0 for all .
A characterization of a local equation f of E around a is that f is an element of
the local ring O, of X at a satisfying f|E =0 and (df), # 0. We shall show that
two local equations f and g of F around a differ by a unit of O,. We have only
to show that g divides f in O,. We may assume that g = x;. We know that O, is
isomorphic to K{{(z)) = K{{(z1,... ,2,)) and by Lemma 2.1.2 the image f(z) of f
in K((z)) can be written uniquely as f(z) = z1 f1(z) + fo(2’) with fi(z) in K{(z))
and fo(z') in K((z2,...,2y)). Since f and z; are local equations of E around a,
we see that the function fo defined by f2(z’) on some neighborhood of 0 in K"~!
is 0. Then by Lemma 2.1.3, we get fa(z’) =0, i.e., f is divisible by ¢ in O,.

Suppose now that we have a set of closed submanifolds F; of X of codimension
1 for 7 in an index set I satisfying the following condition: At every point a of X,

if B;,,..., E;, are all the E; containing a with respective local equations fi, ..., f;,
around a, then (df1)q, ..., (dfp)q are linearly independent over K or, equivalently,
there exist local coordinates of X around a of the form (fi,..., fp, fot1,--- s fn)-

In other words all the F; passing through a “meet transversally” at a. Then we say
that the set {E;; ¢ € I} has normal crossings. This clearly implies p < n. Therefore
if we denote by N the nerve complex of {E;; i € I} as defined by P. Alexandroff,
then the dimension of the simplicial complex N is at most n — 1. We recall that
a p-simplex of A/ means any set of p + 1 elements of {F;; i € I} with nonempty
intersection.

We take f(x) from the polynomial ring K[zi,...,x,], which we regard as a
subring of K{{x1,... ,zp)). Then f(z) defines a K-analytic function f on X = K.
We shall assume that f(z) is not in K, i.e., f is not a constant function on X. We
shall further assume that n > 1. We shall denote by f~!(0) the preimage of {0}
under f, i.e., the set of zeros of f in X. Also we put

F7H0)sing = F7HO) Ny,
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in which Cy is the critical set of f. Then we have the following three possibilities:
Firstly f=1(0) = 0; secondly f~1(0) # 0 and f~1(0)sing = 0; thirdly f=(0)sing # 0.
All these cases occur, e.g., for K = R. Simple respective examples are as follows:

flay=> a?+1, Y al-1, > ai- > a? (1<p<n).

1<i<n 1<i<n 1<i<p p<j<n

At any rate in the second case f~!(0) becomes a closed submanifold of X of codi-
mension 1 with f as its local equation around every point of f~1(0). In an over-
simplified manner we can say that Hironaka’s desingularization theorem or rather
its consequence gives a method to improve the third case. An exact statement,
including the trivial case where n = 1, is as follows:

Theorem 3.2.1 Let K denote a complete field with char(K) = 0 and f(x) any
element, not in K, of the polynomial ring Klx1,... ,x,] forn > 1; put X =
K"™. Then there exist an n-dimensional K-analytic manifold Y, a finite set £ =
{E} of closed submanifolds of Y of codimension 1 with a pair of positive integers
(Ng,ng) assigned to each E, and a K-analytic map h : Y — X satisfying the
following conditions: Firstly, h is the composite map of a finite number of monoidal
transformations each with a smooth center; secondly,

(fon) ' 0)=JE

Ec€&

and h induces a K-bianalytic map

Y\hil(fil(o)smg) - X\fil(o)singQ

thirdly, at every point b of Y if Ei,... ,E, are all the E in £ containing b with

respective local equations y, ... ,yp around b and (N;,n;) = (Ng,ng) for E = E;,
then there exist local coordinates of Y around b of the form (y1, ..., Yp, Yp+1s- - »Yn)
such that
foh=e- [ v, » (N de)=n- J] v N dui
1<i<p 1<i<n 1<i<p 1<i<n

on some neighborhood of b, in which £, are units of the local ring Oy of Y at b. In
particular £ has normal crossings.

We observe that if
fﬁl(o)smooth = fﬁl(o)\cf

is not empty and if we denote by E’ the union of those E not contained in
h=Y(f7(0)sing), then h gives rise to a K-bianalytic map of E/\h=(f~1(0)sing)
to f71(0)smooth- We call E' the strict transform of f~1(0) under h. The nerve
complex NV (€) of £ with the function E +— (Ng,ng), called the numerical data, on
the set of its vertices is an important combinatorial object associated with f(x) or
rather f=1(0)ging-
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3.3 Desingularization of plane curves

We shall outline the classical desingularization of plane curves, i.e., the case n = 2
in Theorem 3.2.1, and then explain the details by examples. We take any field F’
with char(F) = 0 and a polynomial f(z,y) # 0 in two variables x, y with coefficients
in F' such that

_of o _Of

£(0) = 50 = 5-(0) =0

we have denoted (0,0) by 0. If f,,,(z,y) is the leading form of f(z,y) as an element
of F[[z,y]] necessarily for m > 2, then, as we have seen in Chapter 2.3, we may
assume that f(0,y) = cy™ + ... with ¢ in F*. We have shown there that f(z,y)
differs from a Weierstrass polynomial

Po(y) =y™ +a1(z)y" " + ...+ am(2)

in F[[z]][y] by a unit of F[[z,y]]. We shall assume, for the sake of simplicity, that
f(z,y) is irreducible in Q[[x, y]] for an algebraically closed extension €2 of F'. Then
P, (y) is irreducible in Q((z))[y]. Therefore if 7 is a zero of P, (y), then L = Q((x))(n)
is an extension of Q((x)) of degree m. The fact is that if z'/™ is any m-th root of
x, then L = Q((x'/™)). One way to see this is as follows:

We observe that K = Q((z)) is a complete non-archimedean field with Ox =
Q[[z]] and Ok as its maximal ideal. Therefore L is also a complete nonarchimedean
field and, since Ok /2O = Q is algebraically closed, we will have Op, = Q[[7L]]
and zOp, = 7*Op,. This follows, e.g., from Proposition 11.6.1. Furthermore, as we
have remarked at the end of Chapter 2.1, the m-th power map from O} to itself is
surjective. Therefore /™ is in O, and 2Oy = 7,0y, hence O = Q[[z/™]]
and L = Q((z/™)).

Since 7 is an element of Oy, it becomes a power series in /™. We write this
“Puiseux series” as

n= Z agiz’  + Z aggat /v g Z aggzHeti/viva o

0<i<jo 0<i<ji 0<i<j2

+ Y agatisti/mers,
i>0

in which the exponents are strictly increasing, aioago - - - ago 7 0, fi, v; are relatively
prime positive integers with v; > 1 for 1 <i < g, and 113 - - - vy = m. Furthermore
w1 > 1. A basic fact is that the g pairs

(valjl)’ (M%VQ)’ oo v(,u'ga Vg)

depend only on the factor ring Q[[z, y]]/Q[[z,y]]f(x,y) and, to some extent, they
determine the ring. At any rate they are called the characteristic pairs of the factor
ring.

We shall now replace F by a complete field K and put X = K2. We shall
assume, for the sake of simplicity, that f~!(0)siny = {0}. Then there exists a
unique shortest sequence of quadratic transformations such that their composition
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h:Y — X has the properties stated in Theorem 3.2.1. We might mention that in
the present case f~1(0) is not just {0}. At any rate we recall that the quadratic
transform X# of X with any point (a,b) of X as its center is covered, up to K-
bianalytic maps, by two copies of K2. More precisely, if (x,%) are the coordinates
on X, then X# is covered by X; = K? with coordinates (x1,y;) and X| = K?
with coordinates (x/,y}) such that the restrictions of the quadratic transformation
X# — X to X1, X} are given by

(z —a,y = b) = (z1,2191) = (211, 91)-

Therefore the open subsets K x K*, K* x K respectively of X1, X/ are identified as
(@4, 91) = (1/y1, z1y1), (21,91) = (294, 1/2}). The exceptional curve of X# — X
has x1,y] as its local equations in X1, X]. If now we denote by £ the set of all
exceptional curves on Y, numbered as Fi, ..., Ep by the order of their “creation”,
and the strict transform Er,1 of f~1(0) under h, then T and (N;,n;) = (Ng,ng)
where £ = Ej for all I can be described by the characteristic pairs. Actually
(Nr,ny)=(1,1) for I =T + 1 is clear.

We shall elaborate on the above statement. If ag, a; are relatively prime positive
integers, the Euclid algorithm to find their GCD, which is 1, gives rise to a sequence
ko,k‘l,... ,]’Ct in N as

ap = koay1 +az, a1 =kiaz+as, ..., a1 =ki—1a;+1,
in which ay > as > ... >a; = k; > 1 for some t > 0 and kq,...,k;_1 > 0. We shall
write ag/a1 = [ko, k1, ..., k. In this notation we introduce k;; as

Wi/ Vi — i1 = [Kio, kit, - .. 5 Kig, ],
where po = 0, and put
Ii=kio+kin+.. kg, mi=vig1-vy

for1<i<g. Then T =1,=>k;; and

Ny, Ny, ;

= (G B,
m; mi—1 Vi
ny, = (nr_, + % — Wi—1)Vi

for 1 <4 < g with the understanding that (N, ns,) = (0,1), hence

ny M1+

J\fI1 ulyl...yg

Furthermore ny /Ny > ny, /Ny, if I < Iy and ny /Ny > ny, /Ny, if I > I; for1 <i <g,
hence ny, /Ny, is smaller than any other n;/Nj.

The above-outlined desingularization of f~1(0) is due to F. Enriques and O.
Chisini, and it is entirely classical. The exact values of (N, ny) for all I and the fact
that ny, /Ny, is smaller than any other n;/N; can be found in [24]. The structure of
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N () as a one-dimensional simplicial complex and a beautiful monotonic property
of the function I — ny/Nt on the set of its vertices as well as relations of (N7, ny)
for neighboring vertices have later been discovered by L. Strauss [54]. In particular,
N (€) looks exactly like a tree with g branching vertices at Ey, for 1 < ¢ < g. In
the following we shall illustrate the situation in two examples.
Example 1. If we take y?> — 2 as f(x,y), then f(x,y), f /0x,df/dy all vanish only
at 0. Furthermore f(z,y) is irreducible in Q[[z,y]], f(z,y) itself is a Weierstrass
polynomial, and 7 = 2%/? is the Puiseaux series of 7. Therefore (3,2) is the only
characteristic pair and 3/2 = [1,2], hence T = I; = 3 and (N3, n3) = (6,5). We
shall verify these and other properties directly without any assumption on char(K).
We apply a quadratic transformation, abbreviated as QT, to X with 0 as its
center. Then in X7, X| we have

flay) =23y — 1) = (51)° (1~ (1)),
dx Ady = x1 doxy A dyy =y dzy A dy;.

Since the two curves in X with local equations y{, 1— (2 )3y} have normal crossings,
we apply a QT to X7 with 0 as its center. Then, by increasing the subscripts by 1,
in Xo, X} we have

Fla,y) = 3(x2y3 — 1) = (23)*(92)* (v — 23),
dx A dy = 23 dxo A dys = xh(yh)? dahy A dyl.

Since the two curves in X, with local equations x5, r2y35 — 1 have normal crossings,
we apply a QT to X) with 0 as its center. Then in X3, X} we have

fla,y) = a3y3(ys — 1) = (25)%(y3)°(1 — 23),

dr A dy = 3y3 dog Adys = 25(ys)* day A dyf.
We observe that the three curves in X3 with local equations 3, y3,y3 — 1 have
normal crossings and the three curves in X} with local equations x4, y4, 1 — 2% also
have normal crossings. Therefore if we denote by Y the union of X7, X5, X3, X} and
define h on each one of them as the composition of X| — X, Xy —» X; — X, X3 —
X,—>X1 - X, X, > X, — X; — X, then h: Y — X gives a desingularization of
f71(0). We observe that a list of local equations for E1, Eo, E3, Ey is as follows:

Er o yh,al; Ey : 29, ys; B3 x3,y5;
By : 1— ()%, wyi—1, ys—1, 1—ua5.
Therefore (N;,n;) = (2,2),(3,3),(6,5),(1,1) for i = 1,2,3,4 and N(E) has three

segments, i.e., 1-simplices, joining E3 to E1, Ey, Ey.
Example 2. If we put
f(xvy):y4—2$3y2—4x6y+x6—x9, n:x3/2+x9/4’

then f(z,y) is a Weierstrass polynomial P, (y) and 7% + z3 = 23/2(2n + %), hence
P,(n) = 0. Furthermore Q((z))(n) contains x'/4, hence Q((z))(n) = Q((z'/*)), and
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hence f(z,y) is irreducible in Q[[x,y]]. By rewriting f(z,y) as f(z,y) = (2 +
y*)? — 23(2% 4 2y)? we can easily see that f~1(0)i,, consists of all (a,b) satisfying
a®+ b2 =a®+2b=0, ie., (0,0) and (a,2) where a®> = —4. If 2 is not a cube in
K, e.g., if K = Q, therefore, the condition f~1(0)sin, = {0} is satisfied. We can
avoid such an artificial condition if we agree to replace X by a small neighborhood
of 0. At any rate (3,2), (9,2) are the characteristic pairs and 3/2 =9/2—-3 = [1,2],
hence T' = Iy = 6 and (N3 n3) = (12,5), (Ng,ne) = (30,13). We shall verify these
and other properties directly.

We apply a QT to X with 0 as its center. Then in X;, X{ we have

flx,y) = xil filzr, ) = (Z/1)4 f{(x/hyll)a
dx Ndy = 1 dxy Adyp =y dx) A dyy,
filz,y) = () —2)? — 42y — 2°,

fi(z,y) = (2%y —1)? — 2%° — 42%°

We apply a QT to X; with 0 as its center. Then in X5, X’ we have

flx,y) = a8 fa(xa, y2) = (25)*(15)° f5(h, y5),
do N dy = x3 dy A dyy = xh(yh)? dahy A dys,
fa(x,y) = (1 — 2y?)? — da®y — 2,

folzy) = (2 —y)* — 2%y — day?
We apply a QT to X} with 0 as its center. Then in X3, X} we have

fla,y) = 2373 fs(ws,ys) = (25)*(y5)" f3 (25, v5),
dx A dy = z3y3 des A dys = x5(ys)* dol A dys,
fa(z,y) = (1 —y)? —a%® — da’y?

fila,y) = (& = 1)? = 2°y® — day’

We apply a QT to X% with (1,0) as its center. Since (1,0) in X4 and (0,1) in X3
represent the same point, we could have applied a QT to X3 with (0, 1) as its center.
At any rate in X4, X we have

(1 + za) 21 ys® fawa,ya)

= (1+ 24yy) (ya)™ fil=h, vh),
de Ady = (14 x4)x5y] deg A dy,

= (

1-—

f(@,y) =
1+ 2y (vy)° day A dyl,
A1+ a)’ey’ — (1 + )%y’

® — 41+ zy)’y — (1 + xy)°y".

fa(z,y)
falz,y)
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We apply a QT to X with 0 as its center. Then in X5, X, we have

1+ z2ys) ' atPys? f5 (x5, ys5)
1+ b (y5)2) ()™ fh(ah, uh),

flzy) = (
= (

dx A dy = (1 + 22ys)zSy2 dos A dys
(

= (14 25(y5)?) (3)° dag A dyf,
fs(zy) = o — 41 + 2y)°y — (1 + 2%y)’2’y",
fi(zy) =2y — A1+ 2y®)® — (1 + 2y®)°°

We apply a QT to X5 with 0 as its center. Then in X, X} we have

f(@y) = (1+ xdye) w3 ys" fo(6,e)
= (14 (25)*(y6)*) (26) " (y6)* f5(x5, v6):
dz Ady = (1 + xiye)xt?ys dae A dys
= (1+ (25)*(y6)*) (w6)° (y6) ** dg A dyg,
fo(z,y) = 1= 4(1+2%y)°y — (1 + 2°y)°a’y",
folw,y) =z — 41 +2%°)° — (1 +2%y) 2y°.
If we denote by Y the union of X7, Xa, X3 \ {(0,1)}, X4, X{, X6, X§ and define
h on each one of them as the composition of X| — X, X — X; — X, ...,
Xt — X5 —» X} — X, — X}, - X7 — X, thenh : Y — X gives a desingularization
of f~1(0). In fact, a list of local equations for Ey, Es, ..., Ey is as follows:
By o+ oyy, ltwa 14ab(ys)®s 1+agys, 1+ (25)"(06)™
Ey @ xa, ys; E3 w3, ya; Ey:za,  Ys; Es:ys,  xg;
Eﬁ . Tg, yéja E7 : f{, f2a f3a f4a féa fﬁa fév

in which f;, f/ are fi(zi,y:), fl(x},y) for all i. We can easily verify that & =
{E1, Es, ..., Er} has normal crossings. Therefore

(Ni,n;) = (4,2),(6,3),(12,5), (14,6), (15,7), (30,13), (1, 1)

for i = 1,2,...,7 and N(€) has six segments joining F3 to E1, F3, F4 and Ejg to
E4, Es5, Er.
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Chapter 4

Bernstein’s theory

4.1 Bernstein’s polynomial b(s)

We take a field K with char(K) = 0 and the polynomial ring K[z] =
K[zy,...,z,] for some n > 0. The formal differentiation 9/0z; in K[z] uniquely
extends to an element, also denoted by 0/9x;, of Derg (K (x), K(x)) for 1 <i < n.
We shall denote by D,, or simply by D the K-subalgebra of Endg (K (z)), the K-
algebra of all K-linear transformations in K (x), generated by the multiplication
by z; and 9/90z; for all i. Furthermore, by an abuse of notation, we shall write
D = Klz,0/0x]. The 2n generators of D satisfy the following Heisenberg commu-
tation relation:

Tilj — T34 = 0, (8/8331)(6/6%‘]) — (8/(%])(8/8@) = 0,
2(0/0x;) — (0/0x;)w; + i =0

for 1 < 4,57 < m. Such a commutation relation indeed appeared in quantum me-
chanics, cf., e.g., H. Weyl [59], p. 83 and its footnote 20, and D is sometimes called
the Weyl algebra. We shall show that D is an associative K-algebra with the unit
element generated by z;, 8/0x; for 1 < i < n with the Heisenberg commutation
relation as its defining relation.

Lemma 4.1.1 Let E denote a 2n-dimensional vector space over K with a basis
&1y My s and T(E) the tensor algebra of E; let I(E) denote the two-
sided ideal of T(E) generated by

§Ei®EG—& 08, N —n; @m0, §®n —n @& + i

for alli,j. Then the K-algebra homomorphism 0 : T(E) — D,, defined by &; — x;,
M v 0/0x; for 1 < i <mn gives rise to a K-algebra isomorphism from T(E)/I(E)
to D,,.

Proof. If € is any element of E, we denote its p-th power in T?(E) = F®...Q E
by £%P. Every element w of T(E) determines d = d,, as the smallest d > 0 such
that w is contained in the direct sum of T?(E) for p < d. Now by an induction on
d,, we see that w can be expressed in the form

w=) ciif" ®.. QL " @@ + 2

45
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with ¢;; in K, z in I(E), and ¢,j in N", and we get
ZC” (8/0z)’, o' =zl .2l etc.

Since for a similar reason every element of D can be written in the above form,
the homomorphism 6 is surjective. Therefore we have only to show that 6(w) = 0
implies ¢;; = 0 for all 4, j. Suppose otherwise and choose c¢;; # 0 with the smallest

lil=41+ ...+ jn. Then
! :Zj! cij 2,
i

in which j! = ji!...j,! # 0 by the assumption that char(K) = 0. Therefore
LHS = 0 while RHS # 0. We thus have a contradiction.

We shall consider D-modules. In general if A is any associative K-algebra with
the unit element, then a vector space M over K is an A-module, more precisely a left
A-module, if and only if there exists a K-algebra homomorphism 6 : A — Endg (M).
In that case a - @, or simply ayp, is defined as 6(a)p for every (a,¢) in A x M. We
observe that K(z) is a D-module and so is K[z] because it is stable, i.e., mapped to
itself, under the operations of D. We change our notation to introduce the kind of
D-modules which we shall closely examine. We replace the above K by K, denote
by s another variable in addition to z1,...,z,, and put K = Ky(s). The Weyl
algebra D will be relative to this K. We take an element f(x) of Ky[x]\{0}, denote
by S the multiplicative subset of Ky[z] generated by f(x), and put

Klz]; = ST'K[z] = Ko(s)[z1, ... , @, 1/ f()].

This can be converted into a D-module as follows.
In the notation of Lemma 4.1.1 we first convert K[z]; into a T'(E)-module as

§i-p(a) = zip(x), ni-p(r) = p/0r; + sp(x)(0f 0xi)/ f(x)

for 1 < i < n. We observe that K[z]; is stable under the operations of T'(E).
Therefore we have only to show that the 3n? generators of the ideal I(E) annihilate
every ¢(x) in K[z]s. This can be done by formal computations. We shall do it by
using the following obvious lemma:

Lemma 4.1.2 Let ag, a1, a9, ... denote a finite number of elements of any field F
with char(F) = 0 satisfying ag + a1s + azs® + ... = 0 for infinitely many s in Z.
Then a; =0 for all i.

Now the verification goes as follows: Let w denote any one of the above 3n?
elements, ¢(x) any element of K[z|s and express it as @o(x)/d(s) with ¢o(x) in
Kols,z1,... ,xn,1/f(x)] and d(s) in Ko[s]\{0}. Then we will have

a0+als+a232+...
d(s)

with ag, a1, az,... in Ko(z). On the other hand, if we replace s by any element of
Z other than the zeros of d(s) so that f(z)® becomes the actual s-th power of f(z),
then we will have

(& - () f(2)° = zip(x) f(2), (i (@) f(2)" = O(p(x)f(x)°)/Ox;

w - () =
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for 1 < i < n. Therefore ag + a15 + aas® + ... = 0 for all such s, hence a; = 0 for
all 4, and hence w - ¢(z) = 0. We have thus shown that Kz]; is a D-module. In
the above notation Bernstein’s theorem can be stated as follows:

Theorem 4.1.1 There exists an element Py of D,, satisfying Py - f(z) = 1.

This is a fundamental theorem in the theory of local zeta functions, and it was
proved by I. N. Bernstein [3]. Later in this chapter we shall explain his original
proof. In the following we shall make a few preliminary remarks. If we multiply an
element b(s) of Ky[s]\{0} to both sides of Py - f(x) = 1, then we will have

(%) P f(z) = b(s),

in which P is a “polynomial” P(s,z,0/0z) in s, x1,... ,x,,0/0x1,... ,0/0x, with
coefficients in K. If we replace s by any element of Z, then (x) becomes

P(s,,0/02) f ()" = b(s) f ()"

At any rate, the set of all such polynomials b(s) and 0 forms an ideal in Ky[s],
which is a principal ideal ring. A monic polynomial b(s) of the smallest degree is
a generator of this ideal, and it is uniquely determined by f(z) and Ky. We shall
denote it by bs(s) and call by(s) the Bernstein polynomial of f(z). In the special
case where

flx)=a?+.. +a2,

if A denotes the Laplacian Y (9/0x;)?, then we will have
A f(z)=4(s+1)(s+n/2),

hence bs(s) is a factor of (s +1)(s+n/2). We shall see later that they are actually
equal. This case is classical. In the middle 60’s M. Sato proved a similar statement
for a large class of f(x) in his theory of prehomogeneous vector spaces. We shall
explain a part of this theory in Chapter 6.

4.2 Some properties of by(s)

Before we start with the proof of Theorem 4.1.1, we shall prove five elementary
properties of b (s). All proofs are straightforward, and they could have been left as
exercises.

(i) If the Bernstein polynomial of f(x) exists for an extension K| of Ko, then
it also exists for Ko, and they are equal.

In fact let b’ (s) denote the Bernstein polynomial of f(z) relative to Kj and
P’ f(x) = (s) for P’ in Kg[s,x,0/0x]; choose a Ko-basis {w,} for Kj and write

P = ZPawa, by(s) = Zba(s)wa,

in which P, is in Ky[s,x,0/0z] and b,(s) is in Ky[s] for all a. Then we get
P, - f(x) = bo(s) for all « with b,(s) # 0 for at least one . Hence the Bernstein
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polynomial by (s) relative to Ko exists and clearly by(s) = b’(s)c'(s) for some c’(s)
in K([s]. On the other hand, b, (s) = bs(s)ca(s) for some cq(s) in Ko[s] for all a.
By putting these together we get

(Z ca(s)wa) d(s)=1.

Since ¢’(s) = by(s)/V}(s) is a monic polynomial, this implies ¢/(s) = 1, hence
by(s) = b (5)

(i) If the Bernstein polynomial of f(x) exists and if f'(x') is obtained from f(x)
by an invertible Ko-linear transformation x — ', then the Bernstein polynomial of
f'(z") also exists, and they are equal.

The proof is as follows: We denote by z, /dz, etc. the column vectors with z;,
0/0z;, etc. as their i-th entries and put 2/ = g~ 'z for any g in GL, (Kp). Then
0/0x = (*g=1)0/02'. Therefore if we put f'(2') = f(x) = f(ga’) and assume that
P(s,z,0/0z) - f(x) =bs(s), then we get

P(s, g2, ('g7")0/0a") - f'(a') = by (s).

Therefore by (s) exists, and it divides bs(s). The situation is now symmetric and
bs(s) divides by (s), hence they are equal.

(iii) If ¢ is in K and if bg(s) exists, then beg(s) also exists, and they are equal.

This follows immediately from the fact that each one of x; - ¢, 8/0x; - p for every
¢ in K[z]; = K[z].s relative to f(x) and cf(z) are equal.

(iv) If f(z) is in K, then by(s) = 1 while if f(x) is in Ko[z]\Ko and bs(s)
exists, then it is divisible by s + 1.

Since the first part is clear, we shall prove the second part. Suppose that b¢(s)
exists for some f(z) in Ko[z]\Ko and that P(s,z,0/0x) - f(z) = by(s). Then we
will have

P(s,x,0/0x)f(x)*"" = bs(s) f(2)°
for every s in Z, in particular for s = —1. We observe that for s = —1 the LHS is
in Ky[x] while the RHS is by(—1)/f(x), and 1/f(x) is not in Ky[z]. This implies
bs(—1) = 0, hence bs(s) is divisible by s + 1.

(v) Suppose that f(x) is in Ko[z]\Ko and there is no point a in Q", where Q is
any algebraically closed extension of Kq, satisfying

ol o

fla) = o0x1 Oz,

(a) =0.
Then by(s) = s+ 1.

This can be proved as follows: By Hilbert’s Nullstellensatz there exist ag(z),
a1(x), ... ,an(x) in Kolz] satisfying

of

=1
a$i

ao(z) f(x) + Z ai(z)

1<i<n

Define P as
P=(s+1ag(z)+ > a;(x)d/0x;.

1<i<n
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Then we have P - f(x) = s+ 1. Since we have seen in (iv) that bs(s), if it exists, is
divisible by s + 1, we get bs(s) = s+ 1.

If we take, e.g., C as Ky and f(x) from C[z]\C, then we see by (iv), (v) that
be(s)/(s+1) # 1 implies f~1(0)sing # 0. In a certain sense the size of bs(s)/(s+1)
corresponds to the complexity of f71(0)ging. We might recall that to simplify
JF71(0)5ing or, more precisely, to replace f~!(0) by the union of closed submanifolds
of codimension 1 with normal crossings is one of the main objectives of desingu-
larization. We shall determine b (s) for an f(z) such that f~1(0) itself has such a
simple structure. Namely, we shall prove the following statement:

If f(x) = 27" .. .al™, where my; is in N for every i, then

bis)= T II (s+i/mi)

1<is<n 1<j<m;

with the understanding that the i-th factor represents 1 for m; = 0.

Since the general case can be reduced to the case where n = 1 by using multi-
indices, we shall assume that n = 1 and we drop the subscripts, hence f(z) = 2™,
etc.; we shall write d/dx instead of 9/0x and exclude the trivial case where m = 0.
We see by an induction on p > 0 that

(dfmdz)? -2 = ( T (s + (a—3)/m))at™"

0<y<p

for every ¢ in Z. Therefore if we put

b(s)= [I (s+m—g/my= T[ (s+i/m),

0<j<m 1<j<m

then we get
(d/mdz)™ - f(z) = b(s),
hence b (s) divides b(s). On the other hand, if P is in Ko[s,z,d/dx] and P- f(z) =
bs(s), then by expressing P as
§,§>0
with ¢;;(s) in Ko[s] we also get
Y cimrils) T (s (m—j)/m)=bs(s).

i>0 0<j<m-i

This shows that b(s) divides bs(s), hence by (s) = b(s).

4.3 Reduction of the proof

We shall translate Theorem 4.1.1 into an equivalent statement and proceed to its
proof. In the following lemma ®(s)|s—s—_, for any function ®(s) means ®(s — r).



50 JUN-ICHI IGUSA

Lemma 4.3.1 If p(s,x) is in K[z|f = Ko(s)[z,1/f(z)] and P(s,z,0/0x) is in
D,,, then for every r in Z we have

P(s,2,0/0z) - f(x) "p(s,z) = f(z) " (P(s+r,2,0/0z) - (s + 1,2))| 55—

Proof. We first observe that the formula is valid in the special cases where
P(s,x,0/0z) = x;, 0/0x; for 1 < i < n. Furthermore if the formula is valid for
Py, P, in D = D, then it is valid for ¢;P; + co P> for any c¢1,c in K = Ko(s).
Therefore we have only to show that the formula is valid also for P3 = Py P,, and
the proof is as follows: If we put

o' (s,x) = Py(s +1,2,0/0z) - (s +1,2),
then

Ps(s,x,0/0z) - f(z) "¢(s,x) = Pi(s,x,0/0z) - f(z) "¢ (s — 1, )
= fl@)""{(Pr(s +7,2,0/02) - ' (5,2)) 55 —r}
= f(&)""{(Ps(s +7,2,0/0x) - o(s +7,7)) |55} -

Proposition 4.3.1 Theorem 4.1.1 holds if and only if the D-module Klx]; is
finitely generated.

Proof. We shall, for the sake of simplicity, write f, ¢(s), P(s) instead of f(x), ¢(s, ),
P(s,z,0/0z). We then have

D-f7™ = D.(f-f")=Df-f"CcD-f",
D-f7" > Klal-f7 = K[elf™"

forr=0,1,2,..., hence

D-1cD-fcD-f?..., D f =Kz
r>0

Suppose now that K[z|; is generated as a D-module by a finite subset S of Klz]s
and choose r large enough so that D - f~"*1 contains S. Then K[z]; = D - f~"1,
hence f~" = P(s) - f~"*! for some P(s) in D. Lemma 4.3.1 then shows that
P(s+r)-f =1. Conversely suppose that Py- f = 1 for some Py = P(s) in D. Then
by Lemma 4.3.1 we get

P(s—1)-1=f"1 P(s—2)-f1t=f72...,

hence Kz]; =D - 1.

In general if K is an arbitrary field, A is a K-algebra, which is associative and
with the unit element, and M is an A-module, then the finite generation problem
of M as an A-module can sometimes be investigated by converting A and M into a
filtered K-algebra and a filtered A-module, and then passing to the corresponding
graded G(A)-module G(M). In the present case, as we shall see, this method works
perfectly.
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We have already used graded algebras and modules to prove the existence of
Hilbert’s functions in Chapter 1.3. If a K-algebra A contains an increasing sequence
of subspaces Fy(A), F1(A), F»(A),... with A as their union satisfying

for all ,j, then A is called a filtered K-algebra. If an A-module M contains an
increasing sequence of subspaces Fo(M), Fy (M), Fo(M),... with M as their union
satisfying

Fi(A)F;(M) C Fiy;(M)

for all 4, j, then M is called a filtered A-module. In particular A itself is a filtered
A-module. We put F.(M) = {0} for » < 0 and call {F.(M)} a filtration of M. If
M is a graded A-module, where A is a graded K-algebra, and if we put F,.(M) =
My + ...+ M,, etc., as we have done in Chapter 1.3, then A becomes a filtered
K-algebra and M a filtered A-module. Conversely, if M is a filtered A-module,
where A is a filtered K-algebra, and if we put G.(M) = F.(M)/F,._1(M), etc.,
then the direct sum G(M) of G, (M) for all r becomes a graded module over the
graded K-algebra G(A).

Proposition 4.3.2 If M is a filtered A-module such that the G(A)-module G(M)
is finitely generated, then the A-module M is finitely generated.

Proof. By assumption there exists a finite subset {1,... ¢} of G(M) such that
GM) = G(A)Y1 + ... + G(A)yr. After expressing each v; as a finite sum of
homogeneous elements, we may assume that v; itself is homogeneous, i.e., in G, (M)
for some r; in N. 'We shall show that if we choose @; from F,. (M) with 1; as its
image in G,, (M), then we will have

F.(M) = Frr (A)pr +... + Frp, (A)pr

for all r in N. That will imply M = Ap;. If we denote the RHS by F/(M), then
clearly F,.(M) D F/(M) for all r. Therefore we have only to show that F.(M) C
F/(M) also for all r. Since F_1(0) = 0, this is clear for r = —1. Therefore we shall
apply an induction on r assuming that F,._;(M) C F)_{(M), hence F,_1(M) =
F]_{(M), for some r > 0. We take ¢ arbitrarily from F, (M) and denote its image
in G, (M) by 9. Then we have 1) = by9)1 +. ..+ bty for some b; in G,_,,(A) for all
i. If we choose a; from F,_, (A) with b; as its image in G,_,,(A), then ¢ — 3" a;p;
is in F._1(M). Therefore ¢ is in

Foy (M) + FJ(M) = Fy_y (M) + F/(M) = F.(M).

The induction is complete and the proposition is proved.

In view of the above proposition, we shall convert D into a filtered K-algebra
and M = Klz]; into a filtered D-module. We have seen in the proof of Lemma
4.1.1 that every element of D can be uniquely expressed as

E cija'(0/0x), ' =x} - -xin) ete.
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with ¢;; in K for all ¢, j in N”. We define F,.(D) by the condition that |i| + |j| <r
for all . The Heisenberg commutation relation implies that

2'(0/0x)a” (9/0x) = &+ (8)0x) T+ cpjua’ (0/0w)”

for every i, ¢, 7, 7/ in N", in which ¢ +4 = (ix + #,... ,in + i), etc. and
[i"] + |7"] < i + 4| + |7 + 4’| This not only shows that F defines a filtra-
tion of D but also the crucial fact that G(D) is K-isomorphic to the polynomial
ring K|x,y] = K[z1,... ,Zn,Y1,.-- ,Yn] in 2n variables under the correspondence
T — x;, 0/0x; v y; for 1 <4 <.

We shall next define F,.(M) for M = KJz]s so that M becomes a filtered D-
module. We choose « independently of r and define F,.(M) as the subspace of
f " K|x] consisting of all ¢ = f~"p, where p = p(x) is in K|z], such that

deg(p) < ar, i.e., deg(p) < (deg(f) + a)r.

Then the condition that {F,.(M)} forms an increasing sequence with M as its union
becomes o > 0. We observe that the condition F;(D)F;(M) C Fiy;(M) for all 4,
J is equivalent to z; - F.(M), 8/0z; - F.(M) C Fr41(M) for 1 < ¢ < n and for all
r. Since x; - ¢ = x;p, hence deg(x; - p) = deg(p) + 1, the first condition becomes
a > 1. Since deg(0/0z; - p) < deg(p) — 1 and 9/dz; - p is in f~""1K[z] for every
¢ in f~"K[z], there is no new condition from 9/0x; - F.(M) C F.41(M). We shall
therefore take & = 1. We have thus shown that if we define F,.(M) as the subspace
of f7"K|[z] consisting of all ¢ such that deg(¢) < r, then M becomes a filtered
D-module.

We might remark that except when we regard K[z|; as a D-module, the field
K need not be Ky(s). It can be any field with char(K) = 0. Furthermore if D is
replaced by a general filtered K-algebra A, then char(K) need not be 0.

4.4 A general theorem on D-modules

We shall start with some general definitions and observations. We fix a K-algebra
A and take A-modules M, N. We say that a K-linear map a : M — N is an A-
homomorphism if « is A-linear, i.e., a(ap) = aa(p) for every (a,p) in A x M. We
take A-modules M’, M, M" and A-homomorphisms o« : M’ — M, 3: M — M".
We say that the sequence

(*) 0—-M - M-—>M"—-0

is exact in the category of A-modules or simply exact as A-modules if « is injective,
8 is surjective, and Im(«) = Ker(8). If we identify M’ with its image under «, this
means that the factor module M /M’ becomes A-isomorphic to M” under 5. In the
case where A is a filtered K-algebra and M’, M, M" are filtered A-modules, (x) is
called exact as filtered A-modules if it gives rise to a sequence

0— FT(M/) — F. (M) — FT(M”) — 0
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for every r, which is exact as K-modules, i.e., vector spaces over K. In that case
we clearly have

dim (F,(M)) = dimg (F,(M")) + dimg (F,.(M"))

for all r. In the case where A is a graded K-algebra and M’, M, M" are graded
A-modules, (x) is called exact as graded A-modules if it gives rise to a sequence

O—)Mé—)MT—>MTN—>O

for every r, which is exact as K-modules. The fact is that G is an “exact functor”
in the following sense: If () is exact as filtered A-modules, then the associated
sequence

0—-GM") - GM)— GM")—0
is exact as graded G(A)-modules. In fact, if we identify F,.(M’) with its image in

F.(M), then the kernel of the K-homomorphism from G,.(M) = F.(M)/F._1(M)
to G.(M") = F.(M")/F,._1(M"), which is clearly surjective, is

(FT(MI)+FT71(M))/FT71(M) = FT(M')/(FT(M/)QF,«,l(M))
= FT(M/)/Fr—l(M/):GT(M/)

for all r. We observe that if A is a filtered K-algebra and M in the exact sequence
() of A-modules is a filtered A-module, and if we put

F(M') = F.(M)nM', F.(M")= (F.(M)+M)/M

for all r, then M’, M" become filtered A-modules and (x) is exact as filtered A-
modules.
Suppose now that M is a filtered A-module for a filtered K-algebra A and

dimg (F.(M)) = (e/d)r? + o(r?), i.e., dimg(F.(M))/r? — e/d!,

as r tends to oo for some d > 0, e > 0 in Z. Then we say that the filtration F' is
of type (d,e) or F is a (d,e)-filtration. We observe that if M has such a filtration,
then necessarily M # 0. There are two immediate examples of such filtrations. We
take the polynomial ring Klz1,...,2,] as A and M, and regard M as a filtered
A-module with F.(M) consisting of all polynomials of degree at most r. Then

dimg (F.(M)) = card{i e N";|i| <r} =(r+m)...(r +1)/m!

for all 7 in N, hence F gives an (m, 1)-filtration. Also the filtration of the D-module
Klx]y defined in section 4.3 is an (n, (deg(f) + 1)")-filtration. At any rate the
following lemma is clear by definition:

Lemma 4.4.1 Let 0 — M’ — M — M" — 0 denote an exact sequence of filtered
A-modules such that the filtrations of M', M" are of types (d',¢€'), (d",e") respec-
tively. Then the filtration of M is of type (d,e) where d = max(d',d") and e = €/,
e +¢€’, e according asd >d",d =d"’,d <d".
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We also need the fact that the converse of Proposition 4.3.2 holds with addi-
tional information. Suppose that A is a filtered K-algebra and M is an A-module
considered as filtered A-modules under two filtrations F', F’'. We say that F', F’ are
equivalent if there exist g, sp in N satisfying

F(M) C Fl,, (M), FL(M)C Fyyro(M)

r+S0

for all . This is clearly an equivalence relation. It follows from the definition
that if F' is of type (d,e) and F” is equivalent to F', then F” is also of type (d,e).
We say that a filtration F' of M is standard if G(M) becomes a finitely generated
G(A)-module.

Proposition 4.4.1 If A is a filtered K-algebra and M is a finitely generated A-
module, then M always has a standard filtration which is unique up to equivalence.

Proof. Suppose that M is generated as an A-module by its finite subset {¢1, ... , ¢k}
If we regard A* as an A-module by the prescription

a-(ay,...,a;) = (aay,... ,aay),
then the correspondence (aq,...,ar) — a1p1 + ... + appr gives rise to a surjective

A-homomorphism A* — M with kernel, say N. If we put

Fo(A¥) = F(A)F, Fu(M)= Y F.(A)pi, F.(N)=F(A")NN,
1<i<k

then the sequence 0 — N — A* — M — 0 becomes exact as filtered A-modules.
Since G is an exact functor, the G(A)-homomorphism G(A*) = G(A)*F — G(M)
is surjective. Therefore the G(A)-module G(M) is generated by k elements, hence
the above filtration F' of M is standard.

We take an arbitrary standard filtration F’ of M and show that it is equivalent
to F. As we have seen in the proof of Proposition 4.3.2, we can find a finite subset
{1,... ¢}, where each ¢; is contained in F] (M) for some r; in N, such that

Fr/(M) = Frfn (A)¢1 +.t Frfrz(A)@
for all 7, hence M =" A¢;. In particular we can write
pi = Z ai;Q5, ¢ = Z bjipi
1<j<i 1<i<k

with a;5, bj; in A for 1 <4 <k, 1 < j <[l. We may assume that a;;, bj; are all
contained in F;. (A) for some 7o in N. If we put

so = max(ro + ri,... ,70 + 1),
then we will have
FT(M) = Z FT(A)gpl C Z FT+T0(A)¢j c F’r/+so(M)7
1<i<k 1<5<
F’II‘(M) = Z Fry, (A)¢j c Z Fryry(A)pi = Frpry (M)

1<5< 1<i<k
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for all r. Therefore F' and I/ are equivalent.

If now A is a filtered K-algebra such that G(A) is K-isomorphic to a polynomial
ring K[x1,... %] for some m > 0, M is a finitely generated A-module different
from 0, and F is a standard filtration of M, then F is a (d, e)-filtration with d < m.
This basic fact follows from Theorem 1.3.3 in view of the fact that

dimg (F.(M)) = Z dimg (G;(M)) = x(G(M),r)

with deg(x(G(M),t)) < m for all large . Furthermore d, e are independent of the
choice of F' by Proposition 4.4.1. Therefore we shall denote them by d(M), e(M).
The following statement is the main theorem in Bernstein’s theory:

Theorem 4.4.1 If M is any D-module with a (d, e)-filtration where D = D,,, then
necessarily d > n. Furthermore if d = n, then the length of any strictly increasing
sequence of D-submodules of M is at most equal to e. In particular, the D-module
M is finitely generated.

Since the D-module Kz]; has an (n, (deg(f) + 1)")-filtration, Theorem 4.4.1
implies that it is a finitely generated D-module, and that implies Theorem 4.1.1 by
Proposition 4.3.1. As for the proof of Theorem 4.4.1 we shall show at this point
only the fact that the first part implies the second part. We, therefore, assume that
d = n for M and take any finite strictly increasing sequence of D-submodules of M:

0=LoCLiC...C Lg.

If we choose @; from L;\L;_; and put M; = Dpy + ...+ Dy; for 0 < i < k, then
we get a similar sequence:

0=MyC My C...C M.

We observe that M; and M;/M;_ are finitely generated D-modules different from
0 for 1 < 4 < k. Therefore, by the first part and Lemma 4.4.1 we get n <
d(M;/M;—1) < d(M;) for 1 < i < k. Since M; is an A-submodule of M which
has an (n,e)-filtration, we get d(M;) < n, hence d(M;) = d(M;/M;—1) = n for
1 <i<n. Again by Lemma 4.4.1 we then get

e(Ml) = B(Mifl) + G(Mi/Mz;l) > B(Mifl)

for 1 < i < k and e(M;) > 0 by definition, hence e(M;) > i for 1 < ¢ < k. Since
My, is an A-submodule of M and d(Mj) = n, we have e(My) < e, hence k < e.
Therefore the first part of Theorem 4.4.1 indeed implies its second part.

4.5 Completion of the proof
We shall prove the first part of Theorem 4.4.1. We start with preliminary remarks

and two lemmas. Firstly if A is a filtered K-algebra with a polynomial ring as
G(A), M is a finitely generated A-module, and N is any A-submodule of M, then
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N is also a finitely generated A-module. The proof goes as follows: We take a
standard filtration F' of M and restrict F' to N, i.e., we put F.(N) = F,(M)NN
for all ». Then G(N) becomes a G(A)-submodule of G(M). Therefore G(N) is a
finitely generated G(A)-module by Theorem 1.3.1, hence N is a finitely generated
A-module by Proposition 4.3.2. Secondly, let A denote a K-algebra and M an A-
module defined by a K-algebra homomorphism 6 : A — Endg(M); let o denote
any element of the group Aut(A) of K-algebra automorphisms of A. Then we can
convert M into another A-module by using 6 o ¢ instead of #. We shall denote the
new A-module by M?; we keep in mind that M and M? differ only in the actions
of A. If A is a filtered K-algebra, we shall denote by Autg(A) the subgroup of
Aut(A) defined by the condition that o keeps F,.(A) for every r. In the special case
where M is a finitely generated A-module such that G(A) is a polynomial ring, we
clearly have d(M?) = d(M), etc. for every o in Autg(A).

Lemma 4.5.1 Suppose that char(K) =0, F is the filtration of D = D,, defined in
section 4.3, and o is any element of Autp(D); regard x, 0/0x as column vectors.
Then

oxr =ax+b(0/0x)++, o(0/0x) =cx+d(d/0x)+~",
in which the 2n x 2n matrix with a, b, ¢, d as its entry matrices is in the symplectic
group Sp,,,(K) and v = t(*4/t4") is in K". Conversely, for every such element of
Spo, (K) x K" the above prescription defines an element o of Autp(D).

Proof. Since o keeps F1(D), we have the above situation with a, b, ¢, d in M,,(K)
and 7 in K2". Since o is in Aut(D), it keeps the defining relation of D. Therefore
if we denote the new z, 8/0x by z*, (0/0z)*, then we have

rix; —zjr; =0, (9/0x;)"(0/0x;)" — (9/0z;)"(0/0x;)* =0,

i
2} (0/0x;)" — (0/0x;) ] + 6;5 =0

for 1 < 14,7 <n. By a straightforward calculation, we see that they are respectively
equivalent to a®h = bta, c'd = d’c, a'd — btc = 1,, the unit element of M,,(K).
Therefore the coefficient-matrix is in Sps,, (K) while there is no condition on v. By
reversing the above argument we see that every element of Sp,, (K) x K" gives
rise to an element of Autg(D).

We shall later use two kinds of o both keeping z;, 9/0z; for 1 < ¢ < n and
mapping x,,, 0/0x,, respectively to x, +vn, 0/0x, +v2n and —0/0x, +Vn, Trn+Yon,
in which v, Y2, are in K.

Lemma 4.5.2 Suppose that K is an algebraically closed noncountable field such as
C, t is a variable, and M is a K[t]-module different from 0 with at most countable
dimg (M); denote by 0 : K[t] — Endix (M) the K-algebra homomorphism defining
M as a K[t]-module. Then there exists an element o of K such that 0(t — «) is not
a unit of Endg (M).

Proof. We shall assume that 6(t — «) is a unit of Endg (M) for every o in K
and derive a contradiction. Take any p = p(t) # 0 from K|[t] and factorize it as
p(t) = B[t — @) with 8 in K* and « in K. This is possible because K is
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algebraically closed. Then 6(p) = - [[0(t — «) is a unit of Endg (M). Therefore
6 uniquely extends to a K-algebra homomorphism from K (t) to Endg (M), which
we shall denote also by 6. We choose any ¢ # 0 from M, which is possible because
M # 0, and consider the K-linear map from K(¢) to M defined by ¢ — 6(q)p. We
observe that the set {1/(t — a);« € K} is linearly independent over K. Since K
is noncountable and dimg (M) is at most countable, therefore, the above K-linear
map K (t) — M is not injective. Therefore §(q)¢ = 0 for some ¢ # 0; but 6(q) is a
unit of Endg (M), hence ¢ = 0, a contradiction.

We are ready to prove the first part of Theorem 4.4.1 stating that if M is a
D-module with a (d, e)-filtration, then d > n. Since M # 0, it contains a finitely
generated D-module M’ # 0 and then d(M’) < d. Therefore we have only to
show that if M # 0 is a fintely generated D-module, then d(M) > n. We keep in
mind that, since dimg (D) is countable and the D-module M is finitely generated,
dimg (M) is at most countable. Since d(M) > 0, the above statement becomes
trivial for n = 0. Therefore we shall apply an induction on n assuming that n >
0. After tensorizing D and M over K by an extension of K, we may assume
that K is algebraically closed and noncountable. We shall denote the K-algebra
homomorphism D — Endg (M) defining M as a D-module by 6. We shall assume
that d(M) < n and derive a contradiction.

Put z, = t. Then by Lemma 4.5.2 there exists an element o of K such that
0(t — ) is not a unit of Endg (M). We may replace ¢t —«a by t and denote the kernel
and the cokernel of 6(t) respectively by M’ and M”. If we put D’ = D,,_1, then
6(t) is a D’-homomorphism, hence M’ and M" are D’-modules. Since 6(t) is not a
unit of Endg (M), either M’ = 0, M"” # 0 or M’ # 0. We shall show that either
case will bring a contradiction.

Suppose first that M’ = 0, hence M" = M/tM # 0. Since M is a finitely
generated D-module, it has a standard filtration F' by Proposition 4.4.1, and it
gives rise to a standard filtration F' of M" as its image under M — M", i.e.,
as Fr.(M") = (F.(M) +tM)/tM for all r. We observe that F,.(M)/tF,_1(M) is
mapped surjectively to F.(M") under M — M" and 6(t) is injective. Therefore we
get

dimg (F,(M")) < dimg (F.(M)) — dimg (F,_ 1 (M)) = O(r4®) 1)

i.e., the LHS divided by r*™)=1 is bounded, as r tends to co. Since M" # 0, it
contains ¢ # 0, which is in F,,(M") for some ry in N. We introduce a D’-module
L” and its standard filtration as L = D't and F/ (L") = F,.(D’)y for all . Then
by induction we have n — 1 < d(L”). On the other hand, by definition we have
F/(L") C F.(D)y C Fryry(M"), hence

dimc(FJ(L")) < dimgc (Fyiry (M) = 04D 1)

as r tends to oo, and hence d(L") < d(M) — 1. Since d(M) < n by assumption, we
have the contradiction that n —1 < d(L") <n — 1.

Suppose next that M’ # 0 and denote the union of Ker(6(¢™)) for all m > 0 by
N. Then N is a D’-submodule of M and it is stable under 6(t). We shall show that
N is also stable under 6(9/0t). In doing so we shall use the following consequence
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of the defining relation of D:
() (0/O)t™ = t™(0/0t) + mt™

valid for all m in N. If now ¢ is in IV, then t"*¢ = 0 for some m > 0. This implies

by ()
(90 ) = (9/08) (") — (m+ 1t p = 0.

Therefore (0/0t)p is in N, hence N is stable under 6(9/0t). We have thus shown
that IV is a D-submodule of M. By our remark in the beginning [V is then a finitely
generated D-module, hence d(N) is defined and d(N) < d(M), and hence d(N) < n
by assumption. Furthermore N # 0 because N contains Ker(0(t)) = M’ # 0.
Therefore we can replace M by IV, and we will have the situation that every element
@ of M satisfies t""¢ = 0 for some m > 0 depending on ¢. The rest of the proof is
as follows.

We shall show that Ker(8(0/0t — «)) = 0 for all @ in K. Suppose otherwise
and choose ¢ # 0 from the above kernel for some « in K also choose the smallest
m > 0 satisfying t"*¢ = 0. Then (9/0t)¢ = ap implies by (xx)

0= (a/(‘)t) (tm(p) — Oétm(p + mtm—l(p _ mtm_lgo.

Since char(K) = 0, this implies t™ "1y = 0, a contradiction. We now take o in
Lemma 4.5.1 inducing the identity on D’ and mapping t, /9t respectively to —9/0t,
t. Then M? becomes a finitely generated D-module different from 0, d(M?) =
d(M) < n, and Ker(f o o(t — «)) = 0 for all @ in K. We can replace M by M?,
and we get Ker(6(t — a)) = 0 for all @ in K. On the other hand, 0(t — &) is not a
unit of Endg (M) for some « in K by Lemma 4.5.2. If we finally replace ¢t — « by
t, then we get back to the previous case where M’ = 0. We have seen in that case
that the assumption d(M) < n brings a contradiction.
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Chapter 5

Archimedean local zeta
functions

5.1 The group Q(K*)

We say that G is a topological group if G is a Hausdorff space and a group such
that the group operations, i.e., the maps G x G — G and G — G defined by
(9,9") — gg’ and g — g~1, are continuous. If G, H are topological groups, we shall
denote by Hom(G, H) the set of all continuous homomorphisms from G to H. We
observe that if G is compact and H has no compact subgroup other than 1, e.g.,
the additive group R, then Hom(G, H) becomes 1, in which 1 denotes the group
consisting of the unit element only. We further observe that if H is commutative,
then Hom(G, H) becomes a commutative group as (66')(g) = 6(g)¢’(g) for every
6, ¢ in Hom(G, H) and g in G. We shall determine Hom(K*,C*) for K =R, C
after introducing some notation and proving a lemma.

In general, if K is any field with an absolute value | - |k, we shall denote by
K the subgroup of K* defined by |a|x = 1. In the case where K = R, C we
respectively put |a|x = |a|, |a|? for every a in K. We might remark that we have
created a minor discrepancy by introducing the above | - |¢c but with the advantage
of making some formulas uniform for K = R, C and also for a p-adic field. At any
rate K = {£1} if K = R and K;* is the unit circle with center 0 in the complex
plane if K = C. Furthermore, if R} denotes the subgroup of R* defined by a > 0,
then K* /K" becomes isomorphic to RY under |- |x, and the extension splits, i.e.,
K* =R} x K.

Lemma 5.1.1 Let I = (—4,6) for any § > 0 denote an open interval in R and 0 a
continuous map from I to R with the property that 8(x + y) = 0(x) + 0(y) for all
x,y in I satisfying |z| + |y| < 0 and 6(—x) = —0(x) for all x in I. Then 6(z) = ax
for some a in R and for all x in I. In particular, 6 uniquely extends to an element

of Hom(R, R).

Proof. First of all we have 6(0) = 0 and if z1,... ,z, are in R satisfying |z1]| +
...+ |zn| < 9, hence necessarily in I, then by an induction on n we see that
O(x1+...+xn) =0(x1) + ...+ 0(zy,). Therefore if m,n are in N and m,n > 1/,
then by applying the above remark to z; = 1/mn for 1 < i < n, we get 6(1/m) =
nf(1/mn), hence mf(1/m) = mn#(1/mn). Since the RHS is symmetric in m and

59
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n, it is also equal to nf(1/n). Therefore, a = mf(1/m) is independent of m in N
satisfying m > 1/§. Furthermore if m,n > 0 are in N and n/m is in I, then

O(n/m) =nf(1/m) = a(n/m), 0(—n/m) = —60(n/m)=a(—n/m).

We have thus shown that 6(x) = ax for all z in Q N I, hence for all z in I by
continuity.

We shall determine Hom(R, C{*) and Hom(C7', C{) by using Lemma 5.1.1 start-
ing with Hom(R, C{*). If we restrict the homomorphism e : R — Ci* defined by
x — e(z) = exp(2mix) to (—1/2,1/2), then it has a unique inverse, say ¢, over
Cy\{—1}. If x is an arbitrary element of Hom(R, C;"), then I = (-4, §) for a small
6 > 0 and @ = v o x will have the property in Lemma 5.1.1, hence 0 extends to
R and 0(z) = ax for a unique a in R. This implies x(z) = e(ax) for all z in R.
The converse is obvious and Hom(R, C{*) is isomorphic to R as y — a. Similarly,
if x is an element of Hom(C;*, C{*), then y o e becomes an element of Hom(R, C{),
hence x(e(x)) = e(ax) for a unique a in R and for all z in R. Since x o e maps Z
to 1, we see that a is in Z, and x(t) = t* for all ¢ in C;". The converse is obvious
and Hom(C;‘, C{) is isomorphic to Z as x — a. These are well-known examples in
Pontrjagin’s theory. We are ready to prove the following proposition.

Proposition 5.1.1 If K = R or C, then Q(K*) = Hom(K*,C*) consists of all

w such that
w(a) = la|k(a/lal]),

in which s is in C and p is in Z considered modulo 2 for K = R. Furthermore under
the correspondence w — (s,p) the group Q(K*) is isomorphic to C x (Z/2Z) or
C x Z according as K =R or C.

Proof. If a is an arbitrary element of K™, then under its product expression a =
lal(a/|a]) we have K* = R} x K{*. Since Hom(K{*,R}) = 1, therefore, we see that
Q(K*) is isomorphic to

Hom(R7,RY) x Hom(R%, Cy) x Hom(K*, Cy).

We shall determine each factor. Firstly, if w is in Hom(R,R%), then § =log ow o
exp gives an element of Hom (R, R), hence w(z) = z? for a unique ¢ in R and for
all x in RY. Secondly, if w is in Hom(R, Cy'), then # = w o exp gives an element
of Hom(R, C{), hence w(z) = z'™ for a unique 7 in R and for all z in RY. Thirdly,
if w is in Hom(K;*,C}), then w(t) = t¥ with p in Z for all ¢ in K{°. In the case
where K = R, since K|* = {+1}, we take p mod 2. Then in both cases p becomes
unique. We have thus shown that if w is any element of Q(K ™), then we can write

w(a) = w(lal)w(a/lal) = |al”* (a/|a])?

for all @ in K* with unique o, 7 in R, and p in Z/2Z or Z according as K = R or
C. If we put s = [K : R]7!(0 +i7), then w(a) takes the form in the proposition.
The converse is clear.

A remarkable fact is that Q(K*) is a union of two or countably many copies of
C for K =R or C. In particular, Q(K*) is a one-dimensional C-analytic manifold.
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Therefore we can define C-analytic functions or simply holomorphic functions on any
nonempty open subset of Q(K*) and talk about their meromorphic continuation,
poles, etc. For such purposes we introduce some notation. If s is arbitrary in C,
then

wsla) = lali

defines an element wy of Q(K ™), and for every w in Q(K*) we will have

\w(a)| = Wo(w) (a)

with o(w) in R. If we express w as in Proposition 5.1.1, then o(w) =Re(s), the real
part of s. If o is arbitrary in R, then we denote by Q,(K*) the open subset of
Q(K*) defined by o(w) > 0. We shall sometimes denote by C, the open subset of
C defined similarly by Re(s) > o. In this notation Q¢(K*) becomes a union of the
right-half plane Cy.

5.2 Schwartz space S(K")

We start with the definition of S(K™) for K = R,C. Since S(C") is defined as
S(R?") after identifying C with R?, we assume that K = R and put X = R". If ¢
is any C-valued continuous function on a topological space, its uniform norm ||¢|| s
is defined as the supremum of |p(z)| for all  in the space. A C*°-function ® on
X, ie., a C-valued function ® on X having derivatives of arbitrarily high order,
is called a Schwartz function if |P®| s for every P in D,, = Clz,d/0x] is finite.
We observe that the set S(X) of all Schwartz functions on X forms a vector space
over C and it is invariant under any invertible R-linear transformation in X. In the
verification we use the fact that |®|| = ||P®||« for every P in D, gives a seminorm
on S(X). We recall that if F is a vector space over C, then a seminorm || - || on E
is defined by the following conditions:

0 <lloll <oo, Mewll =l llell, e+l <llell + ¢l

for all ¢, ¢’ in E and ¢ in C. We observe that the finiteness of || P®||, for all P in
D,, is equivalent to the finiteness of

|1®]]:; = sup |2"(9/0z) ®(x)|
zeX

for all 4, 7 in N™. The set of such seminorms is countable. We further observe that
|P]loc = [|®lo,0 and ||®|lc = O implies & = 0. The following lemma is known in
general topology:

Lemma 5.2.1 Let E denote a vector space over C and {| - ||;; ¢ € N} a set of
seminorms on E such that ||¢|l; = 0 for all i implies ¢ = 0; define the distance
d(p,¢') in E as

d(p, ') =D (1/2)lle = &'/ L+ e = &1).

i>0
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Then E becomes a metric space. Furthermore if {p;} is any sequence in E, then
llo; — oilli tends to 0 as j, k tend to oo for every i if and only if d(v;, ox) tends to
0 as j,k tend to oco.

We shall outline the proof that E is a metric space, i.e., d(g, ¢') = 0 if and only
if o = ¢, dp,¢) = d¢',¢), and d(p, ") < d(p,¢") +d(¢',¢"). The first two
properties are clear while the third property follows from the fact that the function
f(t)=t/(1+1t) for t > 0 is monotone increasing, 0 < f(¢) < 1, and

(fFO+fE))—ft+t)=t'Q+t+t)/Q+t) A +t)(1+t+t)>0.

In particular, S(X) is a metric space and the topology in S(X) is invariant under
any invertible R-linear transformation in X. The vector space S(X) with the so-
defined topology is called the Schwartz space of X. If {®} is a Cauchy sequence in
S(X), then {(9/0z)?®;} forms a Cauchy sequence relative to the uniform norm for
every j in N". Therefore (8/0z)7 ®), is uniformly convergent to U;, say, as k tends
to 0o and if we put ¥ = U, then (9/0z)?¥ = ¥; for every j. This is well known
in calculus; it is proved by using the representation of a differentiable function as
an integral of its derivative and applying an elementary form of Lebesgue’s theorem
reviewed in Chapter 1.1. Furthermore, {||®];;} is a Cauchy sequence in R with
|W|l;; as its limit for every 4,j. In particular, this shows that ¥ is an element
of S(X), hence S(X) is a complete metric space. We denote the topological dual
of S(X) by S(X)'. In other words, S(X)" is the subspace of the dual space of
S(X) consisting of its elements which are continuous functions on S(X), i.e., which
convert every null sequence in S(X) into a null sequence in C. An element of
S(X) is called a tempered distribution in X. We recall that a distribution in X was
introduced by L. Schwartz in [51]-1 by using the space D(X) of all C*°-functions
on X with compact support instead of S(X) and a tempered distribution in [51]-IT
to discuss Fourier transformations.

We shall show, for our later use, the well-known fact that D(X) is dense in S(X).
We might start with A. Cauchy’s historical remark that the R-analytic function
exp(—1/2?) on R* completed by the value 0 at z = 0 becomes a C'*°-function on
R with 0 as its Maclaurin expansion. We replace the above z by (1 — 4(t — a)?)'/?
and put

0a(t) = exp(—1/(1 — 4(t — a)?))

for |t — a] < 1/2 and 6,(t) = 0 for |t — a| > 1/2. Then 6, becomes a C*°-function
on R. Furthermore, if we put I = {0,+1/2,£1} and J =T U {£3/2}, then

acl beJ
is a C*°-function on R such that x(t) = 1 for |t|] < 1, x(¢) = 0 for |¢| > 2 and
x(=t) = x(t), 0 < x(t) < 1 for all ¢t in R. In particular, x(¢) becomes a C*-

function of t2. In the following lemma and also later r(x) denotes the distance from
0 to =, i.e., (3 x2)1/2:
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Lemma 5.2.2 Take any ® from S(X) and put ®x(z) = x(k~1r(z))®(x) for k =
1,2,.... Then {®y} gives a sequence in D(X) which tends to ® as k tends to oo,
i.e., {®r — ®} is a null sequence in S(X).

Proof. By definition ®, is a C*°-function on X satisfying @y (z) = 0 for r(z) > 2k,
hence @y, is in D(X). We shall show that

[k — @lli; = l|z"(9/0x) (x (k™ r(x)) — 1)@(2))]l
tends to 0 as k tends to oo for all 7, . We observe that the RHS is at most equal to
>G5 10/02)7 (x(k (@) = 1)) e,

in which ¥/ (z) = 2(9/dz)’" ®(z) and the summation is with respect to ;' in N”
such that j” = j —j’ is also in N". Since ¥/ is in S(X), we have only to show that

(%) Jim [(9/02)" (x(k ™ r(w)) = DO(2)loo = 0
for every a = (aq,...,0p) in N® and ® in S(X). We observe that if we put
t =k~ lr(z), u=r(z) 'z, then
() (0/02)*(x(t) = 1) = Y da(Oulr(z)l,
l7l<leal

in which ¢, ; is a C°°-function on R satisfying ¢, ;(t) = 0 for [¢t| < 1. In fact,
(*+) holds for || = 0 with ¢o0(t) = x(¢) — 1. Therefore we assume by induction
that (#x) holds for some a. If we denote by § the new element of N™ obtained by
increasing «; for some 4 by 1, then we will have

(0/02)° (x(t) — 1) = Ylji<lal (dda,;/dt)tu; +
Goj (D) Grui " = (laf + [7)ui) yulr(z) =171,

This implies that (x#) holds also for §, hence (*x) holds for all a. Now if |a| = 0,
then
10/02)* (x (k™ () = 1)@(2)l|oo < 2[r®[loc - k7

and if |« > 0, then

LHS < | 3 [dallso | @] - 71

l71<le]

Therefore we certainly have (x).
As a consequence of Lemma 5.2.2, if T in S(X)’ has the property that T'(¢) =0
for every ¢ in D(X), then T'= 0. An example of the Schwartz function is

®(z) = exp(—7 - r(2)?).
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In fact, ® is an R-analytic function, hence a C*°-function, on X. Furthermore, for
every 4,7 in N we have

2 (9/02)0 ()| < const - exp(—mr?)], o)

and the RHS tends to 0 as 7(x) tends to co. Incidentally, the factor 7 in 7 - r(x)?
makes the integral of ® over X to become 1.

We go back to the topological dual S(X)’ of S(X). In general, let E denote a
vector space over C and E’ a subspace of the dual space of E; let {T}} denote any
sequence in E' with the property that for every ¢ in E a finite limit

T(p) = lim Ti(p)
exists. Then ¢ — T(p) clearly gives a C-linear map from E to C, i.e., T is an
element of the dual space of E. If such a T is always contained in E’, then we say
that E’ is complete. We shall explain, after Gel’fand and Shilov [16], Appendix A,
a proof by M.S. Brodskii of the following basic theorem:

Theorem 5.2.1 The vector space S(X)' of tempered distributions in X = R™ is
complete.

Proof. We take a sequence {T} in S(X)’ with the property that for every ® in
S(X) a finite limit T'(®) of {13 (P)} as k — oo exists. To be proved is the fact that T
is continuous. We shall assume that 7" is not continuous and derive a contradiction
in three steps.

If T is not continuous, there exists a null sequence {®,} in S(X) such that
{T'(®,)} is not a null sequence in C. By replacing {®,} by a subsequence, we may
assume that |T'(®,)| > ¢ for all p and for some ¢ > 0 independent of p. Since {®,}
is a null sequence in S(X), we have ||®,]/;; — 0 as p — oo for every i,j in N".
Therefore for any given k, if we choose p’ = p(k) sufficiently large, we will have

12135 < 272
for all i, j satisfying |i| + |j| < k. If we put px = 28®,,, then we have
(%) lerlliy <27 (il + 15l < k), 1 T(pr)| = 2%

for every k in N.
We shall next show that if for every k in N we suitably choose k', k" > k
depending on k and put ¥y = @i, Sk = Tk, then we will have

(o) ISpwe)l <2078 (0<p<k),  [Sk()l > Y [Sk(tp)| + k.

0<p<k

Since T,(¢0) — T(po) as ¢ — oo and |T(pg)| > ¢ by (%), if we put ¥y = ¢o and
So = Ty, for a large ¢, we will have |So(1o)| > 0. Then ), So satisfy (xx) for k = 0.
Assume by induction that for some k > 0 we have 1, S, for 0 < p < k satisfying
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(#x). Since Sp(pq) — 0, T'(pq) — o0 as ¢ — oo, if we put Y41 = @, for a large
q > k, then we will have

|Sp (k)] 2P (0<p<k),  T@Wisn)l > D IT(Wp) +k+1.

0<p<k
Since Ty, (¢p) — T(p) as ¢ — oo for 0 < p < k + 1, if we put Sxy1 = T, for a large
q > k, then we will have

|Sky1(Yrg1)] > Z |Sk1(p)| + K+ 1.

0<p<k

This completes the induction.
We shall show that

U =1
Jim > v
0<p<k

exists in S(X). If for any 4, j in N™ we choose k1 > ko > |i| 4 |j|, then, since
Y = @pe for k' >k, by (%) we have

> el Y 2k <2tk

ko<k<ki ko<k<ki

in which 21750 — 0 as kg — oo. Since S(X) is complete, this implies the existence
of ¥ above in §(X). Then by the continuity of Sy = Ty we get

On the other hand, for all ky > k by (xx) we have

Z Sk(vp)

0<p<ko

> Se(e)l = D 1Sk@p) = D 1Sk(y)]

0<p<k p>k

> k=Y 2P =k-1,

p>k

hence [Si(¥)| > k — 1. On the other hand

klirgo Sk(¥) = leI{:O T (0) =T(7)
is finite. We thus have a contradiction.

We shall now explain Gel’fand and Shilov [16], Appendix 2, especially the impor-
tant “method of analytic continuation.” It is based on the completeness of S(X)’.
In fact we can replace S(X) and S(X)’ respectively by a vector space E over C
and any complete subspace E’ of its dual space. Let U denote a subset (resp. open
subset) of C, which we assume to be nonempty, and s — Ty an E’-valued function
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on U. We say that T is continuous (resp. holomorphic) on U if T5(p) for every ¢
in E is continuous (resp. holomorphic) on U. If C is a continuous curve of finite
length in C and if T is continuous on C, then

S(p) = /C T.(o)ds

is defined for every ¢ in E and ¢ — S(p) defines an element S of the dual space
of E. We shall show that S is contained in E’. We parametrize C' by a continuous
function s(t) for 0 < ¢ <1 and for every k in N we put

So = 0, Sk = Z Tsi(Si — 81;1) (k‘ > 0),

1<i<k

in which s; = s(i/k) for 0 < i < k. Then S is in E’ and Si(p) — S(p) as k — oo
for every ¢ in E. Therefore S is in E’ by the completeness of E’. We shall write

S:/Tsds.
c

Suppose now that T is holomorphic on U, s is in C, and the punctured disc
{s € C; 0 < |s—sg| <r} is contained in U for some > 0. Then Ts(p) for every ¢
in E can be expanded into its Laurent series

To() =Y k() (s — s0)",
kEZ
in which
1 T,

Cp = — ————ds

B 2mi |s—so|=Tr (S - SO)kJrl

is in B’ for every k in Z. We call

T, = Z ck(s — so)k

kEZ

the Laurent expansion of Ty at so. We say that sqg is a pole of T if ¢ # 0 only for
a finite number of k < 0.

Proposition 5.2.1 Let E denote a vector space over C and E’ any complete sub-
space of its dual space; let U C Uy denote open subsets of C, in which U is nonempty
and every connected component of Uy intersects U; finally let T denote an E'-valued
holomorphic function on U such that for every ¢ in E the C-valued holomorphic
function Ts(p) on U has a holomorphic continuation to Uy. Then ¢ — Ty(p) defines
an element Ts of E' for every s in Uy.

Proof. We may restrict s to any connected component of U;, hence we may assume
that U; is connected. If we put

L={seU; T, € E'},
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then U C ¥ C U;. We shall derive a contradiction assuming that ¥ # U;. If we
denote by V the largest open subset of C contained in X, then U C V C ¥. We
observe that if we denote by V' the closure of V in C, then (U;\V)NV # ). Otherwise
U;\V = U;\V, hence U;\V is open in U; and nonempty because it contains U;\ .
This contradicts the assumption that Uy is connected. We can therefore choose s
from (U;\V)NV. We denote by dis(s, OU;) the distance from any point s of C to the
boundary OU; of U;y. Since the subsequent argument becomes simpler if OU; = (),
we shall assume otherwise, i.e., dis(s, 9U) is finite for every s. We choose sg from
V satisfying |s; — so| < (1/2)dis(s1,0U;). Since Ts is an E’-valued holomorphic
function on V' and sg is in V, we can expand T for every s near sg into a Laurent
series or rather a Taylor series as

T, = Z cr(s —s0)k

keN

with ¢ in E’ for all k in N. Furthermore, since Ts(¢) for every ¢ in E is holomorphic
on the open disc
W ={seC; |s— so| <dis(sg,0U1)},

we get

To(w) = lim () ep(s —s0)")(w)

k—oo
0<p<k
for every s in W. Therefore T is in E’ for every s in W by the completeness of
E’ and s; is in W. If s; is not in W, there exists a point sy of U satisfying
|s1 — so| > |so — s2| and that brings the following contradiction:

diS(Sl,aUl) < |81 — 82‘ < |81 — So| + |So — 82‘ < 2|S1 — So‘ < diS(Sl,aUl).

Since W is open, we see that s; is in V, a contradiction.

We call the extended T, in Proposition 5.2.1 the holomorphic continuation of
the original T to Uy. If further Uy C Uy C C, in which Us is open in C and Us\U;
is discrete in Uy, such that the extended T has every point of Us\U; as a pole, then
it is called the meromorphic continuation of the original Ty to Us.

5.3 Local zeta function Z3(w)

We shall start with two lemmas. We have stated them with proof for the sake of
completeness.

Lemma 5.3.1 Let (X,dx) denote a measure space, e.g., a nonempty open subset
of R™ equipped with the usual measure, U a nonempty open subset of C, and f a
C-valued measurable function on X x U, e.g., a continuous function if X is an open
subset of R™, with the following properties: (i) If C is any compact subset of U,
there exists an integrable function ¢c > 0 on X satisfying

[f(z,8)] < ¢o(x)
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for all (x,s) in X x C; (ii) f(x,-) is a holomorphic function on U for every x in
X. Then

F(s) = /X Fz,s) da

defines a holomorphic function F on U.

Proof. We have only to show that the restriction of F' to every open disc in U is
holomorphic. Therefore we may assume that U is connected and simply connected.
We shall use some theorems which we have recalled in Chapter 1.1. Firstly F is
a continuous function on U. In fact, if sg is any point of U, then by Lebesgue’s
theorem we get

lim F(s) = lim | f(x,s) dx
s—80 s—so0 ) x
= [ (i fe9) do= [ Flois0) do = Flso)
X SHSO X

Secondly if C' is any closed curve of finite length in U, then by using theorems of
Fubini and Cauchy we get

/CF(S) ds:/c(/Xf(x,s) dx) ds:/X(/Cf(x,s) ds) dx = 0.

Therefore F' is holomorphic on U by Morera’s theorem.

Lemma 5.3.2 Let V' denote a nonempty open subset of X = R" with a piecewise
smooth boundary OV, ¢ a continuously differentiable function on the closure V' of
V in X with polynomial growth, i.e.,

lp(a)] < M - max(1,r(z)™)

for some M,m > 0 and for all x in V, such that gp’é)V = 0. Then for every ® in
S(X) and for 1 <1i <n we have

/(5‘4,0/8%)@@) d:v:/ o(x)(—0®/0x;) dx.

v v

Proof. We take a large R > 1 so that Vg = {z € V; r(x) < R} is not empty, put
0= (pq) . (—1)i71d3}1 VANAN d.T,Z‘_l A dl‘i_;,_l A A dl‘n,

and apply Gauss’ theorem recalled in Chapter 1.1 to the integral of df over Vg. If
we denote by Wg the intersection of V' and the sphere Sg in X defined by r(z) = R,
then by using <p‘8V =0 we get

/WR b= /VR@(@)/@a:i) da.

If we denote by do the surface element of Sg, then we will have

|ILHS| < M - r(x)™ O (x)|r(x) ™ do < M - ||[r" T || o - QR
Sr
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in which €,, denotes the area of S;. If we take the limit as R — oo, then we get
the formula in the lemma.

If we use Lemma 5.3.2 repeatedly, then we shall be talking about the shifting
of a differential operator P applied to one factor to another as its adjoint operator
P*. We have zf = z;, (0/0x;)* = —0/0x; for 1 < i < n. We observe that if
D,, = K[z,0/0z] is the Weyl algebra, where K is any field with char(K) = 0, then
the above prescription uniquely extends to a K-involution P — P* of D, i.e., a
K-linear map from D,, to itself satisfying (P; P»)* = Py Pf and (P*)* = P. In fact,
in the notation of Lemma 4.1.1, the tensor algebra T'(F) has a K-involution defined
by & = &, nf = —n; for 1 <4 < n under which the ideal I(FE) is stable. For
instance, we have

(&@n —n®&+06i5)" = -0 @& + & @5 + 04

for all 7, j. This implies the above assertion.

In the following theorem I'(s) denotes the gamma function. We shall give a
self-contained exposition of the theory of I'(s) in Chapter 6.2, which can be read
separately. For the time being, we shall only use the well-known facts that I'(s) is
holomorphic on Cy, 1/T'(s) is holomorphic on C, I'(s + 1) = sI'(s) for every s in
C\(-N), and I'(1) = 1.

Theorem 5.3.1 We take f(z) arbitrarily from Rlxq,...,2,]\R, define an open
subset V.of X = R"™ as V = {z € X; f(x) > 0}, and for any s in the right-half
plane Cy and any ® in S(X) we put

f1(@) = /V f(2)*®(x) de

with the understanding that f3(®) =0 if V.= 0. Then f% becomes an S(X)'-valued
holomorphic function on Cy. Furthermore, if we put

br(s) =[[(s+ ), () =] (s+N).
A

A

in which by (s) is the Bernstein polynomial of f(x), then f3 /v¢(s) has a holomorphic
continuation to the whole C.

Proof. We shall prove the first part. If we put d = deg(f) and

My = max(1, sup |f(@)), M= max(l, sup |r(x)f()]),
r(2)<1 r(2)>1

then 1 < My, Ms < co. We take any compact subset C' of Cy and denote by og
the maximum of Re(s) for all s in C. Finally, we denote by x1 (resp. x2) the
characteristic function of {z € X; r(z) <1} (resp. {z € X; r(x) > 1}) and put

o (x) = M{°||®]loo - x1(2) + M3 1770 1 |og - () ™" xa(2)
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for every z in X. Then for every (z,s) in V x C we have |f(2)*®(x)| < ¢c(x) and

Fi(@)] < /V dolz) dr < /X be(x) d

= M- [|®]lco + My - [[r7 o,

in which
M| = M7°Qy,/n, = MJ°Q,

are both finite and independent of ®. In partlcular, f1(®) is defined and f converts
every null sequence in S(X) into a null sequence in C. Furthermore, by applying
Lemma 5.3.1 to this case with V', Cy, f(z)°®(x) respectively as X, U, f(z,s), we
see that f7(®) is a holomorphic function on Cy. Therefore, f$ is an S(X)'-valued
holomorphic function on Cy.

As for the second part, for the sake of simplicity, we shall write b(s), v(s) instead
of bs(s), v7(s). By Bernstein’s theorem, i.e., Theorem 4.1.1, there exists an element
P(s) of R[s, x,0/0x] satisfying

P(s)f ()" = b(s)f(2)°

for every x in V. More precisely f(z)® is well defined for every x in V and P(s) is
applied to f(x)**! as a differential operator. If we take s from C, for a large o > 0
depending on the order of P(s), then Lemma 5.3.2 becomes repeatedly applicable
and we get

b(s) 5 (@) = /V (P(s) ()@ () di = /V F(@) 1 (P(s) ®(x)) de.

We observe that ®; = P(s)*® is in S(X). Therefore we can keep on applying the
above process and, after k-times application, we get

b(s)...b(s+k—1)f3 (P /f VD () da

in which @, = P(s+k—1)*... P(s)*® is in S(X). In fact, @} is a polynomial in
s with coefficients in S(X). Since

Y(8)b(s)...b(s +k—1)=~(s+k),

therefore, we get

(8) 5 (@) = A(s + k)~ / F(2) () da

under the assumption that s is in C, for a large o > 0. We observe that the LHS
is holomorphic on Cy while the RHS is holomorphic on C_g. Since k is arbitrary in
N, the above relation implies that f3 (®)/v(s) has a holomorphic continuation to C.
Therefore we see by Proposition 5.2.1 that f /~v(s) has a holomorphic continuation
to C.
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We recall that an arbitrary element w of Q(R*) has the form
w(a) = lalg(a/lal)?; |alr = |a],

in which s is in C and p = 0,1. We observe that if w is in Qo(R*), i.e., if
o(w) =Re(s) > 0, then w has a continuous extension to R as w(0) = 0. We in-
troduce the local zeta function Zg(w) of f(x) in R[zq,...,2,])\R for w in Qp(R*)
and ® in S(X) as

Zo(w) = /Xw(f(:zj))q)(x) du.

The integral does not change even if we replace X by X\ f~1(0), which is the disjoint
union of {z € X; f(x) > 0} and {z € X;—f(x) > 0}. Therefore, if we introduce
f2(®@) as (—f)5(®), we can write

Za(w) = w(f)(®) = fL(P) + (1) f2(®).

Theorem 5.3.1 then shows that Zg(w) has a meromorphic continuation to (R*).
Furthermore, since b_¢(s) = bs(s), the poles of Zg(w) on the s-plane are in the
union of —\ — N as —\ runs over the set of zeros of bs(s). The theorem also shows
that the order of a pole of Zg(w) is at most equal to the order of the corresponding
zero of by(s).

If now f(z) is in C[zy,... ,2,]\C, then V = C"\ f~1(0) is an analogue of {z €
R™; f(x) > 0}. However f(x)® is not well defined on V. With this situation in mind
we proceed as follows: Suppose that sq, so are elements of C with s; — s in Z and
a is arbitrary in C*; denote by a the complex conjugate of a and put

s=(s1+582)/2, p=s51—582, lie.,s =s+p/2, s2=35—p/2.

Then
a®'a*? = |alz(a/lal)?, |alc = |af* = aa

is well defined. We shall apply the above observation to a = f(z) for x in V.
We also make the following observation. If we put u, =Re(z,), vo =Im(zs) so
that T, = Ug + Wa, Ta = Uq — iU, for 1 < o < m, then C™ becomes R?™ under
the correspondence (z1,...,%,) — (U1,V1,... ,Un,Vy,). Furthermore, if ¢ is any
differentiable function on a nonempty open subset of C™, then

0p/0xq = (1/2)(0p/0uq — 100/0vy), Op/0Tq = (1/2)(0p/0uq + 100 /0vy)

and Cauchy-Riemann’s equations become 9p/d%, = 0 for 1 < a < n. Finally, we
have
dzy ANdzy A ... Ndxp A dT, = (—20)"duy Advy A ... Adug A doy,

and, accordingly, we shall use 2”-times the usual measure on R?” as the Haar
measure dx on C™.

In the above notation, if for any element ¢(z) of C(s1)[z,1/f(x)] we regard s;
as a complex variable, then

(0/0m:) (p(x) f ()™ f(2)°) = (0/0; - p(x)) f ()™ f(z)*
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for every variable x in V and for 1 <+ < n. Therefore Bernstein’s theorem becomes
applicable. Namely, there exists an element P(s) of Cls,x,d/dz] satisfying

P(s1) ()T f(2)2 = by (s1) f () f(2)*
for every x in V. In the following theorem v¢(s) is as in Theorem 5.3.1

Theorem 5.3.2 If we take f(z) arbitrarily from Clzy,...,2,]\C, s from Cqy, p
from Z, ® from S(X), where X = C", and put V.= X\f~1(0), 81 = s+ p/2,82 =
s —p/2, then

fo (@ / F(@)* F(@)=0(x) do

defines an S(X)'-valued holomorphic function fo1f%2 of s in Co, and further
522 /v (s1) has a holomorphic continuation to the whole C.

Proof. We apply an entirely similar argument to f* f*2(®) as in the proof of
Theorem 5.3.1, and we get the first part. As for the second part, also as in the
proof of Theorem 5.3.1, we get

(51) L TR (®) = (1 + k) / (@) F(@)2 By () do

for Re(s1) sufficiently large, in which &, = P(s1 +k — 1)*... P(s1)*® is in S(X)
for all k£ in N. Since

Fla) TR f(@)% = | fa) |2 @) | ())rE

for every x in V', the RHS of the above relation is holomorphic on C_j /5, and this
implies the second part.
Remark. We observe that if we put Q(s) = P(s,Z,0/0%) for P(s) = P(s,x,0/0x),
then we have

Q(s2) f () f(2)*2 7 = by (s2) f(2)* f(2)*2,

in which P, Bf are as f the images of P, by under the complex-conjugation applied
to their coefficients. In particular, if b¢(s) is written as in Theorem 5.3.1, then

Z_)f(s) = H(S +A),

A

and this is the Bernstein polynomial of .]i (x). We define 7 similarly. More precisely,
we define 77 (s) as the product of I'(s + A). Then in the notation of the above proof
we have

Tp(52) 15 o2 (@) = (52 + k) /f o (@) Uy () da,

in which ¥y, = Q(s2 +k —1)*...Q(s2)*® is in S(X) for all k£ in N.
We recall that an arbitrary w in Q(C*) has the form

w(a) = lalg(a/lal)?,
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in which s is in C and p is in Z. We introduce the local zeta function Zg(w) of f(z)
for w in Qp(C*) and ® in S(X) as

Zu(w) = [ w(f(a)0(a) da.
X
If s1, s are as above, i.e., as in Theorem 5.3.2, then we can write

Zo(w) = w(f)(®) = [ f*(P).

Therefore, Zg(w) is holomorphic on Qg (w), and it has a meromorphic continuation
to the whole Q(C*). Furthermore, the poles of Zg(w) on the p-th s-plane are in the
union of —\ — p/2 — N as —\ runs over the set of zeros of by(s) and the order of a
pole of Zg(w) is at most equal to the order of the corresponding zero of b (s). The
above remark shows that the poles of Zg(w) on the p-th plane are also in the union
of =\ +p/2—N as —\ runs over the set of zeros of by(s) with the same information
about their orders.

Finally, in the special case where ®(z) = exp(—n'zz) for K = R and ®(z) =
exp(—2ntzz) for K = C, we shall write Z(s) instead of Zg(ws), i.e., we put

2= | If@lid() do

We shall later explain the computation of Z(s) in some cases.

5.4 Complex power w(f) via desingularization

If Kis Ror C, f(z) is in K[z1,...,2,]\K for some n, and X = K", then the
S(X)'-valued holomorphic function w(f) on Qg(K ™), especially

ws(f) = 1f1%

is called the complex power of f(x). We have seen that it has a meromorphic
continuation to the whole Q(K*) with some information about its poles via the
Bernstein polynomial bf(s). We might repeat a short history about complex powers.
(This time with references.) In the Amsterdam Congress of 1954 .M. Gel’fand
proposed the problem of their meromorphic continuation. His joint book with G.E.
Shilov [16] contains instructive discussions of complex powers in some special cases.
Also M. Sato’s theory of prehomogeneous vector spaces [48] contains complex powers
of some group invariants. In the general case the problem was settled jointly by I.N.
Bernstein and S.I. Gel’fand [2] and also by M.F. Atiyah [1] by the same method, i.e.,
by using Hironaka’s desingularization theorem. Bernstein later obtained another
solution in [3], which we have explained. We shall now explain their original solution
because it provides some additional information about the poles of complex powers.
We shall make use of the results already obtained to simplify the argument.

In general if ¢ is any, say, C-valued function on a topological space, we call the
closure of the set of all  where p(x) # 0 the support of ¢ and denote it by Supp(y).
We go back to section 5.2 and for any € > 0 and z in X = R"™ we put

pe(r) = ke ™00(r((2¢) " tx)), i.e., pe(x) = ke "exp(—1/(1 — (e 'x)?))
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for r(z) < € and p.(x) = 0 for r(z) > . We determine k > 0 as
k/ exp(—1/(1 — r(@)2)) da = 1
r(z)<l

so that the integral of p. over X becomes 1. We are using the same notation as
in L. Schwartz [51], I, p. 22. If ¢ is any C-valued continuous function on X with
compact support, then the convolution of ¢ and p. is defined as

(% o)) = /X o(y)pe(z —y) dy.

We see immediately that ¢ * p. is a C*°-function on X which vanishes outside the
e-neighborhood of Supp(yp), i.e., the union of open balls of radius € centered at all
points of Supp(y). Furthermore we have

lo*pe —@lloc < sup  |o(x) — o(y)].
r(o—y)<e

Since ¢ is uniformly continuous, the RHS tends to 0 as ¢ — 0. We keep in mind
that if ¢ > 0, i.e., if p(x) > 0 for every x in X, then ¢ * p. > 0. We shall use the
partition of unity only in the following form:

Lemma 5.4.1 Let X denote an n-dimensional R-analytic manifold and C a com-
pact subset of X which is covered by a family of open subsets U, of X. Then there
exists an open subset Q of X containing C and a finite set {p;; i € I} of C*°-
functions p; > 0 on Q with the closure of {x € ; p;(x) > 0} taken in X contained
in some U, such that

sz(ﬂ?) =1

iel
for every x in C.

Proof. In Chapter 1.1 we have recalled the following fact with proof: Let X denote
a locally compact space and U a neighborhood of any point a of X. Then there
exists a continuous function ¢, on X with compact support contained in U such
that 0 < ¢, < 1 and p4(a) = 1. If now {(U,¢y)} is an atlas on X, by replacing
each U by many subsets with compact closure contained in U we may assume that
every U is compact and local coordinates are valid on U. Then by replacing U, by
U, NU we may assume for every a that U, is compact and local coordinates are
valid on U,. We then construct ¢, for every a in C so that Supp(ip,) is contained
in some U,. Since C is compact, we can find a finite set {a;; ¢ € I'} such that if
we put p; = @, for a = a;, then for every z in C' we will have ¢;(z) > 0 for some 4
in I. If we denote by ¢ the sum of all ¢;, then ¢ has a positive minimum » on C.
Furthermore if for every 7 we choose U, containing Supp(yp;), denote it by U;, and
replace U; by its bicontinuous image in R™, then

6= mei}l{dis(Supp(cpi), ou;)} > 0.
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We now choose € > 0 so small that £ < ¢ and ||¢ * pc — ¥]loo <, in which ¢ * p. is
defined as the sum of all ¢; * p.. Then Supp(y; * p) is contained in U; for every i
and (o * po)(x) > 0 for every x in C. Therefore, we have only to put

Q={z € X; (px*p)(x) >0}, pi(x)=(pi*p)(@)/(p*pe)(T)

for every z in (.

We also need the fact that the n-fold tensor product over C of D(R) or, equiva-
lently by Lemma 5.2.2, of S(R) is dense in S(R™). This follows from the following
lemma which contains additional information.

Lemma 5.4.2 The set of functions of the form exp(—\ - r(x — a)?) for all A > 0
and a in X =R"™ spans a dense subspace G(X) of S(X).

Proof. We have remarked in section 5.2 that G(X) is contained in S(X). We take
® from S(X) and show that it can be approximated by an element of G(X). In
doing so we may assume that C' = Supp(®) is compact. If for any € > 0 we put

Xe(z) =& " exp(—7 - r(e'2)?),

then x. is in S(X), in fact in G(X), and its integral over X is 1. We shall first show
that for any ¢,j in N we have

lim | . — @, = 0.

By |j|-times application of Lemma 5.3.2 we see that the convolution by yx. and
(0/0x)? commute. By replacing (9/0z)’® by ®, therefore, we may assume that
j =0. If i = 0 also, without using the compactness of Supp(®), we can proceed as
follows: If we put
M=l Y (09/02:)*)"? o,
1<i<n

then by using the mean-value theorem in calculus and the Schwarz inequality we
get |@(z) — ®(y)| < M - r(x — y) for every x,y in X. This implies

(@ *xe — D)(x)| < M - / r(z)xe(z) de = MQpe - / " exp(—nr?) dr,
X >0
which tends to 0 as e — 0. If m = |i| > 0, we may replace z* by r(z)™. We have
only to show that
lim [ (2)™(® % e — @)(z)| = 0

uniformly in . We choose a large ro > 0 so that ®(y) # 0 implies 7(y) < ro.
Since the above proof takes care of the case where r(z) < 2r(, we shall assume that
r(z) > 2rg. If ®(y) # 0, then r(z) < 2-r(z—y) and r(x —y) > ro. Since ®(z) =0,
therefore, if we put r; = rge !, then

IN

(@)™ (@ * xe — @)(2)] 2" ®loc - /( . r(2)"xe (@) dx

(26)™ Q0|19 |0 / prtn—l exp(fmg) dr,

r>T
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which tends to 0 as € — 0.

We shall next show that ® * y. for any fixed ¢ > 0 can be approximated by an
element of G(X). We subdivide X into small cubes with vertices in k~'Z" for a
large k in N. We denote by {d;; i € I} the finite set of cubes which intersect C
and choose y; from C N §; for every i in I. We observe that

Sk(x) = (ke)™" - Z D(y;) exp(—me™? - r(z — :)?)
i€ly
is a Riemann sum for (® * x.)(x) and that it is in G(X). We shall show that Sy
tends to @ * y. as k — oo. We shall prove, more generally, that if ¢ is in S(X) and

Se(@) =k~ > Byi)p(r — i),
i€l
then we will have
k—o0

for every i, j in N™. Since (0/9z)7 Sk (z) is a Riemann sum for (®x(9/0x) ) (z), we
may assume as before that j = 0. We may also replace z* by r(z)™ where m = |i|.
We shall show that for any given n > 0 we can make |r(z)"(Sx — @ x p)(x)| <7
for all z in X. If r; > r¢ and r(z) > 2rq, then by using r(z) < 2-r(z —y) and
r(z —y) >r for ®(y) # 0 we get

(@)™ (Sk = @xp)(@)] < [r(@)"Sk(@)] + [r(2)™ (@ * @) (z)]
< 2| ool oo (card (T kT + u(C))ry

in which p(C) denotes the total measure of C. Since card(Ix)k~™ tends to u(C) as
k — oo, the RHS becomes less than 7 for a large r; and for all large k. We shall
fix such an r; and take x from the remaining part, i.e., from the compact ball in
X defined by r(x) < 2r;. Since Supp(®) is also compact, clearly ®(y)p(z — y) is
equicontinuous in y, i.e., uniformly continuous in y with the uniformity independent
of x. Therefore we will have (2r1)™|(S; — @ * ¢)(z)| < n for all large k.

Remark. If ®(z) for every x in X is a holomorphic function of s in a fixed nonempty
open subset V of C, then in Si(x) in the above proof s appears only in ®(y;) for 4
in I. Therefore ® can be approximated by

Y ocls)pn®- - ©pin)
with ¢;; in S(R) and ¢; holomorphic on V.

Theorem 5.4.1 Suppose that f(x), h: Y — X = K", and & = {E}, where each
E is equipped with a pair of positive integers (Ng,ng), are as in Theorem 3.2.1.
Then the poles of the complex power w(f) on the p-th s-plane are contained in the
union of

—(1/Ng)ing +N) (K =R),  —[pl/2—(1/Ng)(nz+N) (K=C)

for all E in € with their orders at most equal to the dimension of the nerve complex
N(E) of € increased by 1. Therefore the poles of w(f) are all negative rational
numbers and their orders are at most equal to n = dim(X).
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Proof. We take w from (K *). We already know that w(f) has a meromorphic
continuation to (K *), and we are interested in its poles on the p-th s-plane. We
know by Proposition 5.2.1 that every coefficient ¢ of Laurent expansions of w(f) at
its poles is an element of S(X)" and we are interested in whether or not ¢ = 0. By
Lemma 5.2.2 this can be detected by ¢(®) for ® in D(X). Therefore we have only
to examine the meromorphic continuation of w(f)(®) for ® in D(X), i.e., under
the assumption that Supp(®) is compact. Since the map h is proper, we see that
C = h=1(Supp(®)) is also compact. We know by Theorem 3.2.1 that at every point

b of Y there exist local coordinates (y1,...,y,) of Y around b such that
N]‘ * njfl
foh=e-T[v" n ( A dxk) =n- Iy N\ due
jeJ 1<k<n jeJ 1<k<n

in which (Nj,n;) = (Ng,ng) with J bijective to the set of all E containing b and
€, n are units of the local ring O of Y at b. We choose a small neighborhood U, of
b over which the above local coordinates are valid and e*!, p*! are all K-analytic.
We apply Lemma 5.4.1 to Y, C, {U,} instead of X, C, {U,}. In that way we get a
partition of unity {p;; ¢ € I} such that >  p;(y) = 1 for every y in C. This implies

(@) =" T wwn) ™ Iyl w©)lnlx (@ o h)py).

icl jeJ

We observe that U(y) = w(e(y))|n(y)|xP(h(y))pi(y) can be considered as an ele-
ment of D(K™) and for a fixed y it has a holomorphic continuation to the whole
s-plane. Furthermore, since the Bernstein polynomial of y; is s + 1, by the general
results in section 5.3 for n = 1 we see that for every j and s in Cy

) 1 Njs+n;—1 )
wy) Vi ly 8 =yl (s /Ly )P

for y; in K> has a meromorphic continuation to the whole s-plane with its poles
defined by the condition that “N;s +mn; —1isin —1 — N;|p|/2 — N,” i.e., s is in
—|p|/2 = (1/N;)(n; + N), with the understanding that p = 0 for K = R. Finally,
for a similar reason as before, we can apply Lemma 5.4.2 and its remark to replace
the above ¥ by a tensor product of elements of S(K) without losing any pole. In
that way we get the description of the poles of w(f) as stated in the theorem.

5.5 An application

We shall give an application of Theorem 5.4.1 after recalling some basic facts on
Fourier transformations in S(X) and S(X)’ for X = R®,n > 0. We reserve the
notation ® for an arbitrary element of S(X), and we shall not repeat “for all ® in
S(X)” all the time. We first observe that every C-valued continuous function ¢ on
X with polynomial growth gives rise to an element T, of S(X)" as

T, (®) = /X ()0 (x) da.
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In fact, by assumption we have |p(z)| < M - max(1,r(z)™) for some M, m > 0.
Then by splitting X into two parts as r(x) < 1 and r(z) > 1 we get

T (@)] < MQu(n™H @]l + [+ Do)

This implies that T, converts every null sequence in S(X) into a null sequence in
C. The correspondence ¢ — T, is clearly C-linear and T\, = 0 implies ¢ = 0. In
fact if ¢ # 0, then ¢(a) # 0 for some a in X. Then ®(x) = p.(x — a), where p; is
as in section 5.4, is in D(X) and T,,(®) # 0 if € is small. We shall sometimes write
¢ instead of T,. We shall now define some operations on elements of S(X) in such
a way that they are compatible with the identification of ¢ and T,.

If ¢ is any C*°-function on X such that all its derivatives have polynomial
growth, then ® — @® gives a C-linear continuous map of S(X) to itself. Therefore
if Tis in S(X)’, then

(T)(®) = T(®)

defines an element of T of S(X)’. Similarly, if P is any element of C[z, d/dz] and
P* is its adjoint operator, then

(PT)(®) =T(P*®)

defines an element PT of S(X)'. If now ¢ is any C-valued continuous integrable
function on X and [z,y] = > a;y; for every z,y in X with x;,y; as their i-th
coordinates for 1 < i < n, then

(Fi)(x) = /X ow)e((z,v]) dy,

where e(t) = exp(2mit), defines a uniformly continuous function Fy or simply ¢*
on X satisfying

1 Folloe < /X lo(@)] dz = [l¢]s.

The correspondence ¢ — F is clearly C-linear and F is called a Fourier transfor-
mation. We observe that

121 < Qu(n™ [ ®loe + 7" @|oc)-

Furthermore by using Lemma 5.3.2 we get

5y ¥°(a) = —g= - [ (@%/0n,) elle.) dy.

V(¥

0% (01, = 2ri- [ (W) ellz.) dy
X
for 1 < p < n. This implies

& (0/02)"®* (x) = (=1)1*! 2mi) P11l (9 /02) 2" )" (),
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hence

12*lag < (2m)PI71(0/02) 2 2|,
< const - || max(1,r"1)(8/0x)*z" ®| s

for every «, 3 in N™. Therefore F® = ®* is in S(X) and further F gives a continuous
map from S(X) to itself. On the other hand, the following formula:

/ exp(—mAz? 4 2ax) dz = \"Y2 exp(a® /7 \)
R

for A > 0 and a in R is known in calculus. If we put
o(x) = exp(—mAr(z)* + 2[a, z])

for x in X and a in C”, then by using a holomorphic continuation of the above
formula we get

©*(x) = A2 Cexp(—m AT e (2)? + 2[id"a, 2] 4+ (7A) THr(a)?),

and this implies (¢*)*(x) = ¢(—z) for every = in X. Since the C-span of the
above ¢ for all A > 0 and a in X is dense in S(X) by Lemma 5.4.2 and since
F is continuous, we get (®*)*(z) = ®(—x) for every z in X. In particular, F is
bicontinuous. Furthermore if ¢ is any continuous integrable function on X, then by
using Fubini’s theorem we get

/Xgo(x)@*(x) dx://XXXgo(x)é(y)e([a:,y]) dxdyz/xgo*(x)@(x) dx.

Therefore if we define the Fourier transform FT = T* of any T in S(X)’, as
(@) = T(27),

then 7" is in S(X)" and T« = (T,,)*. We shall formulate its immediate consequence
as a proposition for our later use.

Proposition 5.5.1 If ¢ is a continuous integrable function on X = R™ with inte-
grable Fourier transform ¢*, then the Fourier inversion formula

holds for every x in X.
In fact, if we put ¥(z) = p(—z), then we will have
Tip+)= (@) = (T,)")"(®) = T, ((27)) = Ty(®),

hence (p*)* = 1.
We shall give two examples of T*. Firstly

(@) = T7(®) = Ty(®7) = (27)7(0) = ®(0) = 6o(®),
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hence 1* = dg, the Dirac measure on X supported by 0. If we express an element
f(z) of Clzy,...,2,)\C as f(z) = > cax® with ¢, in C for a in N™ and define an
element P of C[0/0x1,...,0/0x,] as

P =" "(2mi)"*lco(0/0x)",

then for any 7' in S(X)’ we will have
(fT)* = PT*.
In fact,
(fT)" (@) =) caT(@@%) = > (=2mi) " 1*ea T*((0/0x)*®) = PT*(®).

We might remark that if f(z) is any element of Rz, ... ,z,]\R, then the hypersur-
face f~1(0) in X is of measure 0. This can be proved, e.g., by using the Weierstrass
preparation theorem. We are ready to explain an elegant proof by M.F. Atiyah [1]
of the following theorem:

Theorem 5.5.1 If f(x) is any element of C[xy, ... ,x,])\C, there exists an element
T of S(X)" for X =R" satisfying fT = 1.

Proof. We may assume that f(z) is in R[zq,...,z,]\R and f > 0. In fact, if

(ff)S = 1 for some S in S(X), then T = fS is in S(X)" and fT = 1. By
assumption f* = 0, hence w,(f) = f7, which we shall denote by f°. If we put
V ={z € X; f(x) > 0}, then by definition

@) = [ f@re@ do
for s in Cy. We know that f* has a meromorphic continuation to C. Let

=Y (s + 1)k

kEZ

denote its Laurent expansion at —1 with ¢, in S(X)’ for all k. Since the poles
of f* are negative rational numbers by Theorem 5.4.1, we see that f*t1 = ff* is
holomorphic at s = —1. Therefore fcp = 0 for all £ < 0 and

= feo+ > (fer)(s + DF

k>0

Since X\V = f71(0) is of measure 0, by using Lebesgue’s theorem we get

lim f5H(®) = /V(hmlf(x)sﬂ) ®(z) dr

s——1 S§——

/VCID(x) dx:/XCD(:E) de =T1(D),

hence fcy =T7 = 1. We have only to take ¢y as T
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Corollary 5.5.1 If P is any element of C[0/0x1,...,0/0x,|\C, then there exists
an elementary solution for the differential operator P, i.e., an element S of S(X)’
for X =R"™ satisfying PS = dy.

In fact, we can write
P =" "(2mi)" ", (0/0x)”
[e%
with ¢, in C. If we put f(z) =Y caz®, then by Theorem 5.5.1 we will have fT =1
for some T in S(X)'. If we put S = T*, then S is in S(X)’ and
PS = (fT)" =1* = do.

A classical example of an elementary solution, sometimes called a “fundamental
solution,” is as follows: If A denotes the Laplacian and ¢ is in D(X) for X = R",
n # 2, then Poisson’s formula

A / r@ — )" o(y) dy = —(n— 2) Q, o)
X

can be proved by using Gauss’ theorem. This shows that —1/(n — 2)Q,r" 2 is
an elementary solution for A. The readers can learn the significance and further
examples of an elementary solution in Schwartz [51] and also in Gel’fand and Shilov
[16].
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Chapter 6

Prehomogeneous vector
spaces

6.1 Sato’s b-function b(s)

We shall explain M. Sato’s theory of prehomogeneous vector spaces. More precisely,
we shall only explain regular prehomogeneous vector spaces up to their b-functions.
We start from the beginning: We say that a group G acts on a nonempty set X
if there exists a map G x X — X denoted by (g,z) — gz satisfying (g¢')x =
g(¢'x), lx = x for every g,¢’ in G and = in X. In that case for every £ in X

Ge={9€G; g¢=¢},  GE={g¢ ge G}

are called respectively the fizer of £ in G and the G-orbit of £. We say that the
action of G on X is transitive and also X is a G-homogeneous space if X itself is a
G-orbit. In general, X becomes a disjoint union of G-orbits. We observe that G¢
is a subgroup of G and the map G — X defined by g — g€ gives rise to a bijection
from the coset space G/G¢ to G§.

We shall now consider the case where X = C™ and G is a subgroup of GL,(C)
which is algebraic in the sense that it is the set of all common zeros of some poly-
nomials in the n? entries of g with coefficients in C. We shall assume that the
closed topological subgroup G of GL,(C) is connected. If we regard elements of X
as column vectors, then G acts on X by matrix-multiplication. If X has a dense
G-orbit, then (G, X) is called a prehomogeneous vector space. If further there ex-
ists an irreducible polynomial f(z) in Clzy,... ,z,] such that X\ f~1(0) becomes a
G-orbit, then the prehomogeneous vector space (G, X) is called regular.

Proposition 6.1.1 If (G, X) is a regular prehomogeneous vector space with G act-
ing transitively on X\f~1(0), then f(x) is homogeneous and it is a relative G-
invariant in the sense that

flgz) = v(g)f(x)
for every g in G with v in Q(G) =Hom(G,C*). Furthermore, if F(z) is any relative
G-invariant, then F(x) is either O or a power of f(x) up to a factor in C*.

Proof. Since X\f~1(0) is a G-orbit, every g in G keeps f~1(0) invariant, i.e.,
gf~'(0) = f7(0). Therefore if, for a moment, we put fy(z) = f(gx) then

83
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fy71(0) = f71(0). We observe that fy(x) is also irreducible. Therefore by Hilbert’s
Nullstellensatz, we see that f,(x) and f(x) divide each other, hence they differ by
a factor v(g) in C* necessarily satisfying v(gg’) = v(g)v(g’) for every g, ¢’ in G.
Furthermore v(g) is a polynomial in the entries of g, hence v is continuous. There-
fore v is an element of Q(G). If now F(x) is any relative G-invariant different from
0, then F~1(0) is G-invariant. If F~1(0) intersects the G-orbit X\f~1(0), then
F~1(0) will contain X\ f~1(0), which is dense in X, hence F(x) = 0. Since this is
not the case, F~1(0) is contained in f~1(0). Then by Hilbert’s Nullstellensatz F(z)
divides f(x)¢ for some positive integer e. Since f(z) is irreducible, this implies that
F(z) is a power of f(x) up to a factor in C*. Finally, write

fle)=>"filx),  falx) #0

i>d

with f;(z) homogeneous of degree i for all i > d. Then f(gx) = v(g)f(x) implies
filgz) = v(g) fi(z) for every g in G and for all i. By what we have just shown, there
exists a positive integer e satisfying fy(z) = cf(z)¢ for some ¢ in C*. By comparing
the degrees of both sides, we get c =e =1 and f;(z) =0 for all i > d.

We call f(x) in Proposition 6.1.1 a basic relative invariant of (G, X); it is unique
up to a factor in C*. We observe that if 7 is an arbitrary element of GL,,(C), then
(yG~y~1, X) is also a regular prehomogeneous vector space with (yf)(z) = f(y'z)
as its basic relative invariant. We say that (G, X) and (yGy~!, X) are equivalent.
This is clearly an equivalence relation. In the special case where +y, hence also v~ 1,
is contained in the normalizer N(G) of G, i.e., if yGy~! = G, then f(vyx) is another
basic relative invariant of (G, X), hence it differs from f(z) by a factor in C*.
Therefore, v extends to N(G) as f(yx) = v(v) f(x) for every v in N(G).

We shall assume from now on that G is reductive. This condition is known to
imply the existence of v in GL,,(C) such that yGy~! is invariant under g — tg~1.
Therefore we shall simply assume that G satisfies this condition, i.e., G = G. We
keep in mind that yGy~! also satisfies this condition if and only if vy is in N(G).

Corollary 6.1.1 If f(x) is a basic relative invariant of (G, X), then there exists
an element B(s) of C[s] satisfying

f(0/0x) - f(x) = B(s).

If B(s) # 0, then deg(B) < deg (f) and v('g) = v(g) for every g in G. Furthermore,
B(s) depends, up to a factor in C*, only on the equivalence class of (G, X).

Proof. If deg(f) = d, then by definition we can write
f(0)0x) - f(x) = do(x) + ¢1(2)s + ...+ a(x)s”

with ¢;(z) in Clxy, ... ,z,, 1/ f(x)] for 0 < i < d. We shall obtain some information
about the above expression assuming that it is different from 0. If we specialize s
to an element k of N, then we will have

FO/0)F@) = (D dua)k’) fla)*,

0<i<d
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If we denote the LHS by F(x), then in view of 8/9(gx) = tg~1(9/0x) we have

Fi(gz) = x(9)Fe(x),  x(g) =v('g)  v(g)*

for every g in G. If we exclude at most d values of k, then Fj(x) # 0 and deg(Fy) =
dk. Therefore, by Proposition 6.1.1 we see that Fy(x) = B(k) f(x)* for some B(k) in
C*. This implies x(g) = v(g)*, hence v(*g) = v(g) for every g in G. Furthermore,
bo(x) + 1 (x)k+. ..+ ¢a(x)k? = B(k) for d+1 distinct k, in fact for infinitely many
k, in N, hence ¢;(z) is in C for 0 < i < d. Finally, if v is any element of GL,,(C)
such that g = v is in N(G), then by replacing z in f(0/0z)- f(z) = B(s) by y '«

we get
(V)(9/0x) - (vf)(x) = v(9) "' B(s).
Therefore the B(s) for (yGy~1, X) is v(tyy) "1 B(s).

We shall obtain more precise information about B(s) after reviewing the fol-
lowing fact: If ¢g is in M, (C), we denote by g the image of g under the complex-
conjunction applied to its entries. If G is any subset of M,,(C), we denote by G the
image of G under g — g. If now G is a connected reductive algebraic subgroup of
GL,(C), then by replacing G by yG~y~! for some v in GL,, (C) we can achieve not
only ‘G = G but also G = G. We refer to G.D. Mostow [43] for the details. In view
of this situation, we shall proceed simply assuming that 'G = G = G.

We order the set of monomials X for « = (aq, ... ,a,) in N” lexicographically.
Since G = G and X = X, we see that f(zx) is also a basic relative invariant of
(G, X), hence f(x) differs from f(x) by a factor in C*. If we normalize f(z) by
the condition that the coefficient of the highest monomial in f(x) is 1, then we will
have f(z) = f(x), i.e., f(x) is in Rlxy,... ,2,]. This implies that B(s) is in R[s].
We shall prove two lemmas.

Lemma 6.1.1 If F(z) =) cqq in Clxy,... ,2,] is homogeneous, then
F(0/0z)F(z) = Z al |eql?,

i which ! = aq!- - - a,! with the understanding that 0! = 1.

Proof. We have
F(0/0z)F(x) = Z Cacs(0/0x) 2",
o,

in which
(0/0z)%aP = H Bi(Bi —1) - (B — ay + )P

1<i<n

if 8; > «; for all 4; otherwise it is 0. Since F'(x) is homogeneous by assumption, we
have |a| = 8| = deg(F), hence (9/0z)*2® # 0 implies o = 3 and (9/0x)*z® = al.

Lemma 6.1.2 We have
log k! = klog k(1 + o(1)),

i.e., logk!/klogk tends to 1, as k — oo.
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Proof. This is an immediate consequence of Stirling’s formula. In the above form
it can be proved as follows: Since logt is a monotone increasing function of ¢ for
t>0andlogt >0fort>1,if kisin N and k£ > 1, then

k
10gk!>/ logt dt = klogk — k+1
1
on one hand and
k+1
logk!</ logt dt = (k+1)log(k+1) —k—2log2+1
2

on another. We have only to put these together.

Theorem 6.1.1 We have B(s) = bob(s), in which by > 0 and b(s) is a monic
polynomial of degree d = deg(f) in R[s].

Proof. Tf 2 is the highest monomial in f(z), then its coefficient is 1 by the above
normalization. Furthermore, z***1 is the highest monomial in f(z)*+! and

(8/8.%‘)k+1f k+1 _ H B

0<j<k
for every k in N. Since f(x) is in R[zy,... ,z,], by Lemma 6.1.1 we get
F0f0x)*  f@)* T = T (cuk + 1))
1<i<n

Since |a| = d, by Lemma 6.1.2 we get

log( I1 (ai(k+1))!) = dklog k(1 + o(1)),

1<i<n
hence
II BG) > exp{dklogk(1+ o(1))},
0<ji<k
and hence
(*) II BG)/K* — oo

0<j<k

as k — oo for any § in R satisfying 6 < d. In particular B(k) # 0 for every k
in N and if bgs® is the highest term in B(s), then dy > 0. Furthermore, since
B(k) = bok% (1 + o(1)) as k — oo, we also have by > 0 and for any b; > by there
exists ko in N such that B(k) < bk for all k > ko. This implies

II BG) <c-vh@En™

0<j<k
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for all k& > ko, in which ¢ is independent of k. Therefore, by using (x) we get
klogk(dy — d 4+ o(1)) — oo as k — oo, hence dy > §. Since ¢ is arbitrary in R
subject to 6 < d, we get dy > d, hence dyg = d by dy < d.

The monic polynomial b(s) in Theorem 6.1.1 depends only on the equivalence
class of (G, X), and it is called Sato’s b-function of (G,X). If f(x) denotes the
basic relative invariant of (G, X), then we see that its Bernstein polynomial b¢(s)
divides b(s). Actually, they are known to be equal. We shall give a proof to this
fact in section 6.3 after reviewing some major properties of the I'-function.

6.2 The [-function (a digression)

A standard definition of the I-function I'(s) is
I'(s) = / z%e” " dlogz, Re(s) > 0.
>0

By using, e.g., Lemma 5.3.1, we see that I'(s) is a holomorphic function on Cy.
Furthermore, by integration by parts we see that

T(s+1)=sI(s)

for Re(s) > 0. Since I'(1) = 1 by definition, we conclude that I'(s) has a mero-
morphic continuation to C with a pole of order 1 at every point of —N. These are
well-known elementary properties of I'(s). Now by Weierstrass

s - H(l + s/n)e /™,

where the product is for n = 1,2, ..., defines an entire function, i.e., a holomorphic
function on the whole C, with a zero of order 1 at every point of —N. Therefore,
the product of I'(s) and the above entire function is an entire function. A basic
theorem on I'(s) states that if C' is the Euler constant defined by

C=lim(14+1/24+...41/n—logn),
then the product is exp(—C's). Finally, if we put o = Re(s), t = Im(s) so that
s = 0 + it and restrict s as |o| < R for any R > 0, then

T ()] = (2m) /%]t~ 1/2 exp(—(m/2)[¢]) (1 + o(1))

with o(1) uniform in o as |t| — co. Since the product-representation and the above
important asymptotic behavior of T'(s) are seldom included in the basic course, we
shall give their proofs. We shall follow the presentation by H. Mellin [40] because
the proof by the Mellin transformation seems most appropriate.

Firstly if we express log n as the integral of 1/t from 1 to n and rewrite the n-th
term of the sequence defining C' as

Z 1/k—logn}+1/n:1—{10gn— Z l/k},

1<k<n 1<k<n
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then we see that both {-} are positive and increase with n. Therefore, the sequence
is between 0 and 1, and monotone decreasing, hence the limit C' exists. In the
following log(1 + ) is defined for |z| < 1 by its power series expansion taking
the value 0 at x = 0. We leave it as an exercise to show that if |z| < 1/2, then
|log(1+x) — x| < |z|?. Also we keep in mind that Re(logz) = log || is well defined
for every z in C*. We now start with

1/G(s) = e%s - H(l + s/n)e /",
n>1
If |s] < R for any R > 0, then
|log((1+ s/n)e™*/")| < (R/n)”

for all n > 2R. Therefore, the above infinite product is absolutely and uniformly
convergent for |s| < R, hence it defines an entire function of s with a zero of order
1 at every point of —N. Furthermore, if s is not in —N, then

G(8+1)/G(s):se*C~nlirgo{n/(s+n+1)~exp( Z 1/k710gn)}:s.
1<k<n

This implies
G(s+1) = sG(s)

for all s in C. Since 1/sG(s) takes the value 1 at s = 0, we get G(1) = 1. Further-
more,

7/G(s)G(1 —s) = —7/sG(s)G(—s) = 7s - H(l — (s/n)?),

n>1
and the RHS is known in complex analysis to represent sin(ms), hence
G(s)G(1 — s) = 7/ sin(ws).

Since we have

[T+ 1/myemm = tim {(n+ 1) e (= (32 1/k)s )} =,

n>1 1<k<n
we can also write
(%) G(s):(1/5)H(1+1/n)s/(1+s/n).

n>1

We shall prove the asymptotic formula for G(s). Since G(s) becomes its complex
conjugate under the complex conjugation of s and

G(s)G(—s) = —n/(s - sin(7s)),
by replacing s by it we get

|G(’Lt)| = (27T)1/2|t‘71/2|67rt_efﬂ—t|,1/2
(27r)1/2|t\—1/2 exp(—(m/2)[t])(1 + o(t))
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as [t| — oo. In the general case we first observe that (%) implies

G(o+it)/G(it) = 1/(1+o/it) - [T(1+1/n)7 /(1 + o/(n + it)),

hence
|G(o +it)/|t|” G(it)| = H 14+ 1/(n+ )7 /|1 +o/(n+it),
n>0
and hence
log( |G(o +it)/|t|°G(it)| ) = Re{ Z olog(1+1/(n+1it)) —log(l+o/(n+ zt))}
n>0

If now |z|, |oz| < 1, then
olog(1 4 z) —log(1 + oz) = 2*P(x),

in which

Pa)=0c-Y (-1)F1-0")/(k+1) 2*"

k>1

is absolutely convergent. Furthermore, if for |o| < R we replace z by 1/(n + it),
where n is in N and [¢t| > R+ 1, then |z| < 1/(1+ R), |oz| < 1/(1 + 1/R), hence
|P(x)| < M for some M > 0 depending only on R. Therefore, we get

log( |G(o +it)/[t|7G(it)] ) = Re{ 31/ (n+it)? - P(1/(n+ it))},

n>0
in which
IRHS| < M- ) " 1/(n* + 1) < Mt (1 + |t]/2),
n>0
hence
|G(o+it)] = [t7|G(it)|(1+ o(1))

(2m)"/2]t]7 =2 exp(—(m/2)[t]) (1 + o(1))

with o(1) uniform in o as [t| — oco.
In order to show that G(s) = I'(s), we shall use the following consequence of
Fourier’s inversion formula:

Proposition 6.2.1 Let ¢(x) denote a continuous function on RY such that the
integral

¢@>=3/>0xwxx>dng

is absolutely convergent for some s = o + it; assume that t — ¢(o + it) is an
integrable function on R. Then we can recover p(x) from ¢(s) as

1 , 1
=— i)z~ dt = — ~* ds.
oo) = 57 [ olo+ita 2 )., O ds
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Furthermore, if t — ¢(s) = ¢(o + it) is a continuous integrable function on R so
that ¢(x) is defined by the second integral, then we can recover ¢(s) by the first
integral provided that it is absolutely convergent.

Proof. If we put y = log /2w, hence x = exp(2my), and

P(y) = 2map(x),

then ¢ (y) becomes a continuous integrable function on R with its Fourier transform
Y*(t) = ¢(o + it) also integrable on R. Therefore by Proposition 5.5.1, we get
(¥*)*(—y) = ¢¥(y). This implies the above proposition.

Now G(s) is a meromorphic function on C with a pole of order 1 at every point
of —=N. Furthermore, G(s + 1) = sG(s), G(1) =1 imply

limk(s + k)G(s)z™% = (—2)* /k!
for every x > 0 and k in N. The asymptotic formula for G(o + it) as |t| — oo

guarantees that G(o + it) is an integrable function of ¢ if o is not in —N. We take
0 <o <1 and determine

1 —s
olx) = 3 /UH]R G(s)x~* ds.

We take n from N and R > 0, and consider the following path of integration:
c—too—>0—tR—-o0o—-n—iR—o0c—n+iR—-o0+iR— o+ ic0.

The asymptotic formula again shows that the integrals along the two horizontal
paths tend to 0 as R — oo. Therefore by Cauchy’s theorem we get

1
= — k | R —$
o(x) E (—x) /k.+2m_ g_nHRG(s);v ds,
0<k<n

in which

/ G(s)x™* ds
o—n-+iR

Therefore, by taking the limit as n — oo we get

o) = D (o) /nl = e,

n>0

< x_"-/R|G(o—+z’t)|dt-x”/ I1 - o).

1<k<n

We have chosen 0 < o < 1. However, since G(s) is holomorphic on Cy, by the above
process of shifting the vertical line of integration we can replace o by any positive
real number. Therefore, by Proposition 6.2.1 we get

G(s) = / 2%e dlogx =T'(s)
x>0

for every o > 0 because the RHS is absolutely convergent.
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6.3 0(s) =bs(s) and the rationality of the zeros

We go back to Sato’s b-function b(s) of (G, X). We have assumed or rather normal-

ized under the equivalence that !G = G = G and that the basic relative invariant
f(z) of (G, X) is in R[zq,... ,2,]. We know by Theorem 6.1.1 that

f(9/0x) - f(x) = bob(s),

in which by > 0 and b(s) is a monic polynomial of degree d = deg(f). By replacing
f(z) by (bo)~'/2f(z) we can further normalize by = 1 so that f(x) becomes unique
up to sign.

Theorem 6.3.1 If we normalize the basic relative invariant f(z) of (G, X) to sat-
isfy
F(0/0) - f(a) =b(s) =[] (s + M),

A

then Z(s) can be computed explicitly, i.e.,

/X |f (@)l exp(—2n"wz) da = (2m) % - [T ((s + A)/T ()

A
for Re(s) > 0, in which X = C" and T'(\) # oo for all .
Proof. We recall that Z(s) is the LHS of the formula to be proved. If we write

[f(2)[g = fx)f(2)° = b(s) "' f(0/0x) f(x)* " f(2)*
and apply the same argument as in the proof of Theorem 5.3.2, then we get
b(s) Z(s) = (2m)? Z(s+ 1)

for Re(s) > 0. Therefore, if we put
Cs) = (2m)®2(s) / [IT(s+ M),
A

then C(s+ 1) = C(s) for Re(s) > 0. Since Z(s) is a holomorphic function on Cy,
we see that C(s) is a periodic holomorphic function on C with period 1. Therefore
C'(s) becomes a meromorphic function of z = e(s) on C* and its Laurent expansion

at 0 can be written as
C(s) = Z ezt = che(ks),
kez kez
in which

¢ = exp(2nkt) - / C(o +it) e(—ko) do.
R/Z

This implies

okl Sexp(27rk:t)-/R/Z(Qﬂ')dﬂZ(a+it) J TI T +it + )| - do.
A
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We shall estimate |Z(s)| for s = o + it in Co. If in the integral defining Z(s) we
write
z=ru, r=r(zx)="z2)"? dr=2"r"""1drdu

and put
o =2 [ i b
r(u)=1

then we have
Z(s) = (2m) 47" ¢(s) T'(ds + n).

Furthermore,

lp(s)| <27t / |f(u)|E du.

r(u)=1

If we denote by M the maximum of the RHS say for 1 < o < 2, then we have
1Z(s)] < (2m) 797" M |D(ds +n)|

for1 <o <2
If now we incorporate the asymptotic formula

ID(o +it)]| = (2m)/2[t|7 2 exp(—(x/2)[t]) (1 + o(1))

as |t| — oo, in which o(1) is uniform in o restricted to any finite interval, then we
get
lek| < My - |7 exp(27kt) (1+ o(1))

with M; independent of s and
or=n—(1/2)(1—d) — ZRe()\).
A
We have tacitly used the fact that

exp (= (r/2)(dit] = Y [t +Tm(N)]) ) < exp ((7/2) D Im(A)]).
A A

At any rate, if k # 0, then for t = —sgn(k)r and 7 — oo we get ¢ = 0, hence
C(s) = c¢o. We have thus shown that

Z(s) = (2m) " [[T(s +A) - o
A

for Re(s) > 0. If we take the limit as s — 0, then Z(s) tends to 1, hence ¢y =
[IT(X\) L. Since ¢g # 0, we have T'(A) ™! = 0 for all \.

Theorem 6.3.2 If b(s) is the Sato b-function of a regular prehomogeneous vector
space and b (s) is the Bernstein polynomial of its basic relative invariant f(x), then
b(s) = bs(s). Furthermore, all its zeros are negative rational numbers, hence b(s)

is in Q[s].
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Proof. Since by(s) divides b(s), after changing the notation in Theorem 6.3.1 we

write
b(s) = [I(s+ N, b(s) =bs(s)- [J(s + A

A N

also we put

() =[G +2), () =]]T(s+N).
A A

According to that theorem, Z(s) and 7 (s)v'(s) differ by a holomorphic function on
C with no zeros. On the other hand we know by Theorem 5.3.2 that Z(s)/v(s) is
a holomorphic function on C, hence 7/(s) is also a holomorphic function on C. This
implies 7'(s) = 1, hence b(s) = b¢(s). We know furthermore, by Theorem 5.4.1,
that the poles of Z(s) are negative rational numbers. Therefore all zeros of b(s) are
negative rational numbers.

Actually the zeros of bs(s) are known to be negative rational numbers for an
arbitrary f(z) by M. Kashiwara [33]. We might mention that Theorem 6.3.1, in a
weaker form, is in [27]. We shall explain its counterpart in the real case:

Proposition 6.3.1 If f(x) is normalized as in Theorem 6.3.1 and further if every
monomial in f(x) is of the form x;, ... x;, where iy < ... < iq, then Z(s) can be
computed explicitly, i.e.,

d

[ @)l exp(—rta) do = w02 T] (NG + 2)/2) /TO/2)

A
for Re(s) > 0, in which X = R".
Proof. This can be proved in the same way as Theorem 6.3.1. We have
b(s)Z(s) = (2m)?Z(s + 2)

for Re(s) > 0, hence

Z(s) =m "2 T T((s +2)/2) - C(s),
A
in which C(s) is a periodic holomorphic function on C with period 2. Therefore,

C(s) = ch e(ks/2), ¢, =(1/2)exp(mkt) / C(o +it) e(—ko/2) do.

ez R/27
The above expression for ¢ implies, similarly as before, that
lek| < My |¢|70 exp(mkt) (14 o(1))

for some M; > 0 and o1, which are independent of ¢, as |[t| — oo. Therefore, we get

e = 0 for k # 0, hence C(s) = ¢o. Since Z(s) tends to 1 as s — 0, we necessarily
have co = [[T(N\/2)~ L.
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We shall discuss a classical ezample from various viewpoints. We start with the
following general remark. If we replace the normalized f(x) by aof(z) for any ag
in R*, then we will have

£(0/0) - f(x) = a§ bs)

while Z(s) in Theorem 6.3.1 (resp. Proposition 6.3.1) will be multiplied by |ag|g
(resp. |aol%). Now we observe that (GL,(C), M, (C)) is a regular prehomogeneous
vector space with det(z) as its basic relative invariant. Actually there is a notational
discrepancy. In fact, if we arrange the n columns of an element of M, (C) in the
natural order to make up an element of “X” = C¥ for N = n?, then we have to take
the isomorphic image of GL, (C) in GLy(C) as “G.” At any rate the normalization
condition !G = G = G is satisfied, the coefficients of f(x) = det(z) are in R, in fact
in Z, and further it satisfies the condition in Proposition 6.3.1. Therefore we will
have det(9/0z) - det(x) = bpb(s) for some by > 0. We shall compute

Z(s) = /X |det(z)[5 exp(—m tr(‘zz)) do

directly, in which X = M,,(R) and tr(y) for any square matrix y denotes the trace
of y. We denote the above Z(s) by Z,(s) and show by an induction on n that

Za(s) =72 ] (F((s+k)/2)/F(k/2)).
1<k<n
In doing so we shall use the well-known formula
/2 =" [T(n/2)
in calculus, which becomes 1 = 71/2/T'(1/2) for n = 1. We have
Zi(s) =7 TR ((s +1)/2) = 7 %/2T((s + 1)/2) /T(1/2).
If n > 1, we write = (21 ') with 2’ in M, ,_1(R) and put z; = ru, where

r = r(x1), so that u is on the unit sphere and dz; = "~ !'drdu. Then we get

Zn(s) = /TH"*l exp(—mr?) drdu{ / |det(u ") |5 exp(—7 tr(*2'z)) dx’}.

Since the group of rotations in R™ acts transitively on the unit sphere, we can write
u = gey, where e; = (10...0), for some g in GL,(R) satisfying ‘gg = 1. In the
integral {-} above if we replace 2’ by ga’, then it becomes Z,,_;(s), hence

Z0(8) = Zur(s) - (R/2) 7 CHV20((s + ) f2).

If we apply the induction assumption to Z,_1(s), we get the above expression for
Zn(s).
If we compare the above result with Proposition 6.3.1, then we get

(%) det(9/0z) - det(z) =b(s) = [[ (s+k)

1<k<n
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in view of the following obvious fact. Namely if I, I’ are finite subsets of C and
@(s) is a holomorphic function on C with no zeros satisfying

HF(S +A) =¢(s) - H L(s+ X)),

A€l Nel’

then I = I'. This is a roundabout way of computing b(s). At any rate by Theorem
6.3.1 we also have

/X | det(z) |2 exp(—27 ‘zz) dz = (2m) "™ - H (T(s+ k)/T(k)),

1<k<n

where X = M, (C).

We might mention that (x) follows from Capelli’s identity in invariant theory,
cf., e.g., H. Weyl [60]. It can also be proved, after R. Sasaki, as follows: If for
1<ip<...<ipz<n,1<j1 <...<jr <n weput

Piy i gy e = 4et(0/04, s )1<0,p<k

and denote by X, i, j,..;. the coefficient of x;, ;, ...z, in det(x), then we will
have

P, i -det(x) = ( H (S + i))XiLuik;jlmjk'
1<i<k

In fact, it is obvious for £ = 1 and the general case is by an induction on k ending
up with (%) for & = n. We might also mention that, as we shall see much later, an
entirely similar method of computation of Z(s) as above works in the p-adic case
for a polynomial such as det(z).

In the case where a connected algebraic subgroup G of GL,(C) is irreducible,
i.e., X = C™ and 0 are the only G-invariant subspaces of X, then G is reductive
by a theorem of E. Cartan. Furthermore, if G is transitive on X\ f~1(0) for some
polynomial f(z), then f(z) is necessarily a power of an irreducible polynomial, hence
we may assume that it is irreducible. At any rate, in such a case (G, X) is called
an irreducible reqular prehomogeneous vector space. There is a classification theory
of prehomogeneous vector spaces by M. Sato and T. Kimura [49] which includes all
such (G, X). Furthermore, the problem of making b(s) explicit was investigated by
M. Kashiwara, T. Kimura, M. Muro, T. Oshima, I. Ozeki, M. Sato, and T. Yano.
In particular b(s) is now known for all irreducible regular prehomogeneous vector
spaces. We just mention the fundamental paper [50] by M. Sato and others, and
the valuable paper [34] by T. Kimura.
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Chapter 7

Totally disconnected spaces
and p-adic manifolds

7.1 Distributions in totally disconnected spaces

We shall start with a review of some properties of totally disconnected spaces and
groups. We say that a Hausdorff space is totally disconnected if points are the only
connected subsets of X. If X is such a space, then every nonempty subset of X is
also totally disconnected. The following lemma, in a more general form, is in L. S.
Pontrjagin [45], p. 104:

Lemma 7.1.1 Let X denote a locally compact space. Then X is totally discon-
nected if and only if for every point a of X the set 1, of all compact open subsets
of X which contain a forms a base at a.

Proof. Since the if-part is clear, we shall prove the only-if part. We shall first show
that if X is a compact totally disconnected space, hence X is a member of 7, and
if C' denotes the intersection of all members of 7,, then C' = {a}. Otherwise C' is
not connected, hence it becomes a disjoint union of nonempty closed subsets F, F»
of C'. Since C is compact, they are also compact, hence closed in X. We may
assume that F; contains a. Since X is normal, F;, F5 are respectively contained in
some disjoint open subsets G1, G5 and the complement F' of their union is compact.
We shall include the possibility that F' is empty. Since C' and F' are disjoint and
since C' is the intersection of all members of 7,, which are compact, there exists a
finite intersection A of members of 7, such that A and F are disjoint. Then A is a
member of 7,, and it becomes the disjoint union of A; = ANG; for i = 1,2. We
observe that A;, As are compact open subsets of X and A; contains a, hence it
is a member of 7,. On the other hand A; and F5 are disjoint, hence A; does not
contain C. This is a contradiction.

We are ready to prove the lemma. We take any neighborhood U of a and show
that U contains a member of 7,. Since X is locally compact, we may assume that
U is compact. Since U is totally disconnected and a is not in the compact subset
OU = U\U, by the above result applied to U there exists a compact open subset A
of U which contains a such that A and OU are disjoint. Then A is contained in U
and it is a member of 7.

We shall prove one more lemma here; it is in A. Weil [56], p. 19 and also in
Pontrjagin [45], pp. 149-150.

97
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Lemma 7.1.2 Let G denote a locally compact group. Then G is totally discon-
nected if and only if the set of all compact open subgroups of G forms a base at its
unit element 1.

Proof. Since the if-part is clear, we shall again prove the only-if part. We take
any neighborhood U of 1. Then by Lemma 7.1.1 there exists a member A of 7y
contained in U. We introduce a subset B of G as

B={geG; gAC A}.

Then B contains 1 and, since A contains 1, B is contained in A. We shall show that
B is open. If g is arbitrary in B, then for every a in A, since A is a neighborhood
of ga, there exist neighborhoods V,, W, of g, a respectively such that V,W, is
contained in A. Since A is compact, we can cover A by a finite number of W, and
if V' is the intersection of the corresponding V,, then V is a neighborhood of g and
V' A is contained in A. This shows that V' is contained in B, hence B is open. We
shall show that B is also closed. If g is arbitrary in G\B, then ga is not in A for
some a in A. Since G\ A is a neighborhood of ga, there exists a neighborhood V' of
g such that Va is contained in G\ A. This shows that V is contained in G\ B, hence
G\ B is open, and hence B is closed.

We have thus shown that B is a closed and open subset of the compact open
subset A, hence B is compact open, and hence B! is also compact open. Therefore,
N = BN B~! is compact open, and N consists of all g in G satisfying gA = A.
Therefore, IV is also a subgroup of G contained in A, hence in U.

We shall now fix a locally compact totally disconnected space X and denote by
7 (X) the set of all compact open subsets of X in which we include the empty set (.
We observe that 7 (X) is closed under the taking of finite union and intersection,
and difference. A C-valued function ¢ on X is called locally constant if every
point of X has a neighborhood U such that the restriction ¢|U becomes a constant
function on U. A locally constant function is a counterpart of a C'*°-function and
it is clearly continuous. The set D(X) of all locally constant functions on X with
compact support forms a vector space over C. We observe that if A is a member of
7 (X), then its characteristic function x 4 is locally constant with A as its support.
Therefore, the C-span of the set of x4 for all A in 7(X) forms a subspace of D(X).
Actually, they coincide. In fact, if ¢ is in D(X), then the image I of X under ¢ is
a finite subset of C and

Y = Z aXc,a*%a)-

acl

We observe that p~1(a) for a # 0 in I is a member of 7(X) and Supp(y) is the
union of all such ¢~!(a). In particular, Supp(p) = {z € X; p(x) # 0} for every ¢
in D(X).

We take a finite subset F' of 7(X) and denote by D the C-span of the set
of characteristic functions of all members of F'. Then D(X) becomes the union or
rather the direct limit of Dp for all F', hence D(X) has the direct limit topology
defined as follows: Every finite dimensional vector space over C, in particular Dp
above, has the usual product topology of C. We define a subset of D(X) to be open
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if and only if its intersection with Dp is open in D for all F. Let D(X)’ denote the
topological dual of D(X) with the so-defined topology. Then, since every C-linear
function on D is continuous, we see that D(X)" coincides with the dual space of
D(X). In particular, D(X)’ is complete. We call elements of D(X)" distributions in
X.

We shall give another description of distributions in X. If T"is in D(X)’, for
every A in 7(X) we put T(A) = T'(xa). Then we get a C-valued simply additive
function T on 7 (X) in the sense that if A is a necessarily finite disjoint union of
A1, Ag, ... in T(X), then T(A) = T(A;1) + T(Az2) + .... Conversely, suppose that
T is such a function. Express an arbitrary ¢ in D(X) as a1x4, + @2xa, +... with
a1, s, ... in C, in which Ay, As, ... are disjoint members of 7 (X). Then we define
T(p) as anT(A1) + T (A2)+. ... We shall show that T'(¢) is well defined. Suppose
that BixmB, + B2xB, + ... is a similar expression of ¢, and put C;; = A; N B; for

all 7,j. Then we get
Y= Za’iXC’ij = ZﬂjXCU
4,J 4,J
with o = §; for Cj; # 0. Therefore, by the simple additivity of 7" we get

Z%T(Az’) = Zaz‘T(Cz‘j) = ZﬁjT(Czj) = ZﬂjT(Bj)-

Furthermore, if ¢, are arbitrary in D(X), by a similar argument as above we can
express o, ¥ as C-linear combinations of characteristic functions of the same set of
disjoint members of 7 (X). Then for any «, 8 in C we clearly have T'(ap + 0¢) =
aT(p) + BT (), hence T gives an element of D(X). We have thus shown that
distributions in X and simply additive functions on 7 (X) can be identified.

We shall discuss extensions and restrictions of distributions. We express X as
a disjoint union of nonempty open and closed subsets Y and F', respectively. Then
both Y and F' are locally compact totally disconnected spaces. Furthermore we
have an exact sequence of C-linear maps:

(%) 0—-DY)—DX)—D(F)—0.
In detail, if 1 is an element of D(Y), then the function ¥* defined as
XY =9,  X|F=0

is an element of D(X); and if ¢ is an element of D(X), then ¢|F is an element of
D(F). The point is that the above sequence defined by ¢ +— %X and ¢ — @|F
is exact. Clearly, D(Y) — D(X) is injective. Suppose that ¢ in D(X) has the
property that p|F = 0. Then Supp(yp) is contained in Y, hence ¢ = (p|Y)X.
This is the exactness at D(X). We shall show that D(X) — D(F) is surjective.
We have only to show that if Ay is an arbitrary member of 7 (F'), there exists a
member A of 7(X) satisfying xa|F = xa,, i.e., ANF = Ay. Since Ay is an open
subset of F', it can be expressed as an intersection of F' and an open subset U
of X. Take x arbitrarily from Ag. Then by Lemma 7.1.1 we can find a compact
neighborhood V,, of x contained in U. Since Aq is compact, it can be covered by a
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finite number of V,,. If we denote by A the union of such V,;, then A is in 7(X) and
Ay = AN F. Therefore, (x) is indeed an exact sequence. Since every subspace of a
vector space over a field has a supplement, i.e., another subspace so that the vector
space becomes their direct sum, by dualizing (x) we get a similar exact sequence.
We shall formulate it as a proposition.

Proposition 7.1.1 Let X denote a locally compact totally disconnected space and
express it as a disjoint union of nonempty open and closed subsets Y and F', re-
spectively. Then we have an exact sequence of C-linear maps:

0 — D(F) — D(X) — DY) — 0.

If Ty is any element of D(F)', its image T5< in D(X)' is defined as Ts: (¢) = To(¢|F)
for every ¢ in D(X), and if T is any element of D(X)', its image T|Y in D(Y) is
defined as (T|Y)(¢)) = T(¢X) for every ¢ in D(Y).

‘We might mention that Proposition 7.1.1 holds trivially if either Y or F' becomes
(. At any rate, we accept the fact that for every T in D(X)’, there exists the
largest open subset O(T') of X satisfying T|O(T) = 0 and define the support of T
as Supp(T") = X\O(T'). Then Proposition 7.1.1 implies the following corollary:

Corollary 7.1.1 If T is in D(X)" and T # 0, then there exists a unique Ty in
D(Supp(T))’ such that T = Tg*.

The existence of O(T) can be proved by a partition of unity, which is as follows:
Let C denote a compact subset of X which is covered by a family of open subsets
U, of X. Then there exists a finite set {A;; ¢ € I} of mutually disjoint members
A; of T(X) with each A; contained in some U, such that

Z XA; (.T) =1
i€l

for every x in C'. The proof is quite simple. At every x in C' we can find by Lemma
7.1.1 a compact neighborhood V, of x contained in some U,. Since C is compact,
it can be covered by a finite number of V, say W1, W5, .... We have only to put

Ai = WZ\(Wl U...u Wi—l)

for i = 1,2,.... We shall prove the existence of O(T"). Define O(T) as the union of
all open subsets Y of X such that T|Y = 0. We have only to show that T'(¢) =0
for every ¢ in D(X) with Supp(p) contained in O(T'). If we apply the partition of
unity to C' = Supp(y) and U, =Y above, then we get

p=> oxa, T(p)=> Tlpxa)=0

i€l i€l

because Supp(¢x4,) is contained in A;, hence in W;, and hence in some Y.
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7.2 The case of homogeneous spaces

We shall consider the case where a locally compact totally disconnected space X
is continuously acted upon by a locally compact totally disconnected group G. We
shall first show that Q(G) = Hom(G, C*) consists of all locally constant homomor-
phisms from G to C*. We have only to show that if p is any continuous homomor-
phism from G to C*, then p is locally constant. We choose a small neighborhood
of 1 in C* which does not contain any subgroup other than 1. We can, e.g., define
U as |a— 1] < 1. By Lemma 7.1.2 there exists a compact open subgroup H of G
such that p(H) is contained in U. By the choice of U we then have p(H) = 1. Since
p is a homomorphism, it takes the value p(g) on gH for every g in G.

After this remark we define the action of G on D(X) and D(X)’ in the usual
way, i.e., as

(g-9)@)=wlg z), (9-Te)=T(g " p)

for every g in G, x in X, and ¢, T respectively in D(X),D(X)’. We keep in mind
that g - x4 = xga for every g in G and A in 7 (X).

Lemma 7.2.1 Let T denote an element of D(X)' satisfying

g-T=plg)”'T

with p(g) in C* for every g in G and assume that T # 0. Then necessarily p is in
Q(Q).

Proof. Since p clearly gives a homomorphism from G to C*, it will be enough to
show that p|N = 1 for some open subgroup N of G. Since T # 0, we have T'(¢) # 0
for some @ in D(X), hence T'(x4) # 0 for some A # () in 7(X). As in the proof of
Lemma 7.1.2 we see that if B = {g € G; gA C A}, then N = BN B~! is an open
subgroup of G and gA = A, i.e., g- x4 = x4, for every g in N. This implies

p(9)T(xa) = (g7 T)(xa) =T(g- xa) = T(xa)

Since T'(x ) # 0, therefore, we get p(g) =1 for every g in N.

We shall review some basic theorems about Haar measures on locally compact
groups and homogeneous spaces. We shall do so only in the totally disconnected
case but with proof. A measure u on X is an element of D(X)’ satisfying u(A) =
w(xa) >0 for every A in 7(X). If ¢ is in D(X) we shall write

ue) = [ et = [ o) dua).

X

By definition we have

\ | @t

for every ¢ in D(X). In fact, if we express ¢ as >, a;xa, = a1X4, + @G2XA, + - -
with a1,as,... in C, in which Ay, As, ... are disjoint members of 7 (X), then

()| = 1> n(Adail <Y p(Ailail = p(lel) < p(Supp(p)) max{a;]}.

< / lo(@)lu(z) < u(Supp(©)) [ @lloc
X
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Therefore, if a sequence {¢;} in D(X) has the property that p(|¢; — ¢;|) — 0 as
i,j — 00, then {u(y;)} forms a Cauchy sequence in C. In that case we say that o,
converges to ® as i — oo and define its integral as the limit of u(¢;):

| 2@nta) = lin [ pionta).
X i—oo Jx
The above ® is symbolic, but it can be interpreted as an integrable function on X.
We shall not give further details to this well-known extension process of u except
for the following remark: If ¢ is a C-valued continuous function on X with compact
support, we can find a sequence {¢;} in D(X) with Supp(y;) contained in a fixed
member of 7 (X) satisfying ||¢; —¢|c — 0 as i — co. This implies [|¢; —¢j|loc — 0,
hence p(j¢; — ¢;]) — 0 as 4,5 — oo. In such a case we identify the above symbolic
® with .

We also mention that Fubini’s theorem is quite simple in the totally disconnected
case. If v is a measure on a space Y similar to X and A, B are respectively in 7 (X),
T7(Y) and if ¢ = x4 ® xB, 1., p(z,y) = xa(x)xs(y) for every (z,y) in X x Y,

then | ([ et e = [ ([ etamuta) v

because both sides are equal to u(A)v(B). If we accept the fact that D(X x Y)
is the C-span of the set of functions of the form y 4 ® x g, then the above formula
holds for every ¢ in D(X x Y). Now we have seen that D(X x Y') is the C-span of
the set of y¢ for all C'in 7(X x Y) and we observe that every such C' is a finite
union of its subsets of the form A x B. Therefore we have only to observe further

that any intersection of sets of the form A x B is of that form and that if A,..., A,
are subsets of any set, the characteristic function of their union is the sum of the
characteristic function of the intersection of A;,, ..., A; with the sign (—1)?~! for

all iy < ... <.

Now G continuously acts on G by left multiplication, i.e., as go - g = gog- A
Haar measure pg or simply p on G is a G-invariant measure different from 0. We
shall show that it exists and is unique up to a factor in R}. We observe that if
we have a finite number of members A, B, ... of 7(G), they can be expressed as
disjoint unions of cosets gIN by one compact open subgroup N of G. In fact, by
Lemma 7.1.2 and by the compactness of A, B, ... they can be expressed as finite
unions of g; N;, where every N, is a compact open subgroup of G. We can then take
as IV any compact open subgroup of G contained in all N;. After this remark, we
fix a compact open subgroup Ny of G, choose N for A and B = Ny, and put

w(A) = card(A/N) / card(No/N),

in which, e.g., card(A/N) denotes the number of distinct cosets gN in A. Then
u(A) is well defined, i.e., it is independent of the choice of N, and u(gA) = u(A)
for every g in G. Furthermore, p is a simply additive function on 7 (G). Therefore,
 is a Haar measure on G normalized as u(Ng) = 1. We observe that if T is any
G-invariant element of D(G)’, the above argument shows that T(A) = T(No)u(A)
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for every A in T7(G), i.e., T = T(Np)p, with T(Np) in C. If T is a Haar measure
on G, then T'(Np) is in RY.

If 1 is a Haar measure on G and g is in G, then p/(A) = p(Ag) also gives a Haar
measure on G, hence by the uniqueness we will have

w(Ag) = Ac(g) n(A)

with Ag(g) in RY independent of A. If we define a new continuous action of G on
G as go-g = ggo ', then we can write - = Ag(g)p. Therefore by Lemma 7.2.1 we
see that Ag, called the module of G, gives a locally constant homomorphism from
G to RY. We shall show that

WA = /A Aclg™) nlg)

for every A in 7(G). We express A as a disjoint union of ¢; N, in which N is a
compact open subgroup of G such that Ag|N = 1. Then A~! becomes the disjoint
union of Ng, ! hence

(AT = Zu(Ng{l) = ZAc(gfl) 1u(N)

Zi: giNAG(g‘l) N(Q)Z/AAG(g_l)u(g).

Since
X990 ") = Xag0(9),  xalg™h) = xa-1(9),

the above properties of p can also be expressed as

/ o(ags™) ulg) = D lgo) / o(9) lg),
G

G

/s@(g‘l)Ac(g‘l)u(g)Z/ o(g) n(g)
G G

for ¢ = x4, hence for every ¢ in D(G).

We take an arbitrary closed subgroup H of G, hence H need not be compact
or open, and consider the coset space G/H. Then p(g) = gH for every g in G
gives a surjection p : G — G/H. We call a subset of G/H open if its preimage
under p is open in G. The family of open subsets of G/H so defined is closed under
the taking of arbitrary union and finite intersection, hence it converts G/H into a
topological space. Furthermore p is open in the sense that it maps an open set to
an open set. If ¢t H # goH for some g1, g2 in G, then 1 is not in ngggl7 hence
G\nggQ_1 is a neighborhood of 1. By Lemma 7.1.2 there exists a compact open
subgroup N of G contained in G\ngggl. Then N and nggQ_1 are disjoint, hence
p(Ng1) and p(Ngs) are disjoint, and hence G/H is a Hausdorff space. Furthermore,
p(Ng) is a compact neighborhood of p(g) for every g in G and the set of p(Ng)
for all compact open subgroups N of G forms a base of p(g). We could have
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used gN instead of Ng above. At any rate we have shown that G/H is a locally
compact totally disconnected space. We observe that G continuously acts on G/H
as go - p(9) = p(gog). The action is transitive and p is equivariant.

Since H is a closed subgroup of G, it is also a locally compact totally discon-
nected group. Therefore H has a Haar measure pg. If ¢ is in D(G), then ¢(gh) as
a function of h is in D(H), hence

(o) (gH) = /H o(gh) p(h)

is defined for every g in G. In particular, if N is a compact open subgroup of G,
then for any go in G we can take x4,n as ¢, and we get

7(Xgon) (gH) = /H Xoon (gh) sz ().

If gh is in goN, then ¢ is in goNH. In that case, the RHS becomes pugy(H N N),
hence

T(XgonN) = pr(H N N)xgoNH-

This formula implies that 7 gives an equivariant C-linear surjection from D(G) to
D(G/H). In the following proposition Ex(p) denotes the vector space over C of all
T in D(X)' satisfying g - T = p(g)~'T for every g in G.

Proposition 7.2.1 Let G denote a locally compact totally disconnected group, H
a closed subgroup of G, and p an element of QUG). Then Eq/u(p) # 0 if and only
if

pAg|H = AH.
In that case dimc(Eq/a(p)) = 1 and Eq u(p) has a basis Ty defined by

Ty(n(p)) = / pl9)e(9)ulg)

G
for every ¢ in D(G).

Proof. This can be proved in the same way as the statement in italics on p. 45
in A. Weil [56]. Suppose that T' # 0 is in Eg/p(p) and define S in D(G)" as
S(¢) = T(m(p)) for every ¢ in D(G). Then S is in Eg(p) and S1(p) = S(p~ly)
defines an element S; of E¢(1). Since S; # 0 by T # 0, we have S; = cu for
some ¢ in C*, hence T(m(p)) = cu(pp). In particular, dimc(Eq/u(p)) = 1. If
we take hg arbitrarily from H and replace ¢(g) by ¢1(g9) = ¢(ghg "), then we get
7w(p1) = Ag(ho)m(¢), hence

T(n(p1)) = Am(ho)T(m(v)),  plpp1) = p(ho)Ac(ho)p(pep)-

This implies Ay (ho) = p(ho)Ag(ho), hence pAg|H = Ap.
We shall show that if pAg|H = Ap, then Ty (7(p)) = p(pp) gives a well-defined
element Ty of D(G/H)'. That will complete the proof because then Ty is in £/ 1 (p)-
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We have only to show therefore that 7(¢) = 0 implies p(pp) = 0. Now 7(p) =0
implies

/ o(gh™ ) Mgy (b V) agr (h) = / gh)paz (k) = 0
H H

for every ¢ in G. If we take any 6 from D(G), multiply (pf)(g) to the LHS of the
above equation and integrate over GG, then by using Fubini’s theorem we get

| 8] [ 0900 elah™) )}y 1n () =

in which

/ (p9)(g9) w(gh™") ulg) = Ag(h) / (p0)(gh) ©(g) u(g)-
G G

Therefore, by using Ag(h) = p(h)Ag(h) and Fubini’s theorem again we get

/G(pso)(g){/H(?(gh) uH(h)}u(g):o.

If we choose A from 7 (G) which contains Supp(yp), e.g., A = Supp(), and specialize
0 to any element of D(G) satisfying 7(0) = x am, then we finally get u(pp) = 0.

We shall prove another proposition for our later use. As we have remarked
in Chapter 5.1, if G is a compact group, then Hom(G,R) = 1, hence Q(G) =
Hom(G, CY). If further G is commutative, then elements of Q(G) are called char-
acters of G. We keep in mind that if G is a finite abelian group, then G is isomorphic
to a product of cyclic groups, hence (G) and G have the same order.

Proposition 7.2.2 Let G denote a compact totally disconnected abelian group and
ue its Haar measure normalized as pg(G) = 1; define an inner product (v, ¢’) of
every ¢, ¢ in D(G) as

(¢, ") :/Gso(g)z/)(g)ua(g),

in which ¥(g) is the complex conjugate of ¢'(g). Then Q(G) forms an orthonormal
basis for D(G), i.e., (x,x') =1 or 0 according as x = x' or x # X' for every x,x’
in Q(Q) and every ¢ in D(G) can be expressed as a finite sum

¥ = Z Cx X

XEQG)
with ¢, = (p, x) for every x in Q(G).

Proof. We shall first prove the orthonormality of Q(G). Since (x,x) = 1 is clear,
we shall show that (x,x’) = 0 for x # x’. Since the complex conjugate of x(g) is
x(g)™!, we have only to show that I = (x, 1) represents 0 for y # 1. Now x # 1
means x(go) # 1 for some gy in G. If we replace x(g) in the integral I by x(gog),
then the new integral is still I because p is a Haar measure and also equal to x(go)!
because x(g0g) = Xx(g0)x(g), hence I = 0. We shall show that Q(G) is complete,
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i.e., it spans D(G). Take ¢ arbitrarily from D(G). Since ¢ is locally constant, by
Lemma 7.1.2 for every g in G there exists a compact open subgroup Hy of G such
that ¢|gH, becomes a constant function on gH,. Since G is compact, it can be
covered by a finite number of gH,. Let H denote any compact open subgroup of G
contained in all such H,. Then ¢ becomes a C-valued function on the finite abelian
group G/H. We observe that the dimension over C of the vector space of all such
¢ is equal to the order of G/H, which is equal to the order of Q(G/H) considered
as a subgroup of Q(G). The orthonormality implies that elements of Q(G/H) are
linearly independent over C, hence they form a basis for the above vector space.
Therefore, ¢ can be expressed as a linear combination of elements of Q(G/H) with
coefficients as stated.

We might mention that in the notation of Proposition 7.2.2 we have the following
Plancherel formula:

Proposition 7.2.2 will be used mostly as

(x,1)=/Gx(g)uc(g)=0

for x # 1. We shall refer to this fact as the orthogonality of characters.

7.3 Structure of eigendistributions

We start with Baire’s theorem in general topology. We say that a locally compact
space X is countable at oo if X can be expressed as a union of countably many, i.e.,
at most countably many, compact subsets Fi, F», . ... The theorem then states that
at least one F; contains a nonempty open subset of X. For the sake of completeness
we shall give a proof in the case where X is totally disconnected. Suppose otherwise
and choose A1 # @) from 7 (X). Assume by induction that A; D ... D A; has been
chosen from 7 (X) such that A; # () and A; is disjoint from F,... , F;_; for some
i > 1. Since A;\F; is nonempty and open by assumption, by Lemma 7.1.1 it contains
Ait1 # 0 in T(X). Then A;1, is disjoint from Fi, ... , F;. Therefore, the induction
is complete. If now A, denotes the intersection of all A;, then A, is nonempty
and it is disjoint from F; for all ¢, hence with their union, which is X. We thus have
a contradiction.

We shall next recall a theorem of L. S. Pontrjagin. Let G denote a locally
compact group acting continuously and transitively on a locally compact space X;
let £ denote any point of X and H the fixer of £ in G. Then H is a closed subgroup
of G and the continuous map f : G — X defined by f(g) = g€ gives rise to an
equivariant continuous bijection fy : G/H — X. The theorem states that if G
is countable at oo, then fy is bicontinuous. We shall again give a proof in the
case where G and X are totally disconnected. We have only to show that fj, or,
equivalently, f is an open map. Namely if U is any nonempty open subset of G, then
f(U) is open in X. An arbitrary point of f(U) can be written as f(g) = g€ for some
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g in U. Since g~'U is a neighborhood of 1 = 1711, by Lemma 7.1.2 we can find a
compact open subgroup N of G such that N~'N is contained in g~ 'U. Since G is
countable at co by assumption, there exists a countable subset {g;; ¢ € I} of G such
that G becomes the union of g; N, hence X becomes the union of f(g;N) = g; f(N),
for all 4 in I. Since the action of G on X is bicontinuous, every g; f(N) is compact,
hence X is countable at co, and hence by Baire’s theorem g; f(N) for some ¢ contains
a nonempty open subset of X. Then f(N) itself contains a nonempty open subset
say V of X. Take any point of V' and express it as f(go) = go& for some gg in N.
Then W = gg(;lV becomes a neighborhood of g¢ = f(g) in X and by definition

W C ggo ' f(N) Cgflgy'N) Cgf(g'U) = f(U).

Therefore, f(U) is open in X.
We have separated, for the sake of clarity, the following lemma from the next
theorem; the proof will be given only in the totally disconnected case.

Lemma 7.3.1 Let G denote a locally compact group acting continuously on a lo-
cally compact space X ; assume that G is countable at 0o and the number of G-orbits
in X is countable. Then there exists an open orbit, i.e., a G-orbit which is open
in X. Furthermore for every & in X the G-orbit G is the unique open orbit in its
closure in X and if H is the fizer of € in G, then G/H is bicontinuous to GE under

gH — g&.

Proof. If N is any compact open subgroup of G, since G is countable at oo by
assumption, there exists a countable subset {g;; i € I} of G such that G becomes
the union of g; N for all 7 in I. Also by assumption, we can choose a countable set
of representatives {{;; j € J} of all G-orbits in X. Then X becomes the union of
countably many compact subsets g;N¢; for all ¢, j. Therefore, by Baire’s theorem
g:IN§; for some i, j contains a nonempty open subset of X. This implies that N¢;
contains a nonempty open subset say V of X. Then G¢; for that j becomes the
union of gV for all g in G, hence G¢; is an open orbit. If for any £ in X we put
Y = G¢, then G acts on the closure Y of Y in X. Since Y is locally compact and
the number of G-orbits in Y is countable, we can apply the above observation to
Y instead of X. We see that Y contains an open orbit say Yy. If Y # Y, then
they are disjoint, hence Y is contained in Y'\Yp. Since Yp is open in Y, Y'\Yj is
closed in Y, hence in X, and hence Y is contained in Y\YO. This is a contradiction.
Therefore Y is the unique open orbit in Y. The last part of the lemma follows from
Pontrjagin’s theorem.

We also make the following remark. Let G denote a locally compact totally
disconnected group acting continuously on a locally compact totally disconnected
space X. Then for every g in G, ¢ in D(X), and T in D(X)’, we have

Supp(g - ¢) = g - Supp(y), Supp(g - T') = g - Supp(T).

Therefore, if T' is in Ex(p) for some p in Q(G), then Supp(T') is G-invariant. If now
X is a disjoint union of closed and open subsets F' and Y, respectively, and if they
are G-invariant, then the C-linear maps in the dual exact sequences

0—-DY)—-DX)—DF)—0, 0—D(F) -DX) DY) -0
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are all equivariant. For instance, if g is in G and Ty, T are respectively in D(F)’,
D(X)', then

(9-To)* =g-T5".  (9-D|Y =g-(T]Y).
The verifications are all straightforward. In particular, T5* is in Ex(p) if and only
if Ty is in Ep(p), and T|Y is in Ey (p) if T is in Ex (p).

Theorem 7.3.1 Suppose that G is a locally compact totally disconnected group
which is countable at oo and that it acts continuously with countably many orbits
on a locally compact totally disconnected space X; suppose further that T is in
Ex(p), i.e., T is an element of D(X)' satisfying g-T = p(g) T for every g in G,
and T # 0. Put F =Supp(T) and write T = Ts< for a unique Ty in D(F)'; choose
& from any open orbit in F' and denote by H the fizer of & in G. Then Ty is in
Er(p), hence Ty|GE is in Ege(p), and To|GE # 0. Therefore

Eae(p) = C(Ty|GE), pAc|H = Ay.

Furthermore, if ug, pg denote Haar measures on G, H and 7 the C-linear surjec-
tion from D(QG) to D(GE) defined by

(m(9))(g€) = /H ogh) s (h),

then

(Ty|GE)(n(p)) = c- /G p(9)¢(9) 1ne(9)

for every ¢ in D(G) with ¢ in C* independent of .

Proof. In view of Lemma 7.3.1, the above remark, and Proposition 7.2.1, we have
only to show that To|GE # 0. Suppose that Tp|G¢ = 0 and choose an open subset
U of X satisfying UNF = G§. If we put V.= U UO(T), then V is open in X.
Furthermore, if ¢ is in D(X) with Supp(y) contained in V, then

Supp(go|F) CVNF=UNF = G¢,

hence T(¢) = Tg¥ (p) = To(¢|F) = 0 by the assumption that Tp|GE = 0. Therefore,
T|V =0, hence V is contained in O(T'), and hence U is contained in O(T). This
implies that G¢ is empty, which is a contradiction.

We might mention that we have been motivated by A. Weil [58], Chapter 3,
Lemma 16. An example of locally compact totally disconnected spaces which are
not countable at oo is R but with discrete topology. We keep in mind that every
locally compact space which is separable, i.e., has a countable base of open sets, is
countable at co. We also keep in mind that the condition pAg|H = Ap will never
be satisfied if p|H is not R’ -valued.

7.4 Integration on p-adic manifolds

We take a complete field K with respect to a non-archimedean absolute value | - .
We have already used such a field in Chapter 2.2. In the same notation as at that
place we impose the following condition:
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AV 4. The factor ring Ok /mOk is a finite field F, with ¢ elements.
We call such a K a p-adic field and normalize | - | once and for all as

Il =q "
We observe that if we choose a subset R of O which is mapped bijectively to F,
under O — Ok /mOk, then K becomes the set of all series of the form

a= E aiWZ:Wk(ak+ak+17T+...)
i>k

with ag,ak41,... in R for some k in Z depending on a. In particular, Ok is the
set of all a above for & = 0, hence Ok becomes bijective to the product R* under
the correspondence a +— (ag,a1,...). We recall that K is a topological field and
7O for all i in N form a base at 0. Therefore, if R> is equipped with the product
topology, then the bijection O — R> becomes bicontinuous, hence O is compact
by Tychonoff’s theorem. We could have said that O is the inverse limit of the
sequence of finite rings O /7Ok, O /7?Of . .., hence O is a compact ring. At
any rate, since 'O are compact open subgroups of the additive group K for all i
in Z with K as their union, we see that K is a locally compact totally disconnected
group which is countable at co. This implies that K™ is also such a group. We shall
normalize its Haar measure as p(O%) = 1 and denote it sometimes by u,, and also
by dx. We observe that every K-analytic manifold X for such a K or simply a p-
adic manifold is locally compact and totally disconnected. In the following we shall
explain the process of associating a measure to any K-analytic differential form on
X of the highest degree. We shall start with an elementary divisor theorem.

We denote by GL,,(Ok) the subgroup of GL,,(K) consisting of all g in M, (Ox)
with det(g) in Oj. If we denote by 1,, the unit element of GL,(K), then 1, +
7M,(Ok) is a compact open normal subgroup of GL,(Ok) with a finite factor
group. Therefore, GL, (Ok) is a compact open subgroup of GL,,(K). Furthermore,
it contains all permutation matrices, i.e., matrices of determinant 1 with each row
containing 1 once and having 0 for the remaining n — 1 entries.

Lemma 7.4.1 Every element a of M, ,,(K) can be expressed as a = gdg’, in which
9,9 are respectively in GL,,(Ok), GL,(Ok) and d is a diagonal matriz, i.e., the
(i,7)-entries are 0 for all i # j, such that its diagonal entries are powers of © with
increasing exponents in 7' U oo and with the understanding that > = 0.

Proof. After replacing a by !a if necessary, we may assume that m > m. Since
we can take d = 0 if a = 0, we shall assume that a # 0. If 7°u is an entry of
a with w in OF and with the smallest e, then after replacing a by (7°u)'a and
multiplying 7°u later, we may assume that a is in M,, ,(Ok) with 1 as one of its
entries. After multiplying permutation matrices from both sides, we may further
assume that a has 1 as its (1,1)-entry. We express a by its entry matrices a;; =1
and 1 x (n—1), (m—1)x1, (m—1)x (n—1) matrices a2, as1, age. If we denote
by g1 the element of GL,,(Ok) with 1, 0, as1, 1,,—1 as its entry matrices and by
g the element of GL, (Of) with 1, aja, 0, 1,_1 as its entry matrices, then we will
have

!
a = g1a19;,
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in which the entry matrices of a; are 1, 0, 0, a* with a* = ass — as1a12. We have
tacitly assumed that n > 1. If n = 1, then we simply have gj = 1. At any rate, by
using elements of GL,,(Ok ), GL, (Og) with entry matrices of the form 1, 0, 0, g*
with g* respectively in GL;,_1(Ok), GL,_1(Ok) we can simplify a* in the same
way as above, i.e., by an induction on n.

Lemma 7.4.2 We have

pn(gA) = [det(g)|x pn(A)
for every g in GL,(K) and A in T(K™).

Proof. We shall use general observations in section 7.2, especially Lemma 7.2.1. If
we let GL,,(K) act on K™ by matrix-multiplication, then we will have

97t =p(9) bny L, pa(gA) = p(g) pin(A)
for every g in GL,,(K) and A in 7 (K™) with p in Hom(GL,,(K),R). If we write
g = vdy' with v, 4/ in GL,,(Og) by Lemma 7.4.1, since p|GL,(Og) = 1 by the
compactness of GL,(Og), we get p(g) = p(d). We similarly have |det(g)|x =
|det(d)| k. If w¢t, ..., w°" are the diagonal entries of d, we choose e from N such
that e + e; > 0 for all 4. Then, by using card(Og /7°Ok) = ¢° = |7°| ", we get

p(d) = 1y, (dOY%) = card(dOy /7°dO%) / card(O% /n°dO%)
= I =1k = |det(d)|x,

1<i<n
hence p(g) = | det(g)|x-

In the following lemma an SRP in x1,...,x, is, as we have deﬁn_ed in Chapter
2.2, an element of K[[z1,... ,2,]] with the coefficient ¢; of % in 7l!I=1O for all
i # 0 in N™ and ¢y = 0.

Lemma 7.4.3 (i) Suppose that f(z) in Ok[[z1,... ,xy,]] is convergent at some a

in O and e > 0 is in N. Then
g(z) =7"(f(a+n"z) - f(a))

is an SRP in x1,... ,xn. (4) If every fi(x) in f(x) = (fi(x),..., fu(x)) is an SRP
mTy,...,T, and

Of1y-- s fu)/O0(x1,... ;2y) Z0 mod T,

then the bicontinuous map from O to itself defined by y = f(x) is measure pre-
serving.

Proof of (i). By assumption f(x) =" ¢;z* with ¢; in O for all i in N", hence

fla+m®z) = f(a)+ Y di(z°x)’
\

i|>1
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with d; in O, and hence
o) = Y Pt
li|>1
in which k; = e(|i| — 1) > |i| — 1 for all ¢ # 0. Therefore, g(x) is an SRP in
L1ye.- yTp-
Proof of (ii). We have only to show that the image of a + 7°O% under y = f(x)
is f(a) + m°O% for every a in O% and e > 0 in N because then

pin(f(a) + 70K ) = pn(7°Of ) = pim(a + 7O ),

hence y = f(x) is measure preserving. We know by Corollary 2.2.1 that the inverse
of y = f(x) has a similar form as y = f(x). Therefore, we have only to show
that f(a + 7°b) is contained in f(a) + 7¢O for every b in OF%. If we put g(z) =
7= ¢(f(a + w°z) — f(a)), then the entries of g(z) are all SRP’s in zy,...,x, by
(1), hence they are convergent at every b in O%. Therefore, g(b) is in O%, hence
fla+m°b) isin f(a) + m°O% for every b in OF%.

We are ready to prove a change of variable formula in the p-adic case. The
formula is identical to the well-known formula in the archimedean case.

Proposition 7.4.1 If every fi(z) in f(z) = (fi(z),..., fu(z)) is K-analytic
around some point a of K™ and

O(f1s--o s fn)/0(x1,. .. yxn)(a) #0

so that y = f(x) gives a K-bianalytic map from a neighborhood U of a to a neigh-
borhood V' of b = f(a), then

dy = |a(f17 7fn)/a(x17 7$n)‘K dx

with the understanding that dr = p,|U and dy = pu,|V.

Proof. We first observe that if the formula is valid on some small neighborhood
of every point of U, then it is valid on U. Therefore, in proving the formula we
can make U smaller if necessary. Also if the formula is valid for y = f(x) and for
a similar map z = g(y), then by the chain rule of the jacobian it is valid for the
composite map z = g(f(z)). Now the formula is valid for y = gz + a, in which ¢ is
in GL,,(K) and a is in K™, this by Lemma 7.4.2 and by the fact that y, is a Haar
measure on K™. Also the formula is valid by Lemma 7.4.3 if every f;(z) is an SRP
in z1,...,x, of the form
fi(z) = z; + Z cijr’

l71>2

for 1 <4 < n. Therefore, in the general case we may assume that f;(x) is of the
above form with ¢;; in K for all 4, 5. Since every f;(x) is a convergent power series
by assumption, there exists ep in N such that ;7! tends to 0 as [j| — oo for
1 <7 <n. Then there exists e; in N such that

, .
Cij = 7]'61 . cijﬂ-e()lj‘
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is in Ok for all ¢, 5. If we choose e > 2eg + €7 + 1 from N and put

gi(z) =7 °fi(r°x) = 2; + Z cij' @,
[71>2

we will have
Cz‘j” _ ﬂ-kj 'le‘_lcij/,
in which
kj=(e—eo—1)(|j] —1) —eo —e1 > (eo +e1)(]j| —2) > 0

for all |j| > 2. Therefore, as we have remarked, the formula is valid for x — g(x) =
(91(x),... ,gn(z)). Since y = f(x) is the composition of x — 7~ %z, z — g(x), = —
ez, the formula is valid for y = f(x).

After the above preparation, suppose that we have an n-dimensional p-adic
manifold X defined by an atlas {(U, ¢r)} and a K-analytic differential form « of
degree n on X; put ¢y(x) = (x1,...,2,) for every x in U. Then «o|U has an
expression of the form

a(z) = fu(z) deg A -+ ANdzy,

in which fy is a K-analytic function on U. If A is any member of 7 (X) small
enough to be contained in U, then we define its measure p,(A) as

ho(4) = /A Fo @)l (0 (@)
> g {ou(fi (7905 N A)}.

e€cZ

We observe that the above series is convergent because fy(A) is a compact subset
of K, hence a subset of 77°Qf for some large ey in N, and then the summation
is restricted as e > —eg. The point is that if (U’, ¢y) is another chart and if A is
also contained in U’, then we will have the same p,(A) relative to that chart. In
fact, if oy (x) = (21, ... ,x,"), then

for(x) Oz, ... 2) )0z, . s 20) = fula),

pn(pur (@) = 10(z1, ... 20") 021, an) |k pn(Pu (@)
for every x in U NU’, the first by definition and the second by Proposition 7.4.1.
Therefore, we indeed have

/ (@) pin (o () = / o @)k 1m (00 ().
A A

If now A is arbitrary in 7 (X), we first express A as a disjoint union of small
Ay, Ag, ... in T(X) such that every A; is contained in some U above depending
on i, and then define pq(A) as pa(A) = pa(A1) + pa(A42) + .... In this way we
get a well-defined measure p, on X, i.e., a simply additive function p, on 7(X)
such that 1o (A) > 0 for every A in 7(X). The measure p, is also denoted by dpa,
|a|k, ete. At any rate, by the general procedure explained in sections 7.1 and 7.2
the integral of any ¢ in D(X) by 4 is also defined.
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7.5 Serre’s theorem on compact p-adic manifolds

We shall explain a theorem of J.-P. Serre [52] which describes the structure of an ar-
bitrary compact p-adic manifold by its invariant. The proof is by p-adic integration
and short, and yet the result is very remarkable. We shall start with the following
lemma:

Lemma 7.5.1 Let K denote a p-adic field and X any compact n-dimensional K -
analytic manifold for n > 0. Then X is K-bianalytic to the disjoint union r - O%
of r copies of OF for some 0 <r < q.

Proof. We take an atlas {(U, ¢y)} on X. We may assume that every U is a compact
open subset of X. Since X is compact by assumption, it is covered by a finite number
of U’s, say Uy, Us,.... After replacing Uy, Us, Us, ... by Uy, U2\Uy, Us\(Uy U
Us), ..., we may assume that they are disjoint. We know that each ¢y (U) for
U =U,, Us, ... is a disjoint union of a finite number of subsets of K™ of the form
a + 0% for some a in K™ and e in Z. We observe that O} is K-bianalytic to
a+ 0% under  — y = a + m°x. Therefore, X is K-bianalytic to r - O} for some
r > 0in N. If now {c1,ca,...,¢,} is a subset of Ok which is mapped bijectively
to F, under ¢ — ¢ mod =, then Ok becomes the disjoint union of ¢; + 7O for
1 <7 < q. Therefore, Ok is K-bianalytic to ¢ - Ok, hence Of% = O’;{l x O 18
K-bianalytic to ¢ - O% for every n > 0. If we write the above r as r = (¢ — 1)i + 19
with ¢ in N and 0 < 79 < ¢, then by an induction on ¢ we see that X is K-bianalytic

to rg - O%.
If X is any n-dimensional K-analytic manifold and « is a K-analytic differential
form on X of degree n, then for any chart (U, ¢y) on X with ¢y (x) = (z1,... ,2,)

we can write
alz) = fu(z) deg A+ Nday,

in which fy is a K-analytic function on U. We say that « is a gauge form on X if fy
is K*-valued for every U. We are ready to state and prove the following theorem
of Serre.

Theorem 7.5.1 Suppose that K is a p-adic field, n > 0, and X is a compact n-
dimensional K -analytic manifold. Then X possesses a gauge form o and po(X) is
of the form N/q™ for some N, m in N with N > 0. If we define 0 < i(X) < q in
N as

o (X)=4(X) modg-—1,

i€, as fo(X) —i(X) in (¢ — 1) Z[1/q], then i(X) depends only on X and X is
K -bianalytic to i(X) - O%. Furthermore, X is K-bianalytic to another compact
n-dimensional K -analytic manifold Y if and only if i(X) = i(Y).

Proof. If X,Y are n-dimensional K-analytic manifolds and f : X — Y is a K-
bianalytic map, and further if ¥ has a gauge form (3, then clearly o = f*(f) is a
gauge form on X. Furthermore, if X,Y are compact, then po(X) = pg(Y). We
know by Lemma 7.5.1 that X is K-bianalytic to r - O} for some 0 < r < q. If we
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take Y = r-O% and define 3 on each O% as dxq A--- Adx, so that g = py, in our
notation, then g is a gauge form on Y, hence a = f*(f) is a gauge form on X, and

pa(X) = pp(r-Of) =7 un(Of) =1

If now «, @’ are any two gauge forms on X, then we can find an atlas {(U, ¢y)} on
X with ¢y (z) = (x1,... ,z,) such that

alz) = fu(z) dzy A+ A day, o (z) = fl;(z) dey A+ Aday,

in which fy, f{; are K*-valued K-analytic functions on U. Since ¢” is a discrete
subset of R, by subdividing U if necessary we may assume that

e

fo@lx =g, 1f5@)lk =g

for all 2 in U, in which e, e/ are in Z and independent of 2. We may, as before,

assume that the U’s above are disjoint, hence finite. We then have

Ha(X) =3 v - (0w (V) p1a(X) = prar (X) = D (a0 = ¢ )pin (60 (V)),
U

U

in which 1, (¢ (U)) is a finite sum of elements of ¢Z. Therefore, i, (X) = N/q™ as
stated in the theorem and pq(X) = pos (X) mod ¢ — 1. We have only to put these
together.

7.6 Integration over the fibers

Let X, Y denote K-analytic manifolds which are respectively of dimensions n,m
and f: X — Y a K-analytic map; let a denote an arbitrary point of X and put
b= f(a). Then f gives rise to a K-linear map f* : Q,(Y) — Q,(X) and its dual
map T, (X) — Tp(Y). We say that f is submersive if T,(X) — T(Y) is surjective,
e, Q(Y) — Qq(X) is injective, for every a. This clearly implies that n > m. We
shall express the above condition in terms of local coordinates on X,Y. We choose
charts (U, ¢u), (V,v¥y) on X, Y, respectively such that f(U) is contained in V,
and we put ¢y (z) = (x1,...,2,), Yv(y) = (y1,..- ,Ym). We shall examine the
condition that f|U : U — V is submersive. We have

Frdy) = d(yio f) = Y (yio f)/dx;) du;

1<j<n

for 1 <i < m. We denote by J, the jacobian matrix with dy;/0z; = d(y; o f)/0z;
as its (i,j)-entry for 1 < i < m, 1 < j < n. Then f|U is submersive if and only
if the m rows of J, are linearly independent, i.e., rank(J,) = m, for every z in

U. In that case, after a permutation of z,...,x, and by making U smaller if
necessary, we may assume that the first m columns of J, are linearly independent.
Then by the implicit function theorem yy o f,... ,ym o f, Tmy1,... , 2, form local

coordinates on X at every point of U. Therefore, we may replace x; by y; o f for
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1 <4 < m possibly after making U still smaller. This implies that every submersive
map is open. Furthermore, it gives a simple description of the fiber X, = f~1(b)
of f over an arbitrary point b of Y. In fact, if b is not in f(X), then X, = 0.
If b = f(a) for some a in X, we may assume that a is in the above U. If we put
Yy (b) = (b1,... ,by), then X;NU is defined by z;—b; = 0 for 1 < ¢ < m. Therefore,
if we put p =n — m, then X, becomes a closed p-dimensional submanifold of X.

Now let @ denote a K-analytic differential form of degree n on X and [ a gauge
form on Y. Then, in the above notation, we can write

a(z) = A(x) dry A+ Aday, B(y) = B(y) dyi A+ A dym,

in which A, B are K-analytic functions respectively on U,V and B is K*-valued.
If we take a K-analytic differential form - of degree p on U, then it can be written
as

V(@) =Y Ciyiy (x) dag, Ao Ny,

in which Cy, ;, for every 1 < iy < ... < i, < n is a K-analytic function on U.
Furthermore, ~ satisfies the condition

a= f"(B) Ny
on U if and only if A = (Bo f)Cpyt1,.. » on U, and then
V(X NU) = (A/(Bo f)) dTmir A+ Adayn|(X, N U)

for b = f(a). We observe that the LHS does not depend on the local expressions of
«, f and the RHS is independent of v. Therefore, the restriction of v to X}, depends
only on «, 3, hence it gives rise to a K-analytic differential form 6, of degree p on
the whole X} with the above local expression. We take a variable point y of Y and
define 0, on X, as above if X, # () and 6, = 0 otherwise. We shall write

Oy = (/[ (B))y = a/ [*(B) = a/P.

We remark that if a is a gauge form on X, then 6, = /3 is a gauge form on X,
for every y in Y.

Theorem 7.6.1 Let X,Y denote p-adic manifolds, f: X — Y a submersive map,
and a, B8 gauge forms on X,Y respectively. Then for every ¢ in D(X) the C-valued
function F, on'Y defined by

is in D(Y) and
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Proof. Since F,, and both sides of the integration-formula to be proved depend C-
linearly on ¢, we may assume that ¢ = yw for some W in 7 (X). By subdividing W
if necessary, we may further assume that W is arbitrarily small. Therefore, we shall
assume from the beginning that W is contained in the U for a chart (U, ¢y) on X
which we have used to define /8 and ¢y (W) = a+7°O% for some a = (ay,... ,a,)
in K™ and e in N. We recall that

a(z) = A(x) dovy A -+ Aday, B(y) = B(y) dyr A+ A dym,

and z; = y; 0 f for 1 <i <m. We put 2’ = (x1,... ,2m), 2’ = (Tmt1,--- ,Tn)

and similarly o’ = (a1,...,am), @’ = (@my1,-..,a,). We shall, for the sake of
simplicity, use the same notation for z and ¢y (z) and also for y and z’, hence
W =a+7¢0%. We put W =d + 7¢O, W" = a" + n°Of,, where p = n — m.
Since «, 8 are gauge forms, we have A(a) # 0, B(a’) # 0 and we may assume that
|A(z)|xk = |A(a)|x, |By)|x = |B(a’)|k for every z,y respectively in W, W’. Then
F,(y) =0if y is not in W’ and

Fol) = [ 1AG@)/BE)k apla”) = |4(0)/B) i (W)

if y = 2’ is in W'. Therefore, F,, = F,(a') xw-, hence F, is in D(Y’). Furthermore,
the formula to be proved becomes

[Aa)lx pn(W) = [A(a)/B(a) |k pp(W") - |B(a)|k pm (W),

which is a trivial identity.

Remark. In Theorem 7.6.1 the assumption that « is a gauge form on X is not
really necessary. If we drop that assumption, then F, need not be in D(Y), but it
is a C-valued continuous function on Y with compact support, and the integration-
formula holds. In fact, it holds for every C-valued continuous function ¢ on X with
compact support. This can easily be proved by using the fact already mentioned
in section 7.2 that such a function is the uniform limit of a sequence in D(X) with
support of each term contained in a fixed compact subset of X.

We shall explain, for our later use, a special case of 6, = a/3. We take any
element f(z) of K[zy,...,2,]\K and denote by C} the critical set of the K-
analytic map f : K™ — K defined by f(z). We assume that C; # K", put
X = K"\Cy, Y = K, hence m = 1, and denote the restriction of f to X also
by f. Then the K-analytic map f : X — Y is clearly submersive. Furthermore,
dxy A--- ANdx, is a gauge form on K™, hence its restriction a to X is a gauge form
on X. If we denote the coordinate on Y by y, then § = dy is a gauge form on Y.
We shall show that if a is any point of X, hence (0f/dz;)(a) # 0 for some 4, and if
U, is the open subset of X defined by 9f/0z; # 0, then 6,|(X, NU;) is given by

(—1)2-71 d$1 A A dl‘i_l A\ d$i+1 VANCERWAN dﬂin / (8f/8a:z)|(Xb n Uz)
for b = f(a). In fact, if for every = in U; we put
Y(z) = (-1)"""dxy A Adziog Adaigr A Aday, [ (OF /0x),

then v is a K-analytic differential form of degree p = n — 1 on U; satisfying o =
f*(B) A~ on U;. This implies the above assertion.



https://doi.org/10.1090/amsip/014/08

Chapter 8

Local zeta functions
(p-adic case)

8.1 Selfduality of K and some lemmas

Some arithmetic properties of p-adic fields were proved elementarily before the
thesis of J. Tate [55] of 1950. He applied the fruitful method of Haar integration
uniformly to all completions of an algebraic number field and to its adele groups.
In an unpublished paper K. Iwasawa independently applied the same method to
the idele group. Both authors had the same objective, i.e., to give a transparent
proof to the functional equation of Hecke’s zeta function. In the following we shall
explain some of Tate’s results.

If G is a locally compact abelian group, then the group G* = Hom(G,CY)
is called the dual group or simply the dual of G. If G — G’ is a continuous
homomorphism from G to a similar group G ’, then we have the dual homomorphism
(G')* — G*. If g, g* are elements of G, G* respectively, then g*(g) will sometimes
be denoted by (g, g*). We shall denote by K a p-adic field as before and prove the
selfduality of K in the following form:

Proposition 8.1.1 There exists an element ¥ of the dual K* of K satisfying
ok =1, vl 0k £1.

Furthermore if for every a in K we define an element v, of K* as ¥q(x) = ¢¥(ax),
then 0(a) = 1, gives an isomorphism 6 : K — K*.

Proof. We shall first prove the existence of 1. If G is a finite abelian group, then
as we have already explained G, G* have the same order. Therefore, if H is a
subgroup of G, then the injective homomorphism G*/(G/H)* — H* defined by
g* — ¢g*|H is surjective because they have the same order. In particular, if we put
G. = 17 °Ok /Ok, the homomorphism G}, ; — G dual to the inclusion Ge — Geyq
is surjective for every e in N. Therefore, if x; # 1 is given in GF, we can find x.
in G} satisfying Xe4+1|Ge = xe for every e > 0 in N. If now a is arbitrary in K
and @ is its image in K/Og, then a is contained in G, for all large e. We observe
that ¥(a) = x.(a) is independent of e and defines an element 1 of K* satisfying
$|Ox =1 and |7 10k # 1.

117
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We shall next show that § : K — K*, defined as 6(a)(z) = ¢ (ax), is an iso-
morphism. If we let K* act on K, K* as ag - a = aga, (ag - a*)(x) = a*(apz),
then 6 becomes equivariant. If §(a) = 1 for some @ in K, then aK is contained in
Ker(1), hence a = 0. Therefore, 6 is injective. We shall show that 6 is surjective,
i.e., every a* in K* is in Im(#). We know by a general remark in Chapter 7.2 that
a* is locally constant, hence a*|7¢Ok = 1, ie., 7€ - a*|Og = 1, for some e in N.
Since Im(0) is K *-invariant, we may assume from the beginning that a*|Ox = 1.
Then a*|G. = a} is defined for every e in N. On the other hand 6 gives rise to an
injective homomorphism Ok /7¢O — G%, which is surjective because they have
the same order. Therefore, we get a sequence {a.} in Ok, where each a. is unique
mod 7¢, such that (a.)|G. = a} for every e in N. Since a}_ |G = a} by definition,
we have a.11 = a, mod 7° for every e. Therefore {a,} is a Cauchy sequence in Ok,
hence it has a limit a in Ok and a*|G. = 6(a)|G. for all e, and hence a* = 0(a).

We might remark that in the special case where K = Q, an element such
as 1 in Proposition 8.1.1 can be explicitly defined. We observe that if a is in
Qp, then the coset a + Z, can be represented by an element (a) of Z[1/p] unique
mod Z and ey(a) = e((a)) defines an element e, of Q; satisfying e,|Z, = 1 and
ep(1/p) = e(1/p), hence e,|p~'Z, # 1.

We observe that U = O is a totally disconnected compact abelian group.
Therefore, again by a general remark in Chapter 7.2, if x is any element of Q(U) =
U*, then we will have x|(1 + 7¢Ok ) = 1 for some e > 0 in N. We shall denote by
e(x) = e(x 1) the smallest e as above. In the following lemma, since dz/|z|x is a
Haar measure on K *, its restriction du to the open subgroup U of K* is a Haar
measure on U.

Lemma 8.1.1 If we put

o) = /U $(r=COu)y(w) " du,

then g(1) = —q~* and

for every x # 1 in U*.

Proof. Suppose first that x = 1, hence e(x) = 1. Then by expressing U as O \1Ox
and using the orthogonality of characters, we get g(1) = —¢~'. Suppose next that
X # 1 and, for the sake of simplicity, put e = e(x). Then, since |g(x)|? is the
product of g(x) and its complex conjugate, we get

900F = [ { [ vt onxuto) au} av

If we replace u by uv in the integral by du and change the order of integration, then
we get

RHS = /Ux(u)_l{/Uz/J(ﬂ_c(u— 1)v) dv} du.
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Therefore, similarly to the previous case, we have
s00P =[x { [ vt 1)) do}
U Ok
—q ! / X(u)_l{ (7= (u — 1)v) dv} du
U Ok
= q° —qfl-/ x(u)™ du,

in which U’ = U N (1 + 7" *Og). We have only to show that the above integral I
over U is 0. If e = 1, hence U’ = U, then I = 0 by the orthogonality of characters
of U. If e > 1, hence U’ =1 + 71Ok, then

I=gqg°t! / x(1 4 7€ 12) " tda.
Ok

Since 2(e —1) > e by e > 1,  — x(1 + 7° 'z)~! is a character of O different
from 1, hence I = 0 by the orthogonality of characters of Og.
Lemma 8.1.2 Ife > 0 is in N, then

bru) = (1—q )7 Y gh0x(u)

e(x)=e

for every u in U = Of.

Proof. Since u — (7~ “u) gives a function on U/(1 4+ 7°Ok), by Proposition 7.2.2
and the Plancherel formula we get

(" u) = Z exx(u), 1= Z lex .
e(x)<e e(x)<e

If e(x) = e, then we have

9(x) = /UT/J(W_CU)X(M)_1 du=(1-q "ey.

Since e(x) > 0, therefore, the formula holds for e = 1. Suppose that e > 1. Then
we have

card{x; e(x) = e} = card{U/(1 + 7°Ok)} — card{U/(1 + 7 1Og)},
which is (1 — ¢=1)2¢°, hence by Lemma 8.1.1 we get
DleP=0-aH7 D> gl =1
e(x)=e e(x)=e

Therefore, ¢, = 0 for e(x) < e, hence the formula also holds.
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Corollary 8.1.1 Ife is arbitrary in Z and x is in U*, then
900 e=elx), e>0
/U Sruxw T du={ 1-¢' x=1, e<0
0 all other cases.

In the following we shall denote D(K™) by S(K™). Actually, there is a general
definition of S(X) for an arbitrary locally compact abelian group X by F. Bruhat
[6], and it specializes to the Schwartz space for X = R™ and to D(K™) for X = K.
At any rate we shall denote elements of S(X) for X = K™ by ®, ¥ etc., and put
[,y] = 2191 + . .. + Tpyn for x,y in X as in the archimedean case.

Lemma 8.1.3 We define the Fourier transform F, also denoted by ¢*, of any
integrable function ¢ on X as

(Fo)() = /X o()((z, o) dy.

Then F® = ®* is in S(X) for every ® in S(X) and further (2*)*(x) = ®(—=x) for
every x in X. In particular, the Fourier transformation F gives a C-linear bijection
from S(X) to itself.

Proof. Since S(X) is the C-span of x4 for all A in 7(X), we may assume that
® = x4. We may further assume that A = a + 7°O} for some a in X and e in Z.
We then have

(xa)"(x) = ¢ " - ¢(la, 2])xp(x),  B=m Ok

for every = in X. We observe that = — 1 ([a,z]) is a locally constant function on
X. Since Supp((xa)*) = B, therefore, (x4)* is an element of S(X). Furthermore,
we have ((xa)*)*(z) = xa(—=x) for every z in X.

There is a general theorem stating that the Fourier transform of an integrable
function is continuous. We shall give a proof to this theorem in the special case we
need. If ¢ is an integrable function on X such that ®. = pxa for A = 77°O% is in
S(X) for every e in N, then

lim ||@* — (Pe)*|loo < lim lo(x)] de = 0.
e—00

e—00 X\A

Therefore ¢*, as a uniform limit of a sequence of continuous functions on X, is itself
continuous on X.

8.2 p-adic zeta function Zg(w)

We shall first make Q(K ) explicit. Every element a of K* can be written uniquely,
but depending on the choice of 7, as a = 7°u with e in Z and w in Oj. They
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are called respectively the order and the angular component of a, abbreviated as
ord(a) and ac(a). Therefore K* is bicontinuously isomorphic to Z x O under a —
(ord(a),ac(a)), hence Q(K *) is isomorphic to C* x (O )* as w — (w(7),w|Of). In
particular, Q(K ) becomes the disjoint union of countable copies of C* with (O )*
as its index set. We observe that (O)* is the union of finite groups (O%/(1 +
mOk))* fore=1,2,....
We define an element w, of Q(K*) for every s in C as
() = Jaffe = g~

If, for every w in Q(K*), we choose s from C satisfying w(n) = ¢~°, then we can
write

w(a) = ws(a)x(ac(a)),

in which x = w|O. We keep in mind that the above s is not unique. In fact, the
correspondence s — t = ¢~ ° gives a bicontinuous isomorphism

C/(2mi/logq)Z — C*.

We observe that a C-valued function of ¢ is holomorphic on C* if and only if it is
a holomorphic function on the s-plane C. At any rate, although s is not uniquely
determined by w, its real part Re(s) depends only on w. If we denote it by o(w),
then we will have

‘w(a)l = Wo(w) (a)
as in the archimedean case. As in that case, we define an open subset Q,(K*) of

Q(K*) by o(w) > o for any o in R.

Lemma 8.2.1 Take a from K, e from Z, w from Qo(K*), and N, n > 0 from N,
and put t = w(m), x =w|Oj. Then

(1—q_l)(q_”tN)e/(l—q_"tN) a € 10k,
N _
x' =1
[ w@Yel = wl@) ol 0 g 0K,
a+7¢Ok XN|U/ =1
0 all other cases.

in which U' =1+ m°a"'Ok.
Proof. We denote the LHS by I. Suppose first that a is in 7°Og. Then the

integrand is not an element of S(K). If we denote by x the characteristic function
of TOx \1*Ok for k > e in N and put

Op(x) = w(x) |zl x, (@),
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then @, is in S(K). Furthermore, if we put U = Oj; as before, then

I=lim [ ®p(x)de = lim / w(a) Nzl do
koo Ji P eI mU
_ 1 —nyN\j | N
i Y () [ @) du
e<j<k

If xV = 1, since |¢7"t| < 1 in view of [t| < 1, we get the first expression for I. On
the other hand, if YV # 1, by the orthogonality of characters of U we get I = 0.
Suppose next that a is not in 7¢O so that U’ above becomes a subgroup of U.
Then we simply have
I=w(@)afic- [ xuVdu,
hence we get the second expression for I if xV|U’ =1 and I = 0 otherwise.
We shall make one more preparation. Let w denote any element of Q(K*) and

u(y) a unit of the ring of convergent power series K{(y1,...,yn)). Then, firstly, we
have 4
u(y) = u(0)(1+ ) e’
[2|>0

with 4(0) in K* and ¢; in K for all ¢ # 0 in N™ such that the series is convergent on
70" for some k in N. Secondly, by making k larger if necessary, we may assume
that w(0)"*u(y) — 1 is contained in 7*X O for all y in 7*O%, where y = w|O%.
Then we will have

[u)lx = u(0)|x,  w(u(y)) =w(u(0))
also for all y in 7*O%.

Theorem 8.2.1 Assume that char(K) = 0 and let f(x) denote an arbitrary el-
ement of Klxi,...,x,\K; take w, ® respectively from Qo(K*), S(X), where
X = K". Then

w(f)(®) = / w(f(2))®(z) d

X\f=1(0)

defines an S(X)'-valued holomorphic function w(f) on Qo(K*), and it has a mer-
morphic continuation to the whole Q(K*) such that w(f)(®) is a rational function
of t = w(m) for each x = w|Ox and ®. Furthermore, if h: Y — X, &€ ={E}, and
(Ng,ng) for every E in & are as in Theorem 3.2.1, then

[T =g =) w(f)

Ec€&
becomes holomorphic on the punctured t-plane C* for all x in (O )*.

Proof. In the above definition of w(f)(®), since every w in Qo(K *) has a continuous
extension to K as w(0) = 0, we could have used X as the domain of integration.
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We shall fix xy and @, and use Lemma 5.3.1 to prove the first part. Choose any
compact subset C of Qo(K ™), put

oo =max(o(w)), A=Supp(®), M =max(1,sup|f(z)|k),
z€A

wel

and define ¢¢ as
dc = [|P|loc M xa,

in which x4 is the characteristic function of A. Then

w(f(2)) ®(2)] < ¢o(@)

for every z in X\ f71(0) and w in C, and the integral of ¢¢ over X\ f~1(0) is finite.
Since w — w(f(x)) for every z in X\ f~1(0) is a holomorphic function on Q(K*),
hence on Qg(K*), by that lemma w(f)(®) is holomorphic on Qq(K*), and this
implies the first part.

As for the main part, at every point b of Y we can choose a chart (U, ¢y) such
that U contains b, ¢y (y) = (y1,...,yn) and

for=e-TTw"  w( A dm)=n-TTup" - A du

jeJ 1<k<n jeJ 1<k<n

in which (Nj,n;) = (Ng,ng) with J bijective to the set of all E containing b and
g, 7 are units of the local ring Oy of Y at b with £(y), n(y) having expansions similar
to the expansion of u(y) discussed before. Since h is proper and A = Supp(®) is
compact open, we see that B = h™1(A) is in 7(Y). Therefore, we can express B
as a necessarily finite disjoint union of members B, of 7(Y) such that each B, is
contained in some U above. Since ® is locally constant, after subdividing B, we
may assume that (® o h)|B, = ®(h(b)) and further that ¢y (B,) = ¢ + 7¢O% for
some ¢ = (c1,...,¢,) in K™ and e in N. Since h : Y\(f o h)71(0) — X\ f71(0) is
K-bianalytic, we then have

) = 3" 0 (h(b)) wlc(b) I / ()™ gl dy,

1<i<n i+ Ox

with the understanding that N; =0, n; = 1 for all ¢ not in J. Actually, y; for i in
J is restricted by y; # 0, but it makes no difference, and by Lemma 8.2.1 the RHS
is a rational function of ¢ = w(w). Furthermore, the denominator of each term is
the product of 1 — ¢~"t"s for all j in J multiplied possibly by a power of ¢, which
is holomorphic on C*.

The above proof shows, as in the archimedean case, that the orders of the poles of
w(f) are at most equal to the dimension of the nerve complex N'(€) of £ increased by
1. Furthermore, the real parts of the poles of w(f) on each s-plane C are among the
finite set {—ng/Ng; E € £}. As in the archimedean case, we call w(f) the complex
power of f(z) and introduce the local zeta function Zg(w) of f(z) as w(f)(®). In
the special case where ® is the characteristic function of O%, we shall write Z(w)
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instead of Z¢(w) and, changing the notation slightly, we shall write Z(s) instead of
Z(ws). If 0(w), Re(s) > 0, therefore, we have

2w)= [ wlf@) e 2)= [ |f@l do

We shall introduce the Poincaré series P(t) of a polynomial f(z) in
Oklz1,... ,2,)\Ok. We observe that if £ are in O%, i is in N, and £ = ¢/,
f(€) = 0 mod 7%, then we also have f(¢’) = 0 mod n*. Therefore, the number
¢; of € mod 7? satisfying f(¢) = 0 mod 7* is well defined. In order to get some
information about ¢;, we introduce the following power series

t)= c(¢")

i>0

in a complex variable ¢t. Since P(t) clearly has >t as its dominant series, it is
convergent for [t < 1. On the other hand, we can express P(t) by the Z(s) for
the above f(z) as follows. If we denote by f~!(7'Of) the preimage of 7O under
flO%, then it becomes the union of & + 7w'O% for all £ in O% satisfying f(£) =0
mod 7*, hence

pn(f7H(m'OK)) = ¢ pn (7' OF) = ci - 7™,

and hence
pn(fTHTOR)) = pn(fH (T O \T T Ok)) = ¢ g™ = cigr - g Y

for all ¢ in N. Therefore, if ¢t = wy(m) = ¢° for Re(s) > 0, i.e., [t| < 1, then we get

2(s) = / 2[5 dz = / )i de
v 2 f—

>0

= S (g™ g M) = (1) - 1 (P() - 1),
i>0

We have thus obtained the following theorem:

Theorem 8.2.2 Let f(x) denote an arbitrary element of Ok[z1,...z,)\Ok and
define its Poincaré series P(t) as

= anrd{{ € 0%, mod 7’ f(§)=0 mod 7'} (¢~ "t)"
>0
Then
P(t) = (1-1tZ(s)/(1 - 1)
with s and t related as t = q—° for Re(s) > 0. In particular, P(t) is a rational
function of t.

We might mention that the Poincaré series of f(z) was introduced and its ra-
tionality was conjectured in the joint book by S. I. Borewicz and 1. R. Safarevié [5],
which is based on a course given by the second author at the Moscow University.
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8.3 Weil’s functions Fy(i) and Fj(i")

We shall discuss Weil’s functions Fg, Fj in the one-variable case; we shall only con-
sider the p-adic case. We shall start with a review of these functions in the general
form as A. Weil introduced them in [58]. This is just to give a good perspective and,
therefore, no details will be given. If X, G are locally compact abelian groups, dz
is a Haar measure on X, G* is the locally compact dual group of G, and f: X — G
is a continuous map, then F§ is the bounded uniformly continuous function on G*
defined by

Fy(g") = /X B(x) (f(2).g") de

for every @ in the Schwartz-Bruhat space S(X) of X. In order to proceed further,
WEeil introduced the following condition:

Condition (A) |Fj(g*)| is integrable on G* with respect to its Haar measure
dg* and the integral is convergent uniformly in ® if it is restricted to a compact
subset of S(X).

He then showed the existence of a unique family of measures {y4; g € G}, each
pg supported by the fiber f~!(g), such that the integral of ®(z) over X by dz can
be expressed as an integral over f~1(g) by g followed by an integration over the
base space G by the dual measure dg of dg*. In particular,

Je@u@.gyar= [ ([ o n@)o.0) do

The function Fg(g) on G is then defined as the above integral of ®(x) over the fiber
f7(g) by pgy(x), and it is continuous.

We shall now make the following specialization: X = K™ for a p-adic field K,
G =K, and f: X — K is the K-analytic map defined by an arbitrary f(x) in
Klzy,...,z,)\K, and we shall examine Fg, F§ with all details. As we have shown
in Proposition 8.1.1, the bicharacter ¥ (ab) of K x K puts K into a duality with
itself. Therefore F becomes the function on K defined by

Fy(i) = /X B()i* f(x)) de

for every ® in S(X) and ¢* in K, in which dx = p,,. We observe that Fj is bounded.
In fact,

||th|\oos/X|<I><x>\ 0z < [[]loo - 1 (),

in which C = Supp(®) is in 7(X). Since f(C) is a compact subset of K, it is
contained in 7¢Ok for some e in N. We shall show that Fj|(ig+7°O¥) is a constant
function on i + 7Ok for every ij in K. In other words, F§ is uniformly locally
constant, hence uniformly continuous. The proof is simple. If ¢* is in i + 7Ok,
then

Fg(i) = Fa(ig) = /X O(z) Y(igf (@) {¥((i" —i5)f(x)) — 1} da,
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in which ¢((¢* —§) f(z)) = 1 for every x in Supp(®), hence the integral is 0, i.e.,
Fy(*) = Filii).

In the special case where ® is the characteristic function of O%, we shall write
F* instead of Fj. If further the coefficients of f(z) are in Ok, then we will have
F*|Og = 1. We shall examine F*(i*) for ¢* in K\Og. If we write i* = 7~ °u with
e = —ord(:*) > 0 and u in Oy, then

F*(i")

[ e @) o
£€0%, mod me E+meO%

g > Wt fE)

£€0y, mod 7e

In the special case where K = Q,, ¢ = ep, and ¢* is in Z[1/p]\Z, we have

Fr(p~u)=p - Y el “uf(¢))

£€Z™, mod pe

in which w is in Z\pZ. Such an expression is called an exponential sum or a gener-
alized Gaussian sum.

We have seen that Fj is a nice function on K. However, it is not always
integrable over K. Before we give such an example, we observe the following con-
sequence of the orthogonality of characters of Og. If i* is in K\Ok, then

Y(i*x120) d =/

{ [ vaiw) do} dos = ()71 0k) = Ii° 15
Ok Ok

O%
Therefore, if n = 2m and f(x) = 21Zm41 + - - . + Ty Tom, then
F* (%) = max(L, [i*] )™

for every ¢* in K. This implies

/|F* )| di* —1+Z/ |z X" di*=1+(1-q" Zq*(m e

e>0 e>0

and the above series is divergent if m = 1.

We have just seen that Condition (A) is not always satisfied even in the special
case where X = K™ and f : X — K is given by f(x) in K[z1,...,z,]\K. We
shall, therefore, use the classical observation in Weil [58], pp. 12-13 to define Fg.
In fact, we know, by Theorem 7.6.1 that there is a function F, which has a similar
property as Fg. We shall make this situation precise.

Let Cy and Vy = f(Cy) denote the critical set and the set of critical values
of f; for the sake of simplicity we put S = V;. We have shown in Theorem 2.5.1
that if char(K) = 0, then S is finite. Furthermore, even if char(K) # 0, if f(z) is
homogeneous and char(K) does not divide deg(f), then S = {0} unless deg(f) = 1;
in that case S = 0. At any rate, if ® is in S(X), then for every ¢ in K\S we define
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w; on f=1(i) as Ha/p in Chapter 7.4, where « is the restriction of dzy A--- Adxy, to
X\Cy and 8 = dy or rather di in this case, and put

m@ﬁmwmwm

Then Fg becomes a locally constant function on K\S if S is closed in K, hence if
S is finite. In fact, if U is a compact neighborhood in K\S of any iy in K\S, then
F3|U remains the same even if @ is replaced by ®x 4 for A = f~1(U). Therefore, we
may assume that Supp(®) is contained in f~1(U). Then by Theorem 7.6.1 applied
to f~Y(U), U, and f|f~1(U) instead of X, Y, and f we see that Fg is locally
constant on U, hence on K\S.

Lemma 8.3.1 If A is in T(X), then

lim p, (f 1 (7°0x) N A) = 0.

€e—00

Proof. This lemma can be proved elementarily by using the Weierstrass preparation
theorem. In the case where char(K) = 0, the case in which we shall be interested,
it can also be proved as follows. If we put

ce = pn(fTH(TOK)NA),  t=q""%,

then for ® = x4 and Re(s) > 0 we have

Zatw) = [ ISl de =Y et

ecZ

with ¢, # 0 only for a finitely many e < 0. By Theorem 8.2.1 we know that
Z3(ws) is a rational function of ¢ with poles possibly at 0 and outside the unit disc.
Therefore by Cauchy-Hadamard’s formula for the radius of convergence of a power
series we get

lim sup |c.|*/¢ < 1,

e—00

hence 0 < ¢, < r€ for some 0 < r < 1 and for all large e. We have only to observe,
finally, that

pn (fH(mOK) N A) = Zci < Zri =r°/(1—r)

i>e i>e

for all large e with r¢/(1 —r) — 0 as e — 0.

Lemma 8.3.2 Suppose that S is finite. Then we have

/ch(x) dx:/K\SFq)(i) di

for every ® in S(X).
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Proof. If we put A = Supp(®) and

De = U (f(ig + m0K) N A), E, = U (io + Ok,

ig€S ig€S

then these unions become disjoint for all large e. Furthermore, since A is in 7 (X),
by applying Lemma 8.3.1 to f — ig instead of f for every i in S, we see that
tn(De) — 0 as e — oo. Therefore, we get

/ O(z) de = lim ®(z) de = lim Fg(i) di = Fg (i) di.
X €70 JX\D, €7 JK\E, K\S

We have used Theorem 7.6.1 to see that the two integrals under the limit signs are
equal and the fact that the second limit exists because the first limit exists.

Theorem 8.3.1 Suppose that S = f(Cy) is finite and ® is arbitrary in S(X).
Then we have

Fy(t) = / Fa (i) (ii*) di,
K\S

Fp(i) = lim FE(i*) (—ii*) di*
€00 7¢Ok

respectively for all i* in K and all © in K\S. Furthermore, the integral over 1~¢Ok
becomes independent of e for all large e.

Proof. Since ®q(z) = ®(x)y(i*f(x)) is in S(X), by applying Lemma 8.3.2 to
®; instead of ® we get the first formula. In the proof of the second formula we
replace @ by 4;. Since 47 is not in S and Fg is locally constant on K\S, if we take
e sufficiently large, then iy + 1Ok becomes disjoint from S and Fg becomes a
constant function on i1 + 7Ok . Then by using the first formula, Fubini’s theorem,
and the orthogonality of characters of 7¢Ok we get

/,MOK Fa@i-ii®) dit = | Fa() /,Teok vl = )i") dit} di
- qc~/ Fp(i) di = F(i1).
i1+7¢OK

We observe that Fg(i) = 0 if ¢ is not contained in f(Supp(®)). In the special
case where @ is the characteristic function of O}, we shall write F' instead of Fg.
If further the coefficients of f(x) are in O, then we will have F|(K\Og) = 0. We
shall examine F(¢) for i in Og\S. Since F is locally constant on Ox\S, we have

F(i) = lim ¢°- / F(i') di’ = lim ¢° - o (f (i + 7Ok ) N OF)
i+m¢OK

e— 00 e— 00

= lim card{¢ € OF%, mod 7% f(¢)=4 mod ﬂe}/q(nfl)e
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with the expression under the limit sign independent of e for all large e. Such an
F (i) is called a local singular series.

We shall determine F' in the case where f(z) = x1Zme1 + ... + TinTom. We
have seen that F*(i*) = max(1, |i*|x)~™ for every ¢* in K. Since C; = {0}, hence
S = {0}, we take 7 from Og\{0}. Then by using Theorem 8.3.1 we can easily see
that

F@)=(1—-g ™ > ¢ ™k

0<k<ord(z)

In particular, if m = 1, then F(i) — oo as i — 0. Therefore, the locally constant
function F' on K™ does not have a continuous extension to K.

8.4 Relation of Fy(i) and Zg(w)

We shall assume that V; = f(C) is contained in {0} and establish the relation of
Fy(i) and Zp(w). As we have remarked, the above condition is satisfied if f(x) is
homogeneous and char(K) does not divide deg(f). At any rate, if w is in Qo (K*),
then by Lemma 8.3.2 or rather by its proof we get

Zp(w) = lim O(x)w(f(x)) de
T JX\fH(meOKk)
= lim Fo(i)w(i) di:/ Fo(i)w(i) di.
€70 JK\meOx K%

We keep in mind that Fg is a locally constant function on K *. In order to proceed
further, we need the following well-known lemma.

Lemma 8.4.1 Let m denote a positive integer not divisible by char(K). Then for
any e > ord(m) in N the m-th power map gives a surjection from 1+ 7¢Ok to
14+ mnOk.

Proof. we shall use the formula
(1+7x%2)m =1+ m71'8{$ + Z (7;) mflﬂ'(kfl)exk}.
1<k<m

If e > ord(m) and a is in Og, then it shows that (1 + 7°a)™ is contained in
1+ mn®Og. If further e > ord(m) and b is in Ok, then it shows that

P(z) = (mr®) {1+ 7°2)™ — (1 + mn°b)} + b
is an SRP in z. Therefore Corollary 2.2.1 shows that O is mapped bijectively to

itself under « — P(z). Hence P(x) = b, i.e., (1 + 7°2)™ = 14+ mn°b has a solution
a in OK
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Theorem 8.4.1 Assume that char(K) = 0 and Cy is contained in f~1(0). Then
there exists e(®) > 0 in N depending on ® such that Zgs(w) = 0 unless e(x) < e(®)
for x =w|Oj. Furthermore, if w is in Qo(K*), then

Zp(w) :/ Fo(i) w(i) di
KX
and if we put t = w(w), then
Fo(i) = (1—g Mlilx)™ - D Resimo(Za(w) 071 x(ac(i) ™!
e(x)<e(®)
for every i in K>, in which Resi—o means the taking of the residue at t = 0.

Proof. We shall use the same notation as in the proof of Theorem 8.2.1 with
the following modification. First of all, by multiplying a power of m to ¢y in
(U, ¢r7), we shall assume that e(b) " e(y) is in Ok/[[y1, ... ,yn]] for all U. In the
case where i = f(h(b)) # 0, hence J = () and f(h(y)) = €(y), we shall assume that
y1 =¢e(b)"te(y) — 1 in ¢y (y) = (y1,... ,yn). This is permissible because f~1(i) is
disjoint from f~!(0), hence from C} by assumption, and h : Y — X is K-bianalytic
over X\Cy. We put
mo = max {ord(Ng); E € &}

and, by making U smaller, we shall assume that ¢y (U) is contained in 7™ +1O% for
all U. This time, since x is not fixed, we can only assume that |n(y)|x is constant
on U. We recall that

Za(w) =3 @(h(b)) n(b)lxc - / oy W@ T )™ty - dy

jeJ
for some e > my, in which c is contained in 7rm0+10}5. We shall show that
e(®)=mgy+e

will then have the required property, i.e., we shall derive a contradiction assuming
that Zg(w) # 0 for e(x) > e(®). At any rate Zg(w) # 0 implies

- /meo; () [Twtn)™ sl ™" -dy # 0

JjeJ
for some c.
Suppose first that J = (. Then e(y) = &(b)(1 + y1), hence
I = g~ Deu(e(b)) - / x(1+y1) dyr #0.
c1+meO0k

Since 1+ ¢; is in 1 4+ 7™ Ok, hence in O, this implies

/ x(y1) dys # 0,
1470k
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hence x|(1 4+ m°Ok) =1, i.e., e(x) < e contradicting e(x) > e(®) > e.

Suppose next that J # 0. Then we express ¢ + 7¢O% as a disjoint union of
¢ +m¢) O observing that e(x) > e(®) > e. Since e(b) " te(y) isin Ok |[[y1, - - - »ynlls
we then have

w(e()|(¢ + 7 N0%) = w(e)x(e(b)'e(c))

for every ¢. Since I # 0, therefore, we get
. i—1
/ w(y) ™yl dy; #0
c/.+7-re(X)OK

for some ¢ and j. If ¢ is in 7¢Ok, then x™i = 1 by Lemma 8.2.1, hence Vi =1
on 1+ 7™ 1Ok, Since ord(N;) < myg, we see by Lemma 8.4.1 that x = 1 on
1+ 72m0F1 0. This implies e(x) < 2mg + 1 contradicting e(x) > e(®) > 2mgo + 1.
If ¢} is not contained in 7 O, then mo + 1 < ord(c %) < e(x) and x7 =1 on
1+ wed (¢! )T 1Ok by Lemma 8.2.1, hence x™¥i = 1 on 1 + 7¢(X)=mo=10 k. Since
e(x)— mo—l > mg > ord(N;), we see by Lemma 8.4.1 that y = 1 on 14710
contradicting the definition of e(x). We have thus proved the first part.

As for the second part, since the expression of Zg(w) in terms of Fg(i) has
already been proved, we shall prove the converse. Since Fg is a locally constant
function on K>, for every e in Z, not the above e, the function u — Fg(7°u) is in
D(Oy). Therefore, by Proposition 7.2.2 we can write

Fo(rw) = 3 con x(u)

X€(0K)*

with ¢, in C. Then for every w in Qo (K*) we will have

Zq>(w):Z/O Fa(i) wi) di= (1— ) S coper (1)

e X
ecZ K ecZ

Therefore by the first part, c., = 0 for e(x) > e(®) and

(T=a 7' Y Resmo(Za)t N x(w) = D coprx(w)h

e(x)<e(®) e(x)<e(®)

which is Fg(m°u). This completes the proof.

We remark that in the finite sum expression of Fg(i) in Theorem 8.4.1 the
number of terms depends on ® but not on i. The meaning of the theorem is that
it permits us to translate properties of Z¢(w) into the corresponding properties of
Weil’s functions Fg (i) and F§(i*). We might mention that our first paper on local
zeta functions was written to develop such a theory uniformly not only for a p-adic
field K but also for R and C. At any rate, in the p-adic case the rationality of
Zp(w) as stated in Theorem 8.2.1 and supplemented by Theorem 8.4.1 is equivalent
to a certain behavior of Fg (i) at its “singular point 0” and also to that of Fj(:*) at
its “singular point co”, which can be expressed by certain asymptotic expansions
respectively as |i|x — 0 and |i*|x — co. We refer the reader to [23] for the details.
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In the following, we shall only use the property of Zg(w) being meromorphic on
Q(K*) and examine Condition (A) for a fixed ®. In doing so, we shall use the
following lemma:

Lemma 8.4.2 Let ¢(t) denote a meromorphic function on |t| < r, i.e., on an open
set containing the closed disc, for some r > 0. Then a finite limit

a = lim r°- Resj—o(p(t)t™ 1)

exists if and only if ¢(t) —b/(1 —r~1t) is holomorphic on 0 < |t| < r for some b in
C, and in that case a = b.

Proof. We consider the vector space over C of all meromorphic functions ¢(¢) on
|t| < r and denote the Laurent expansion of each ¢(t) at 0 by

G(t) = ct®,  co=Res—o(p(t)t ).

e€Z

We introduce its subspaces E,, and E. respectively with poles at most at 0 and with
r€ce having a finite limit as e — oo, and put

E=C-1/01—-r""t)+E,.

Then the first part of the lemma can be restated as E. = E. If ¢(¢) is in E,,, then it
is convergent at r, hence {rc.} is a null sequence. Therefore, if ¢(t) —b/(1 —r~1t)
is in FE,,, then r€c, tends to b as e — co. Hence E. = F also implies the second
part of the lemma. Since we have shown that E is contained in E., we have only
to show that F. is contained in F.

We observe that F,, E., E are all stable under the multiplication by ¢, hence
that they are C[t]-modules. If ¢(t) is in E., then the sequence {r°c.} is bounded,
hence ¢(t) is holomorphic on 0 < |t| < r, and hence

o(t) = Z Z Cam/(1—a )™ mod E,

laj=r 1<m<mg

for some cq,, in C with ¢4, # 0. We shall show that m, <1 for all a. Suppose
that m, > 1 for some a. Then F. contains
(1—a t)ma—2. H (1—p71)ms . ¢(t) = ch’te mod E,,
Bta c€Z
in which
Ce/ = (Ca,ma (6 + 1) + Ca,ma—l)aie

for all e in N. This contradicts the definition of E. because the sequence {r¢c.'} is
unbounded. We shall next show that m, = 0 for a # r. Suppose that m, =1 for
some « # r. Then E,. contains

H (1—871%)-¢(t) = Z c.”'t° mod E,,
bt e€Z

in which ¢.” = cq,107¢ for all e in N. This again contradicts the definition of E.
because °¢,” has no limit as e — oo. Therefore ¢(t) is in E.
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Theorem 8.4.2 Assume that char(K) = 0 and Cy is contained in f~1(0). Then
the following conditions on Fg, Fg, and Zg are equivalent:

(1) Fg(i) has a finite limit Fs(0) as |i|x — 0;

(2) F§ is an integrable function on K ;

(3) Zg(w) for x # 1 and (1 — ¢~ ') Zg(ws) are holomorphic on 0 < |t| < q.
Furthermore, in that case

Resi—¢(Za(ws)) = (1 — q)F3(0)

and if q° is the smallest absolute value of the poles of Zg(w) on |t| > q and € > 0,
then
[F5(i)] < 7(®) - max(L, |i*[x) 7"

for all i* in K, in which v(®) > 0 is independent of i*.

Proof. We have seen in section 8.1 that the Fourier transform of an integrable
function is continuous. Therefore (2) implies (1) by Theorem 8.3.1. In the notation
of the proof of the second part of Theorem 8.4.1 we see that (1) implies

lim o, = (1—¢ 57! lim Fp(m®u) x(u)™' du = 6,(x) Fs(0),

e—00 e—00 O><
in which d;(x) = 1 or 0 according as x = 1 or x # 1. Therefore, by applying Lemma
8.4.2 to ¢(t) = Zg(w) for r = g we see that

Za(w) = 6100 Fa(0)(1 - ¢ 1)/(1—q't)

is holomorphic on 0 < |t| < ¢. Hence (1) implies (3) and also the residue formula
for Zg(ws) at t = g. Finally, since the integral of |i*| 7 over K\Og is convergent
for every o > 1, we have only to show that (3) implies the estimate for |Fg(i*)| as

stated in the theorem. By assumption the RHS power series in

Zy(w) — H()bA—q ")/(1—q ')
= (1-¢ ) (o1 —0100b) (g 't)° mod Clt™?
e>0

is holomorphic on [t| < ¢7 for some b in C. Therefore, if we replace t in its e-th
term by any r satisfying 0 < r < ¢, then we get a bounded sequence, i.e., we have

Ce,x—1 = 61 (X)b + O((qr_l)e)
as e — 00. On the other hand, by using Theorem 8.3.1 and Corollary 8.1.1 we get
F&;(TF 1 —q ch 149 —k q—e ' Zce—e(x),xfl qe(x) g(X) X(U)
k>e X

for every e in Z and u in O, in which the summation in x is finite. Since e(1) =1
and g(1) = —¢~!, the contribution from the above series and the term for y = 1
is O(r~¢) while the contribution from each term for x # 1 is also O(r—¢) both as
e — 00. If € > 0, then we can take r = ¢° . Therefore, we get

Fg (i) = O(r ) = O(|i*[7*9)

as |i*|g — o0.
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8.5 Poles of w(f) for a group invariant f

We shall go back to the complex power w(f) in Theorem 8.2.1 and obtain different
kinds of information on the poles of w(f) in the special case where f(x) is a relative
invariant. We start with a remark in the general case that if Y = X\ f~1(0), then
w(f)]Y is holomorphic on the whole Q(K*). This can be proved in the same way
as the first part of Theorem 8.2.1.

Suppose that A =Supp(®) is contained in Y and put

mo :gleig(l,|f(a?)|}<), my :gleajf(lav(x)lf()'

Then 0 < mp <1< my <ooand mg < |f(x)|x < my for every x in A. Restrict w
in Q(K*) as 09 < o(w) < 01, in which 09 < 7 and otherwise arbitrary in R. Then
we will have

lw(f(2))] £ M = max(mg®, m7*)

for every x in A. Therefore, if we put ¢ = M||®||c x4, then |w(f(2))®(x)| < ¢(x)
for every x in X and

[ o) dz = M@loopn( ) < o
X

Since w +— w(f(x)) for every x in Y is a holomorphic function on Q(K™*), we see
by Lemma 5.3.1 that w(f)(®) is a holomorphic function on Q(K*), hence w(f)|Y
is holomorphic on Q(K*).

We shall assume that w is a variable point of Q(K*), i.e., t = w(7) is a variable
in C*. If w is a pole of w(f) in Q(K*) and

w(f) = e(t—a)

keZ

is its Laurent expansion at a = w(n), then all ¢; are in S(X)" with ¢, = 0 for
k < —n by Theorem 8.2.1 and with Supp(cy) contained in f~1(0) for ¥ < 0 by
what we have just shown. We shall denote the order of the pole a by m = m,, and
put T = c_p,. Then 0 < m < n, T # 0 and Supp(7T) is contained in f~1(0). We
shall obtain more precise information about T in the case where f(x) is a relative
invariant.

We recall that GL,,(K) is a locally compact totally disconnected group. In fact,
the compact open subgroups 1,, + 7¢M,,(Ok) of GL,(K) for all e > 0 in N form a
base at its unit element 1,. Furthermore, if we denote the n x n diagonal matrix
with di, ... ,d, as its diagonal entries by diag{di, ... ,d,}, then we see by Lemma
7.4.1 that

GL,(K) = U GL,(Ok) diag{7*“,... , 7" }GL,(Ok),

in which the union is taken for all increasing sequences (eq, ... ,e,) in Z. Since all
double cosets above are compact subsets of GL,,(K), it is countable at co. Conse-
quently, if G is any closed subgroup of GL, (K), then it is also a locally compact
totally disconnected group which is countable at co. We observe that any subgroup
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of GL,,(K) continuously acts on X by matrix-multiplication. We shall assume that
the above f(z) is a relative G-invariant, i.e., that f(gz) = v(g)f(z) with v(g) in
K> for every g in G. Then necessarily v is in Hom(G, K*). We let G act on S(X)
and S(X)’ in the usual way, i.e., as

(9-@)(z)=2(g7'z),  (9-8)(®)=S8(g~" D)
respectively for every ® in S(X) and S in S(X)’. Then we have

g-w(f) = pulyg) " w(f),

in which p,(g9) = w(v(g))|det(g)|x for every g in G. In fact, if w is in Qo(K*),
then by definition

(g-w()(@) = /Y w(f(x)) B(gz) da.

Lz, then by using Lemma 7.4.2, we get

If we replace x by g~
(g-w(FN(@) =w(v(g) ™ |det(g)l" w(F)(®) = pulg) ™" w(f)(®).

This relation is preserved under holomorphic continuation.
If we incorporate the above information in the Laurent expansion of w(f) at its
pole w, then we get

do(grer)t—a) =pule) D et —a)

k>—m k>—m
for w close to w, i.e., w|O = w|Of and ¢ close to a. Since
w(a) = (a7 't) W (a)
for every a in K*, we have

pol9) = (L+a H(t =) 9Dp(g)

for every g in G. Therefore, if we compare the coefficients of (¢t — «)™™ on both
sides of the above relation, then we get

g-T=pz(g)”'T

for every g in G. In the notation of Chapter 7.2-7.3 this means that 7" # 0 is an
element of £x(pw). Therefore, if the number of G-orbits in X is countable, i.e., at
most countable, then we can apply Theorem 7.3.1 to T'. It gives the structure of the
eigendistribution T as well as the following information about the pole w of w(f):

Theorem 8.5.1 Suppose that a closed subgroup G of GL,(K) acts on X = K"
with countably many orbits and f(x) in Klx1,...,x,)\K is a relative G-invariant,
i.e., f(gx) =v(g)f(z) with v(g) in K* for every g in G; let @ denote any pole of
w(f) and

w(f) = Z er(t — a)k, T=c_pm#0

k>—m
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its Laurent expansion at o = w(m) where t = w(mw). Then Supp(T) is contained in
f71(0). Furthermore, if & is a point of any open G-orbit in Supp(T) and H is the
fixer of € in G, then

w(v(g)) = Aulg) / (Aclg) | det(g)|x)

or every g in H. In particular, @ o v is R -valued on H.
Y9 p i

In the above theorem it is, of course, enough to assume that the number of
G-orbits in f~1(0) is countable. The theorem can be applied to the case where f(x)
is a basic relative invariant of a regular prehomogeneous vector space. We might
mention that the theorem was proved in that case under the assumption that the
number of G-orbits in f~1(0) is finite. In fact, our proof in [25] is basically the same
as the one we have just given. We might remark that the countability assumption
on the number of G-orbits is very strong. However, it has been reported by A.
Gyoja [18] that he succeeded in removing that restriction.
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Chapter 9

Some homogeneous
polynomials

9.1 Quadratic forms and Witt’s theorem

We shall make ourselves familiar with those homogeneous polynomials for which we
shall later compute Z(s). We shall start with quadratic forms. We take an arbitrary
field K and consider vector spaces over K all assumed to be finite dimensional. If
X is such a vector space, as before we shall denote its dual space by X™* and put
[z, 2*] = 2*(z) for every (z,z*) in X x X*. A quadratic form Q on X is a K-valued
function on X satisfying the following conditions:

(Q1) Q(A\z) = A2Q(z) for every X in K and z in X.

(Q2) Q(z,y) = Q(z +y) — Q(z) — Q(y) is K-bilinear on X x X.
It follows from the definition that Q(z,y) = Q(y,z), Q(z,z) = 2Q(x), and Q|Y for
any subspace Y of X is a quadratic form on Y. The value of Q on any K-linear

combination A\yx1+...+A,x, of z1,... , 2, in X can be determined by the formula
QU Y. Ximi) = D Q)X+ Y Quiz)\i,
1<i<n 1<i<n 1<i<j<n

which can easily be proved by an induction on n. If S is any subset of X, we denote
by (S) the K-span of S, i.e., the set of all K-linear combinations of elements of
S, and by S+ the set of all z in X satisfying Q(x,y) = 0 for every y in S. By
definition they are both subspaces of X. Furthermore, we denote by Q~1(0) the set
of all x in X satisfying Q(z) = 0. If X+ = 0, then Q is called nondegenerate and
if Q71(0) = 0, then @ is called anisotropic. We observe that X+ N Q~1(0) for any
quadratic form @ is a subspace of X. If this subspace is 0, we propose to call @
reduced for the following reason. The set of all 2y in X satisfying Q(z + z¢) = Q(x)
for every = in X forms a subspace of X and this subspace is X-NQ~*(0). Therefore,
@ is reduced if and only if it does not come from a quadratic form @y on a factor
space X/ X by a subspace X # 0 as Q(z) = Qo(x+ Xp). At any rate, if Q is either
nondegenerate or anisotropic, then it is clearly reduced. If char(K) # 2, then in
view of Q(z,z) = 2Q(z) every reduced quadratic form is nondegenerate. We might
remark that if X = Ka, where char(K) = 2 and Q(a) # 0, then @ is anisotropic,
hence reduced, but degenerate, i.e., () is not nondegenerate.

137
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If Y, Y’ are subspaces of X such that Q(y,y’) = 0 for every y, ¥’ in Y, Y, then
they are called orthogonal. If Y7, Y5, ... are mutually orthogonal subspaces of X
such that X becomes their direct sum, we write

X:Y1@Yé@"'

and call it an orthogonal direct sum. Suppose that Y is any subspace of X. Then
Q|Y is nondegenerate if and only if Y NY+ = 0 and in that case

(%) dimg (Y1) = dimg (X) — dimg (Y),

hence X = Y @ Y. One way to see () is as follows. We take a K-basis say
{wy,... ,w,} for X such that the first p elements form a K-basis for Y and identify
X with K™ as x = Y. \w; — A = {(A;---\,). We denote by h the p x n matrix
with h;; = Q(w;, wj) as its (4, 7)-entry for 1 < i < p, 1 < j < n and by hg the
p X p submatrix of h composed of its first p columns. Then QY is nondegenerate
if and only if det(hg) # 0 and z is in Y+ if and only if hA = 0. Since rank(h) =
p =dimg(Y) and n = dimg (X)), therefore we get (x). We observe that, in the case
where QY is nondegenerate, if @) is nondegenerate (resp. reduced), then QY+ is
nondegenerate (resp. reduced). We also remark that if Q|Y and QY are both
nondegenerate, then (Y1)* =Y and the relation of Y and Y+ is symmetric.

We shall prove Witt’s theorem in [61], which is fundamental in the theory of
quadratic forms. We shall start with three lemmas.

Lemma 9.1.1 Let Y, Y’ denote subspaces of a vector space X both different from
X. Then their union is also different from X, i.e., strictly smaller than X.

Proof. Suppose that X is the union of Y and Y’. Then, by replacing Y, Y’ by
larger subspaces if necessary, we may assume that they are both of codimension 1
in X. We can then write X =Y + Ka for any a in X\Y. Also we can express Y’
as the set of all z satisfying [z, a*] = 0 for some a* # 0 in X*. Since X is the union
of Y and Y, we see that y + Aa for every y in Y and A # 0 in K is in Y’, hence

[y + Aa,a”] = [y,a"] + [a,a"]\ = 0.

We can take y = 0, and we get [a,a*] = 0. Then [y + Aa,a*] = 0 for every y in ¥
and X in K, hence X is contained in Y’. This is a contradiction.

Lemma 9.1.2 Suppose that Q is a reduced quadratic form on X and Q(a) =0 for
some a # 0 in X. Then Q(a,b) =1 and Q(b) = 0 for some b in X. Furthermore,
if we put X' = (a,b)*, then Q|(a,b) is nondegenerate, hence Q| X' is reduced and
X becomes the orthogonal direct sum

X = (a,b) ® X'.

Proof. Since @ is reduced and Q(a) = 0, a # 0, we see that a is not in X*. There-
fore, the K-linear map x — Q(a,z) from X to K is surjective, hence Q(a,by) = 1
for some by in X. If we put b = bg — Q(bo)a, then Q(a,b) = 1 and Q(b) = 0.
Futhermore, if A\, u, N, ¢/ are in K, then

Q(Aa + pb, Na+ p'b) = ' + pX',
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hence {(a,b) N (a,b)~ = 0. Therefore, Q|{a,b) is nondegenerate. The rest follows
from our previous remark.

If Q, Q' are arbitrary quadratic forms on vector spaces X, X' respectively, then
a K-linear injection g : X — X' satisfying @Q'(gx) = Q(z) for every x in X is called
an isometry from X to X’. If Q is reduced, the group of all isometries from X to
itself is called the orthogonal group of @), and it will be denoted by O(Q).

Lemma 9.1.3 Let Q denote a nondegenerate quadratic form on X and X = {(a,b)®
X' as in Lemma 9.1.2. Then every isometry g fromY = Kb+ X' to itself uniquely
extends to an element g* of O(Q).

Proof. We shall only assume, until the last moment, that ) is reduced. Since b is in
Y+ and gY =Y, we see that gb is in Y. Therefore, if we put ¢ = gb — Q(a, gb)b,
then ¢ is in Y+ and Q(a,c) = 0, hence c is in X*. Since Q(c) = Q(gb) = 0 and Q
is reduced, we get ¢ = 0, hence gb = Q(a, gb)b with 79 = Q(a, gb) # 0. If x is in X',
we can write gr = (Iz)b+ oz with K-linear maps [ : X' — K and o : X’ — X', If
oc’ = 0 for some ¢’ in X/, then gz’ = 0 for 2’ = —T(;l(lc’)b + , hence =’ = 0, and
hence ¢/ = 0. Therefore, o is an injection, hence a bijection, and the condition of g
being an isometry simply becomes o in O(Q|X’).

We now take Mg, o from K and xg from X', put g*a = Mga + pob + xo, and
require that g* acts on Y as g. Then the condition on the K-linear map ¢* : X — X
so defined to give an element of O(Q) becomes g # 0 and

(Mopo + Q(w0))A* + (MoTo — DA + (Ao (lx) + Q(z0, o)A = 0

forall \, pin K and z in X'. If we take A = 1, u = 0, z = 0, we get Aouo+Q(x0) = 0;
thenif we put A\=p =1,z =0, we get \g79 — 1 = 0; finally if we put A = 1, we get
Xo(lx) + Q(zo,0x) = 0 for every = in X’. Since the converse is clear, the condition
becomes \g = Tgl, o = —10Q(xp), and

Q(xg,x) = —To_ll(aflx)

for every x in X’. If we invoke the assumption that @) is nondegenerate, then Q| X’
is nondegenerate, hence such an z( exists and is unique.

Now the Witt theorem is the following generalization of Lemma 9.1.3. The proof
which we shall explain is due to C. Chevalley [7].

Theorem 9.1.1 Let Q denote a nondegenerate quadratic form on a vector space
X over an arbitrary field K and Y any subspace of X. Then every isometry go :
Y — X extends to an element g of O(Q).

Proof. The extendability of gg is trivial if Y = 0 or ¥ = X. Therefore, we
shall assume that Y # 0, X and apply an induction on dimg (V). Let Z denote
any subspace of Y of codimension 1 in Y. Then by induction go|Z extends to an
element g; of O(Q). If (g1]Y) 1go has an extension go, then g go gives an extension
of go. Since (g1]Y)"1go|Z = idz, the identity map of Z, we may assume from the
beginning that go|Z = idz. We may further assume that gy # idy for otherwise
the extendability of gg becomes trivial. We denote by 3 the set of all subspaces Z;
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of X containing Z such that gy extends to an isometry ¢g; : Y + Z; — X satisfying
91171 = idz,. The set ¥ is not empty because Z is its member. Since gy # idy,
Y is not contained in Z;, hence Z =Y N Z1, and hence Z; is of codimension 1 in
Y + Z;. We shall now assume that Z; is maximal in 3. After replacing Y, Z by
Y + Z1, Z1, we may then assume that Z is the only member of 3, and we shall
examine the consequence of this assumption.

We write Y = Z + Ka necessarily with a in Y\Z and put b = ggpa. Then b is
not in Z and b # a because gy # idy. Furthermore if we put Y/ = Z + Kb, then
the condition that go : Y — Y is an isometry becomes

(Q(a) — Q)N + Qa—b,2)A =0

for every A in K and z in Z. This is equivalent to Q(a) = Q(b) and a—bin Z*. If now
H = (a—b)*, then H is contained in Y UY”. Otherwise H contains ¢ which is not in
Y UY’. Then we can easily verify that the prescription g1 : Aa+puc+z — Ab+uc+z
for every A, p in K and z in Z defines an isometry g; from Y + Kc to Y’ + Kc
with the property that ¢1|Y = go and ¢1|Z; = idg, for Z; = Z + Ke, hence
741 # Z becomes a member of . This contradicts the assumption. Therefore, H is
contained in YUY”, hence H becomes the union of HNY and HNY’. This implies
by Lemma 9.1.1 that H is contained either in Y or in Y’. Since the codimension of
H in X is at most 1 for any @, this implies that either H =Y or H = Y’, hence
either Q(a,a —b) = 0 or Q(b,a —b) = 0. Since Q(a) = Q(b), we then get both
Q(a,a—b)=0and Q(b,a—b) =0, hence H =Y =Y". If we put a3 = a — b, then
a1 # 0 and Q(a1) = 0. Therefore by Lemma 9.1.2, we will have X = (a1,b1) ® X’
for some by satisfying Q(a1,b;) = 1 and Q(b1) = 0 with X’ necessarily contained
in Y. Then gy becomes an isometry from Y = Ka; + X’ to itself. Since Q is
nondegenerate by assumption, we see by Lemma 9.1.3 that gy uniquely extends to
an element of O(Q).

Theorem 9.1.2 If Q is a reduced quadratic form on a vector space X over an
arbitrary field K, then X contains 2p elements ai,...,ap, bi,...,b, satisfying
Q(a;) = Q(b;) =0, Q(as,b;) =1 for 1 < i < p such that it becomes an orthogonal
direct sum

X = <a17b1> S <ap7b:l7> ® Xo

with Q| X anisotropic. Furthermore, if Q is nondegenerate, then up to an isometry
the anisotropic kernel Xy does not depend on the choice of such a Witt decomposition
of X.

Proof. If @ is reduced but not anisotropic, then by Lemma 9.1.2 we will have
X = {a,b) @ X', in which Q(a) = Q(b) =0, Q(a,b) =1 and Q|X’ is reduced. If
Q| X’ is not anisotropic, we can apply Lemma 9.1.2 to @Q|X’. In that way we get a
decomposition of X as stated. If

X = (a},0]) @ - @ (ag, b)) ® X,
is a similar decomposition of X, we may assume by symmetry that p < ¢q. Then
the prescription goa; = a}, gob; = b for 1 < i < p defines an isometry go from



INTRODUCTION TO THE THEORY OF LOCAL ZETA FUNCTIONS 141

H = (a1,b1)®- - -®(ayp, by) to H' = (a, b1)D- - -S(ay, b,). If now Q is nondegenerate,
then g extends by Theorem 9.1.1 to an element g of O(Q), and

9Xo=g(H") = (gH)" = (a,1,b, 1) & D (al, b},) ® X,

Since Q| Xy is anisotropic, so is @|gXg. Therefore ¢ = p and gXy = X).

We call the unique p in Theorem 9.1.2 the Witt index of ). We observe that if
we put W = (as,...,a,), then Q|WW = 0. Such a subspace of X is called totally
isotropic. We shall show that W is maximal, i.e., it is not contained in a strictly
larger totally isotropic subspace. Any element x of X can be written uniquely as

T = Z (Aiai + pibi) + 2o

1<i<p

with \;, u; in K for all 7 and xg in Xy. We observe that W+ Kz is totally isotropic if
and only if u; = 0 for all ¢ and Q(xg) = 0, hence 29 = 0 because Q| Xy is anisotropic,
and hence z is in W. Furthermore, if W7, W5 are any two maximal totally isotropic
subspaces of X and dimg(W7) < dimg(W2), then any K-linear injection from
W1 to Wy is an isometry, hence it extends to an element g of O(Q) by Theorem
9.1.1. Then g~ 'W; is totally isotropic and contains W, hence W; = ¢~ W, by
the maximality of W;. Therefore O(Q) acts transitively on the set of all maximal
totally isotropic subspaces of X.

If {w1,... ,wp} is a K-basis for any totally isotropic subspace W of X, then we

can find another totally isotropic subspace W’ of X with a K-basis {w},... ,w,}
satisfying Q(wi,w;) = 0y; for 1 <4, j < p. This can be proved directly or simply
by embedding W in a maximal totally isotropic subspace of X in any Witt decom-
position of X. We call H = W + W' a hyperbolic subspace of X. We observe that
Q|H is nondegenerate.
Remark. In the proof of Theorem 9.1.1 the nondegeneracy assumption on @ is used
only at the last stage where we have applied Lemma 9.1.3. Furthermore in the proof
of Lemma 9.1.3 the nondegeneracy assumption of @) is used only for the existence
of “xy” there. The fact is that if we just assume @ to be reduced, such an xy may
not exist. In fact, Lemma 9.1.3 and Theorem 9.1.1 break down as the following
example shows. Let K denote any field with char(K) = 2, X a three-dimensional
vector space over K with a basis {a,b, ¢}, and

Qaa+ Bb+yc) =af++°

for every a, 8,7 in K. Then we see that @ is a reduced quadratic form on X. Put
Y = Kb+ Kc and define an isometry g : Y — Y as g(8b+ vc) = (8 + 7)b + ~e.
Then there is no ¢g* in O(Q) which extends g. In fact, if such a ¢g* exists, then
g a = aga + Bob + ~yoc for some «q, By, vo in K. Since g*X = X, we have ag # 0
while o = Q(g*a, g*c) = Q(a,c) = 0. This is a contradiction.

9.2 Quadratic forms over finite fields

We shall denote by X a finite dimensional vector space over a field K and by Q a
reduced quadratic form on X. We shall assume that K is a finite field and make



142 JUN-ICHI IGUSA

some computation to prepare for section 9.3. As a side result, we shall show that
the anisotropic kernel Xy in Theorem 9.1.2 is unique up to an isometry. Actually,
although we have not included its proof in this book, the above uniqueness holds
for any K. At any rate, we shall start with some general observations without
assuming that K is finite.

In the case where char(K) # 2, there is a classical diagonalization of an arbi-
trary quadratic form @ on X stating that X has a K-basis {wi,...,w,}, hence
dimg (X) = n, such that

Q( Z xz’wz‘) = Z Q(wi)$?

1<i<n 1<i<n

for every x1,...,z, in K. If @ =0 and {w1,...,w,} is any K-basis for X, then
it trivially has the required property. If @ # 0, then Q(wy) # 0 for some w; in
X. We observe that Q|Kw; is then nondegenerate, hence X = Kw; & (Kw;)*t.
Therefore we have only to apply an induction on the dimension to Q|(Kw)* to
find the remaining ws, ... , wy,.

Suppose that K is arbitrary for a moment, take a K-basis {wi,... ,wy,} for
X, and define a symmetric matrix h with h;; = Q(w;, w;) as its (¢, j)-entry for
1 <4, j <n. Then @ is nondegenerate if and only if det(h) # 0. In that case

d(Q) = (~1)""*"1/2 det(n)

is called the discriminant of Q). If we use another K-basis for X, then h will be
replaced by gh'g for some g in GL,,(K), hence d(Q)(K*)? is a well-defined element
of K*/(K*)2. Furthermore, if X, X’ equipped with nondegenerate quadratic forms
Q, Q' are isometric, then d(Q)(K*)? = d(Q')(K*)? and if X = H @ H* for any
hyperbolic subspace H, then

d(Q)(K*)* = d(Q|H)(K*)?.

If now K is a finite field with char(K) # 2, ie., if K = F, for an odd ¢, then
K> /(K*)? is isomorphic to {41}. If we denote by x the character of K* which
gives rise to this isomorphism, then x(d(Q)) depends only on the isometry class of
(@ and, in fact, on that of its anisotropic kernel.

We recall that if K = I, where ¢ is arbitrary, then K has L = e as its unique,
hence normal, extension of degree e for every e > 0 in N and that the Galois group
of L over K is the cyclic group generated by = — x?. We shall denote the norm
homomorphism L* — K* by N = N,k and show that N is surjective. Since

N(x) is the product of z, 2, xq2, ..., we have
N(z)=2" — E=(¢-1)/(g—1),

hence card(Ker(N)) < E. Since card(Im(N)) < card(K*) = ¢ — 1 and card(L*) =
q° — 1, we have equalities at both places. In particular, N is surjective. We shall
restrict our attention to the case where e = 2. We observe that if we put N(0) = 0,
then @ = N gives a nondegenerate quadratic form on the vector space L over K.
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In fact, if {1,&} is a K-basis for L, i.e., if £ is an element of L\ K, and if we express
any x in L as x = x1 + x2€ with 21,25 in K, then

Q(z) = N(zy + 22€) = 27 + azy @3 + ba3,

in which a = £ + €9, b = €79 and Q(z,y) = 27191 + a(w1y2 + x2y1) + 2bz2ys for
a similar element y = y; + y2& of L. Therefore, if Q(z,y) = 0 for every y in L,
then axy + 2bxy = 221 + axs = 0. Since the determinant of the coefficient-matrix
is a® —4b = (£ — €9)* # 0, we get z = 0. In the following, L = F,» will always be
equipped with the quadratic form N.

Lemma 9.2.1 Let X denote a two-dimensional vector space over K = F, and Q
any anisotropic quadratic form on X. Then X is isometric to L = F,2, hence Q) is
nondegenerate.

Proof. If {wy,wy} is any K-basis for X, hence Q(w;) # 0, and
Q(z1wy + zows) = Q(w1)(x? + axyxo + brd)

for x1, 2 in K, then a zero & of t2 — at + b is not in K. Otherwise, x = fw; — wo
isin X, Q(z) =0, and yet x # 0, which is a contradiction. Therefore, L = K (&) =
K 4 K&, We observe that N(z1 + 22€) = 22 4 ax129 + br2. As we have remarked,
we can write Q(w;) = N(«) with some « in L*. If we put

O(x1w1 + xo2ws) = a(z1 + 228),

since the multiplication by « is a K-linear bijection from L to itself, we see that 6
gives a K-linear bijection from X to L satisfying N(0(z1w; + xows)) = Q(z1w; +
xows) for every x1,x9 in K. We have already remarked that N is nondegenerate.
Therefore @ is also nondegenerate.

Lemma 9.2.2 If there exists an anisotropic quadratic QQ on a vector space X over
K =Ty, then necessarily dimg (X) < 2.

Proof. Suppose that dimg(X) > 2 and take any two-dimensional subspace Y of
X. Then Q|Y is anisotropic, hence nondegenerate by Lemma 9.2.1, and hence
X =Y @Yt Since Y- # 0, it contains y # 0, and then Q(y) # 0. Since
QY is isometric to L = Fp and N is surjective, we can find = in Y satisfying
Q(z) = —Q(y). Then Q(x +y) = 0 and x + y # 0, which is a contradiction.

We are ready to prove the following theorem, in which Q (i) for every i in K
denotes the set of all x in X satisfying Q(z) = i:

Theorem 9.2.1 Let QQ denote a reduced quadratic form on a vector space X over
K =T, i.e., a quadratic form Q on X satisfying X NQ71(0) = 0. If dimg(X) =
2m, the anisotropic kernel of Q) is either O or L = F2, and if we respectively put
x(Q) = £1, then

"+ x(Q) (¢ =gt i=0

¢ = x(Q) ¢! i #0.

card(Q (1)) =
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Furthermore, if q is odd, then x(Q) = x(d(Q)). If dimg(X) = 2m + 1, the
anisotropic kernel of Q is one-dimensional, hence of the form Kw. If q is odd,
there are also two cases separated by x(2d(Q)) = x(Q(w)), and

2m

q i=0
card(Q~'(i)) =
™+ x(2d(Q)i)g™ i #0,

but if q is even, there is only one case and card(Q~1(i)) = ¢*™ for every i.

Proof. It dimg (X) = 2m, then by Lemmas 9.2.1, 9.2.2 the anisotropic kernel has the
two possibilities stated in the theorem. If we can prove the formula for card(Q~1(0)),
then it will show that the two cases are independent of the decomposition of X in
Theorem 9.1.2. Furthermore, if L = K(§) and £2 — a€ + b = 0 as before, then with
respect to the K-basis {1,£} for L we have d(N) = a® — 4b, which is (£ — £9)%
Therefore if ¢ is odd, then d(N) is not in (K*)?2, hence x(d(N)) = —1, and hence
x(Q) = x(d(Q)). On the other hand, if dimg (X) = 2m + 1, then by Lemma 9.2.2
the anisotropic kernel is of the form Kw for some w in X and Q(w)(K*)? clearly
determines its isometry class. Since x(2d(Q)) = x(Q(w)) if ¢q is odd, what remains
to be proved is only the formula for card(Q~1()).
First of all, in the notation of Theorem 9.1.2 we have

Q( Z (zjai + xb;) + x0) = 2’2" + Q(x0)
1<i<p

for every o’ = (:v’1 cowy), 2 ="(z] ... xy) in K? and zo in XO. If now Q(z) =

tx'z" for o', 2’ in K™ and i is in K, then Q(z) =i implies 2’ # 0. The number
of such 2’ is ¢™ — 1 and for each 2’ # 0 the number of z” satisfying ta’2"” —i = 0
is g™~ 1, hence

card(Q7' (1)) = (¢ = 1)g" ' =" — g™
If ¢ = 0, we have only to add the number of 2/ = 0 and z” free in K™, hence
card(Q1(0)) = ¢*™ 1 +¢™ — g™ .

If Q(z) =ta'z" + N(§) for 2/,2” in K™~ and ¢ in L, then card(Q~'(0)) is the

sum of the numbers of solutions of N(§) = —fz/z” = 0 and = i in K*. Since
card(N~1(0)) = 1 and card(N~1(i)) = ¢ + 1 for i in K*, we therefore get
Card(Q_l(O)) — (q2m—3 4 qm—l _ qm—Z) + (q _ 1)((]-1— 1)(q2m—3 _ qm—Z)
q2m71 _ qm + qul.

As for card(Q~1(4)) for i in KX, if N(a) = i, then Q~!(1) is mapped bijectively to
Q7 1(i) under (z',2",&) — (iz', 2", a€). Therefore, card(Q~'(4)) is independent of
i, hence (q — 1)card(Q~1(i)) + card(Q~1(0)) = ¢*™, and hence

card(Q‘l(i)) — q2m—1 _‘_qm—ll
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In the above argument we have tacitly assumed that m > 1, but the formulas are
valid also for m = 1.

If Q(x) = 2’2" + ax? for 2’/,2"” in K™, x¢ in K, and a is in K*, we add the
numbers of solutions in #’, 2 of 2’2" = —ax3 for all 7o in K. In that way we get

card(Q1(0)) = q(¢*" ' =™ ) + ¢ = ¢*™.

As for card(Q1(7)) for i in K*, we shall first assume that ¢ is odd. We introduce
a quadratic form Q1 (x,z1) = '2'2” + axd — ix?, in which x; is a new variable, and
compute card(Q;*(0)) directly and also as the sum of the numbers of solutions in
x of Q1(x,z1) =0 for all z; in K. Since x(d(Q1)) = x(ai), we then get

card(Q1(0)) = ¢*™ ! + x(ai)(¢™ ™ — ¢™) = ¢®™ + (g — 1)card(Q " (4)).

This implies
card(Q~1(i)) = ¢ + x(ai)q™,

in which x(a?) = x(2d(Q)i). We shall next assume that ¢ is even. Then the square
map gives an automorphism of K. Therefore, if we write a = b2, i = j2 with b in
K*,jin K, then —az3+i = (bxo+j)?. Since z¢ — bro+j gives a bijection from K
to itself, if we put Qo(z) = ‘a’z"+x2, then card(Q (7)) =card(Qg *(0)). Therefore,
we get card(Q (7)) = ¢®™ by the above result or from g-card(Q~1(i)) = ¢*™*+! for
all ¢ in K.

9.3 Classical groups over finite fields

We shall define classical groups over an arbitrary field K and compute their orders
in the case where K is a finite field, i.e., K = F,. This topic goes back to L. E.
Dickson [12]. We shall use the fact that if a finite group G acts transitively on a set
S and if H is the fixer in G of any point & of S, then the bijection G/H — S defined
by g — g& implies card(G) = card(S)card(H). We shall also use the notation

[j=1-¢7 [ly=1+q"

for every i in N.

We observe that G = GL,,(K) acts transitively on S = K"\{0} by matrix-
multiplication. If we express any element g of GL,(K) by its 1 x 1, 1 x (n — 1),
(n—1)x1, (n—1) x (n — 1) entry matrices g11, gi2, g21, g22, then the fixer H
of e = %1 0...0) in G is defined by g;3 = 1, ga1 = 0 necessarily with gos in
GL,,—1(K). Therefore, if K = F, since card(S) = ¢"[n], we get

card(GL,(K)) = ¢"[n] - ¢" *card(GL,,_1 (K)).

We have tacitly assumed that n > 1, but if n = 1, then GL;(K) = K*, hence
card(GL;(K)) = ¢[1]. Therefore, by an induction on n we get

card(GL, (K)) = ¢" - ] 1.
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Furthermore, g — det(g) gives a homomorphism from GL,(K) to K* and the
kernel is denoted by SL, (K). If d = diag{r,1,...,1}, i.e., a diagonal matrix with
7,1,...,1 as its diagonal entries, then det(d) = 7 for every 7 in K*. Therefore,
the above homomorphism is surjective, hence card(SL, (K)) =card(GL,(K))/q[1],
and hence ,
card(SLn (K)) = ¢" - ] il
1<i<n

We next take a reduced quadratic form ) on a vector space X over K and define
the orthogonal group O(Q) of @ as in section 9.1. We observe that if g : X — X
is any K-linear transformation satisfying Q(gz) = Q(z) for every x in X, then g
is necessarily an injection, hence a bijection. In fact, if gr = 0 for some z in X,
then Q(z,y) = Q(gz, gy) = 0 for every y in X and Q(z) = Q(gz) = 0, hence x is
in X1 N Q71(0), and hence x = 0 because Q is reduced. Therefore O(Q) consists
of all such g.

After this remark, we shall consider the special case where X = K?™ and

Qx) = Z T2j—1T2; = T1X2 +T3Xg + ...,
1<i<m

hence @ is nondegenerate. We shall write Os,,(K) instead of O(Q). If we take
g = (w1 wy ... way,) from My, (K), then the condition for g to be in G = Og,, (K),
ie., Q(gr) = Q(x) for every x in X = K?™ becomes Q(w;) = 0 for every i,
Q(wai—1,wy;) = 1 for 1 < ¢ < m, and Q(w;,w;) = 0 for all other i < j. If we
denote by S the set of all (z,y) in X x X satisfying Q(z) = Q(y) =0, Q(z,y) =1,
then by Theorems 9.1.1, 9.1.2 we see that G acts transitively on S and the fixer H
in G of (e1,e2) in S cousists of all g above with w; = e1, wy = e3. In fact, if we
denote the 2 x 2, 2 x (2m — 2), (2m — 2) x 2, (2m — 2) X (2m — 2) entry matrices
of g by gi1, 912, 921, g22, then g is in H if and only if g11 = 12, g12 = 0, g21 = 0,
and gas is in Ogy,—2(K). Furthermore, z for (z,y) in S is free in Q@~1(0)\{0} and
(e1,y) isin S if and only if yo = 1, y1 + y3ya + - . . + Y2m—1Y2m = 0. Therefore, if
K =T, then by using Theorem 9.2.1 we get

card(§) = ¢ (card(Q1(0)) — 1) = ¢ [m]fm — 1],
hence
card(O,n (K)) = ¢*™*[m[m — 1], - card(Ozyn—o(K)
for m > 1 and card(Oa(K)) = 2¢[1] for m = 1. This implies
card(Og (K)) = 24" D] - ] [21].
it

Still in the case where X = K?™ with K arbitrary for a moment, if there exists
a separable quadratic extension L of K generated by a zero ¢ of t> — at + b for a, b
in K, we put

Q({E) = Z Xo;—1T9; + (ﬂf%m_l + axom—1Tom + bx%m)
1<i<m
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and write O}, (K) instead of O(Q). If we take g = (w1 wa ... way,) from Ma,, (K),
then the condition for g to be in G = 04, (K) becomes Q(w;) = 0 except for
Q(wam—1) = 1, Q(wam) = b, Q(wzi—1,w2;) = 1 except for Q(wam—1,wom) = a,
and Q(w;,w;) = 0 for all other ¢ < j. If K = F,, hence L = F2, and if m > 1,
then exactly in the same way as in the previous case but by using the formula in
Theorem 9.2.1 for card(Q~1(0)) for the above Q this time we get

card(05,,(K)) = card(S) card(O),, 5(K)), card(S) = ¢*™ 3 [m] [m — 1].

In the case where m = 1, if we put wy = *(,y), w2 = *(8,6), and N = Ny, /k, then
the above condition becomes N(a++¢) = 1, N(8+€) = b, and N(a+~E, f+0E) =
a. Therefore, n = (3+3¢)(a+~€) "1 is also a zero of t2 —at+b, hence n = £ or n = £9.
The subgroup of O4(K) defined by n = £ is isomorphic to Ker(N) as g — o + v¢
and OL(K) has a coset by that subgroup represented by g with @ = 1, 8 = a,
v=0, § = —1. In particular, card(O%(K)) = 2¢[1]+. Therefore, we get

card(0f,, (K)) = 24" Dm], - [ [2)-

1<i<m

In the case where X = K2?™+1 since the anisotropic kernel is one-dimensional
over a finite field, we may assume that

Qx) = Z Toi—_1T2; + ax%

1<i<m

for some a in K*. Since O(Q) does not change even if we multiply any element of
K* to @, we may further assume that a = 1. We shall write Og,,+1(K) instead of
O(Q). Then if K = Fy, by the same argument as before, we get

card(Ogp+1(K)) = card(S)card(Ogpm—1(K)), card(S) = ¢*™ 1 [2m)]

with card(O1(K)) = 1 or 2 according as ¢ is even or odd. This implies

card(Ogp 41 (K)) = 2¢mEm+1). H [24]

1<i<m

with the factor 2 above replaced by 1 if ¢ is even.

There is one more type of classical group. A K-valued K-bilinear function A on
X x X satisfying A(z,z) = 0 for every x in X is called an alternating form on X.
We in fact have

Az, y) + Ay, z) = A(z + y, v +y) — A(z,z) — A(y,y) =0

for every z,y in X. If Y is a subspace of X, then clearly A|(Y x Y) is an alter-
nating form on Y. If S is any subset of X, we define St as the subspace of X
of all = satisfying A(z,y) = 0 for every y in S. The alternating form A is called
nondegenerate if X+ = 0. If we denote by J; the 2 x 2 matrix with 0, 1, —1,0 as its
entries and by J,, the 2m x 2m matrix with J; on the diagonal and with 0 as all
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other 2 x 2 entry matrices, then A(x,y) = ‘zJ,,y defines a nondegenerate alternat-
ing form on X = K?™. We shall show that if A is any nondegenerate alternating
form on a vector space X over K, then X has a K-basis {wy, wa, ... ,wan}, hence
dimg (X) = 2m, satisfying A(wg;—1,we;) =1 for 1 <i < m and A(w;,w;) = 0 for
all other ¢ < j. That will imply

A(CDYD mwi, > yiwi) =" dmy

1<i<2m 1<i<2m

for every x,y in K?™. We take w; arbitrarily from X\{0}. The nondegeneracy of A
implies that the K-linear map from X to K defined by y — A(w1,y) is surjective,
hence A(w;,w;) = 1 for some wy in X. If we put X’ = (wy,wy)", then X becomes
the orthogonal direct sum of (w,wy) and X’. In fact, every z in X can be written
uniquely as

z = Az, we)w; — Az, wy)ws + 2’

with 2’ in X’. We observe that if X’ # 0, then A’ = A|(X’ x X’) is nondegenerate,
hence we can apply the same argument to A’. We have only to repeat this process.
We introduce, for our later use, the subspace Alt,, (K) of M, (K) consisting of all
a such that A(z,y) = zay becomes an alternating form on K™. If we denote the
(i, 7)-entry of a by a;;, then this means a;; = 0 for 1 <4 < n and a;; + a;; = 0 for
1 <4 < j < n. Similarly we denote by Sym,, (K) the subspace of M,,(K) consisting
of all a such that ‘a = a, i.e., a;; = aj; for all 4, j.

We now take a nondegenerate alternating form A on X and define the symplectic
group Sp(A) of A as the group of all invertible K-linear maps g from X to itself
satisfying A(gx,gy) = A(z,y) for every z,y in K. We remark, similarly to the
case of a reduced quadratic form, that the invertibility of g is a consequence of
A(gz, gy) = A(z,y) for every z,y in X. At any rate if A(x,y) = ‘zJ,y for X =
K?™ we shall write Sp,,,(K) instead of Sp(A); it consists of all g in My, (K)
satisfying ‘gJ;ng = Jp. By what we have shown Sp(A) is isomorphic to Sp,,, (K) if
dimg (X) = 2m. Furthermore, if we denote by S the set of all (z,y) in K?™ x K?™
satisfying A(x,y) = ‘zJ,,y = 1, then the above observation shows that (z,y) can be
considered as the first two columns of an element of Sp,,, (K), hence G = Sp,,,, (K)
acts transitively on S. Furthermore, the fixer H in G of (e1, e3) in S is isomorphic
to Spy,,_o(K). Since z for (z,y) in S is arbitrary in K?™\{0} and (e, y) is in S if
and only if yo = 1, if K =F,, then we get

card(Sp,,, (K)) = card(S)card(Spg,,_o(K)), card(S) = ¢*™ 1 [2m],

hence
card(Spy,, (K) = "m0 - T [24)
1<i<m

The above computation shows that if ¢ is even in K = F,, then Sp,,,(K) and
Og2m+1(K) have the same order, hence there exists a bijection from Sp,,,(K) to
O2m+1(K). Actually, they are isomorphic for any perfect field K with char(K) = 2.
The proof of this remarkable fact is simple and it is as follows. We change our
notation and put

Q(m) _ Z‘g —|—tl‘/$”
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for ' =%z ... xm), 2" = Y(Tmye1 ... T2m). Then Og,,yq1(K) is isomorphic to

O(Q). If for similarly defined ¢/, y"” we put

A(x, y) — tx'y” _ tx//y/,
then Sp,,,, (K) is isomorphic to Sp(A4). If we denote the four m x m entry matrices
of any g in My, (K) by a, b, ¢, d, then g is in Sp(A) if and only if

tac="tca,  'bd="'db,  ‘ad—‘tcb=1,,.

The field K is arbitrary so far. If now K is a perfect field with char(K) = 2, we
define two row vectors u = (u1 ... Up), v = (v1 ... vy) by the condition that u?,
v? are respectively the i-th diagonal entries of tac, ‘bd for 1 < i < m. Then we can

easily verify that the correspondence

a b

c d

gives an isomorphism from Sp(A) to O(Q).

Finally, there is a twisted form of GL,(K) for K = F,, i.e. the unitary group
Un(L) where L = >. If we denote the automorphism z +— x9 of L over K applied
to all entries of g by g — ¢', then U, (L) consists of all g in M, (L) satisfying
tgg’ = 1,,. We can compute the order of U, (L) similarly as in the other cases and
we get

card(Un(L) =¢" - [] = (=a)7):

1<i<n

We shall not use this fact in our later examples.

9.4 Composition and Jordan algebras

We shall explain some K-algebras. The explanation will be self-contained except
for the fact that we do not prove classification theorems. This does not create any
gap because our purpose is simply to give a good perspective to the list of f(x) for
which we shall compute Z(s).

We recall that a K-algebra A for any field K is a vector space over K in which
a K-bilinear multiplication (a,b) — ab is defined; we shall not assume that (ab)c =
a(bc). A K-algebra A # 0 is called simple if A and 0 are the only two-sided ideals of
A. We shall assume that dimg (A) is finite. We say that C' is a composition algebra
over K if firstly, C is a K-algebra with the unit element 1 # 0, i.e., C' # 0; secondly,
C is equipped with a reduced quadratic form n; and thirdly,

(1) n(ab) = n(a)n(b)

for every a,b in C. We call C a quaternion (resp. an octonion) algebra over K if
dimg (C) = 4 (resp. dimg(C) = 8). We observe that (1) implies n(1) = n(1)?,
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hence n(1) = 1 for otherwise n(1) = 0. But then n(a) = n(al) = n(a)n(l) = 0,
hence n(a,b) = 0 for all a, b in C, and hence C = C+Nn~1(0) = 0, a contradiction.
We polarize (1) in b, i.e., we replace b by by + ba, then by by, by and subtract the
second from the first. In that way we get

n(aby, abs) = n(a)n(by, ba).
If we apply a polarization to the above in a, we get
n(a1by, asbs) + n(agbr, arbe) = n(ar, az)n(by, ba)
for all ay,as,b1, by in C. If we put
t(a) = n(a, 1), a' = —a+t(a)l,

then 1’ = 1 and n(a’) = n(a), hence by polarization n(a’,b’) = n(a,b). Furthermore,
by replacing aq, as, b1, ba respectively by a, 1, b, c and also by a, ¢, b, 1 we get

(2) n(ab,c) = n(b,a’c) = n(a,cb’).

We rewrite the first polarized form of (1) as n(ab, ac) = n(a)n(b, ¢). Since n(ab, ac) =
n(a’(ab), c) by (2), if we put d = a’(ab) —n(a)b, then n(d, c) = 0 for all ¢in C. By us-
ing (1), (2), and n(a’) = n(a) we also have n(d) = 0. Hence d is in C* Nn=1(0) = 0,
i.e.,

(3) ' (ab) = n(a)b.

If we put b=c=11n (2), we get t(a’) = t(a), hence (a/) =a. If we put b=1in
(3), we get
a® —t(a)a +n(a)l =0,

hence by polarization ab + ba — t(a)b — t(b)a + n(a,b)1 = 0. On the other hand by
(2) we get n(a,b) = t(ab') = —t(ab) + t(a)t(b). By putting these together we get
b'a’ — (ab)’ = 0. Therefore, the K-linear map a +— a’ is an involution of C in the
sense that (ab)’ = b'a’ and (a’)’ = a for every a,b in C. For our later use, we also
remark that

t((ab)c) = t(a(be)),

hence we can simply write it as ¢t(abc). In fact, we have
t((ab)c) = n(ab, ') =n(b'd’,c) = n(a’,bc) = t(a(bc));
we have used (2), n(a’,b') = n(a,b), and (2) again. We similarly have
t(ab) = t(ba).
In fact, t(ab) = n(a, 1b') = n(a,b’'1) = t(ba). Therefore, we get

t(abc) = t(bca) = t(cab).
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We now take a composition algebra Cy equipped with a nondegenerate quadratic
form ng, put C = Cy + Cy, a direct sum, n(ai,as) = no(a1) + no(az), and define a
multiplication in C' as

(4) (a1,a2)(b1,b2) = (a1by — bhag, baay + asbh).
Then by using (2) in Cy, we get
n(ab) — n(a)n(b) = no((baa1 )b — ba(aibr), az),

in which @ = (a1,a2), b = (b1,bs2). Therefore, C' becomes a composition algebra
if and only if Cj is associative. We shall show in the case where Cy is associative
that C itself is associative if and only if Cy is commutative. Since the if-part
is straightforward, we shall prove the only-if part. If we take a = (a1,0), b =
(b1,0), ¢=(1,1), where ay, by are arbitrary in Cp, then

(ab)c — CL(bC) = (albl,albl) — (albl, blal),

hence (ab)c = a(bc) implies a1b1 = bya;.

We have explained the above partly to give some idea about C' but mainly to
simplify the subsequent verifications. Examples of C' are as follows:

(C1) C =K, n(a)=ad>

(02) C=K+K, ((11, ag)(bl, b2) = (a1b1, a2b2), n(al, ag) = a1a2.

(C3) C' = M3(K), with the matrix-multiplication, n(a) = det(a).

(C4) C=Co+Cy, asin (4) for Cy =C in (C3).
The fact that we have a composition algebra in (C1), (C2), (C3) is clear. There-
fore, by the above general observation we also have a composition algebra in (C4).
Furthermore, (C3) is not commutative, hence (C4) is not associative, and hence
the process Cy — C applied to (C4) will not produce a composition algebra. We
also remark that the involution in each case can easily be made explicit and it is as
follows:

a/ =a, (ala CLQ), = (0‘,2,(11), al = Jltajfla (ah a2)l = (a/17 _G'Q)v
in which J; is as in section 9.3, i.e., the 2 x 2 matrix with 0, 1, —1, 0 as its
entries. The fact is that all composition algebras over K can be determined and if
K is algebraically closed, then C' is isomorphic to one of the above. We refer to N.
Jacobson [32] for the details (in the case where char(K) # 2).

We shall introduce another class of algebras. We say that A is a Jordan algebra
over K if A is a commutative K-algebra and

(ab)a® = a(ba?)

for every a,b in A. If we denote by 6(a) the multiplication by a in A, then the
above Jordan identity becomes 0(a?)0(a) = 6(a)f(a?). At any rate, any subalgebra
of a Jordan algebra is clearly a Jordan algebra. In the following, we shall assume
that char(K) # 2. If for any K-algebra A we define a new multiplication as

aob=(1/2)(ab+ ba),
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then we have aob = boa and aoa = a®. If A has an involution a — o’ and B is the
subspace consisting of symmetric elements a’ = a, then B becomes a subalgebra
of A under the new multiplication. If C' is any K-algebra with involution and
M, (C) is the K-algebra of n x n matrices with entries in C' and with the matrix-
multiplication, then a — ‘a’, where (‘a’);; = a; for all 4, j, defines an involution
of M,,(C). Therefore, the subspace H,,(C') consisting of hermitian matrices ‘a’ = a
forms a subalgebra of M, (C) under the new multiplication. Suppose now that A
is associative. Then A with the new multiplication becomes a Jordan algebra. In
fact,
(aob)oa® = (1/4)(a®b + a*ba + aba® + ba®) = a o (bo a?).

Therefore, if C' is an associative composition algebra over K so that M, (C) is
also associative, then H, (C) with the new multiplication is a Jordan algebra. We
shall explain further examples of Jordan algebras. We keep in mind that since
char(K) # 2, an element a of C is symmetric, i.e., a’ = a, if and only if a is in
K=K1.

We take a quadratic form @ on a vector space X over K, put

A:K€1+K€2+X,
and define a multiplication in A as
(oqel + ases + 1‘)(5161 + Boes + y) = Y11 + Y2e2 + %,

where v; = «;5; + (1/2)Q(x, y) for i = 1,2 and z = (1/2)((a1 + a2)y + (51 + B2)x).
We shall show that A is a Jordan algebra. Clearly A is a commutative K-algebra.
If we put a = aje; + azes + x and e = e; + e, then ea = a and further

a® — (o1 + az)a + (cnag — Q(x))e = 0.
Therefore, if we put 7 = a3 + g, v = ajas — Q(z), then
(ab)a® = 7(ab)a — vab = Ta(ba) — vab = a(ba?).

If now C is any composition algebra and «i, as, x are the (1,1), (2,2), (1,2)
entries of a in Hz(C) then a — aje; + ases + = gives an isomorphism from Hs(C)
to A= Kej + Kes + C where Q(x) = n(z). Therefore, Hy(C) is a Jordan algebra.
We shall show that H3(C) is also a Jordan algebra.

We take a, b, ¢ from H3(C') and keep in mind that aj; = a;;, etc.; we put acaca =
ao(aoa), e=13. We introduce the following quadratic and cubic forms on A:

Q(a) = (1/2)(al, + a3y + a3s) + n(azs) + n(as) + n(ar2),
det(a) = aniagass + t(assasiaiz) — aiin(azs) — azen(as:) — agzn(aiz).

Since t(a;ja ,ak;) is invariant under even permutations of a;j, ax, ax; and is equal
to t((aijajuan:)’) = t(ainarjaj;), we see that t(a;ja;par) = t(assaziaiz) for all
distinct i, j, k. Since

Q(a,b) =Y aibii + Y _ nlaij, bij),

1<j
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we see that @) is nondegenerate. Furthermore,

(@ob)i; = aiibii + (1/2){n(ai;, bij) + n(air, bir)},
(aob)ij = (1/2){(ai + az;)bij + (bii + bjj)aij + airby; + birak;},

hence

Qaob,c) =Q(a,boc).
We shall use this fact very often. If we replace b above by a and a o a, then we get

(a0a); = a?i +n(a;;) + nlar), (aoa)j = (@i + ajj)ai; + aikar;;

(a oao a)ii = a?i + (QCL” + ajj)n(aij) + (20,” —+ akk)n(aik) + t(aggaglalg),

(acaca); = (a2 + aiiaj; + a?j +n(ags) + n(asi) + n(ai2))ai; + Q(a, €)a;kar;.
By using these we can easily verify that a satisfies the following basic cubic equation

acaoa—Q(a,e)aoa+ Qi(a)a— det(a)e =0,
in which
Q1(a) = (1/2)Q(a,e)* — Q(a).
If we take a variable ¢ and define the first polar det;(a,b) of det(a) as
det(a + tb) = det(a) + dety(a,b)t + ...,
then by using the definition we get
det; (a,b) = Q(a™,b), a? =aoa—Qa,e)a+ Qi(a)e.

Similarly, by taking the first polar of the above cubic equation for a we get

(aca)ob+2ao(aob)—Q(b,e)aca—2Q(a,e)aod
+ Q1(a,b)a+ Q1(a)b — dety(a,b)e = 0,
in which Q1(a,b) = Q(a,e)Q(b,e) — Q(a,b). If we denote the LHS of the above
equation by L(a,b), then we get ao L(a,b) — L(a,aob) = 0 because both terms are

0. By using the cubic equation for a and the above expression for Q1 (a,b), we can
rewrite this equation as

ao(bo(aoa))— (aob)o(aoa)=deti(a,b)a— deti(a,aob)e
+ Q1(a,aob)a— Q1(a)Q(b,e)a + det(a)Q(b, e)e.

If we replace det; (a, b) by Q(a™,b) with a” as above and use the fact that aoa™ =
det(a)e, then we get

RHS = (Q1(a,a0b) — Q(a,e)Q(aob,e) + Q(a,aob))a = 0.
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We have thus shown that H3(C) is a Jordan algebra for any composition algebra
C. If we assume that char(K) # 3, in addition to char(K) # 2, then Q|Ke is
nondegenerate, hence A = Ke @ (Ke)*. The proof can be slightly shortened
by using this fact. At any rate, the fact is that if K is algebraically closed and
char(K) # 2, then every simple Jordan algebra over K is isomorphic to H,(C) for
some n > 1 for the C' in (C1), (C2), (C3), Ke; + Kea + X with a nondegenerate
quadratic form @ on X, or H3(C) for the C in (C4). We again refer the details to
Jacobson [32]. We might mention, for a comparison, that if A is a simple associative
algebra over any algebraically closed field K, then by a special case of Wedderburn’s
theorem A is isomorphic to M, (K) for some n > 1.

9.5 Norm forms and Freudenthal quartics

If C is any K-algebra and a is an element of M, (C) with a,; as its (4, j)-entry, then
we put e = 1,, and
tr(a) = a1 +age+ ...+ ann.

We take a Jordan algebra A = H,,(C) and define a* inductively on & > 0 in N as
a* = a o a*~1 with the understanding that a® = e. We take as C one of the (C1),
(C2), (C3), (C4) in section 9.4 and show that a satisfies an equation of the form

a” —tr(a)a” ' 4 ...+ (=1)"det(a)e = 0,

in which det(a) is a homogeneous polynomial of degree n in the entries of a. Since
the above equation is not unique as stated, we shall make det(a) explicit in each
case and call it the norm form of A. Since we are familiar with quadratic forms, we
shall be interested in the case where n > 2.

If a is any element of M, (K), where K is an arbitrary field, we denote by det(a)
the usual determinant of a. If ¢(t) is the characteristic function of a, i.e., if

H(t) = det(te — a) = t" — tr(a)t" ' + ... + (=1)" det(a),

then by Cayley’s theorem we will have ¢(a) = 0. We might recall its proof: If we
put (te —a)” = ¢(t)(te — a)~! and write

o) = > ait’,  (te—a)¥ = Y bt

0<i<n 0<i<n

with «; in K and b; in M, (K), then aze = b;—1; — ab; for 0 < i < n, in which
b_1 = b, = 0. This implies

0= 3 = X (@b - ) =0,

0<i<n 0<i<n

We shall now assume that char(K) # 2. If C is as in (C1), hence C = K, then
H,(C) = Sym,,(K), the subspace of M, (K) of symmetric matrices. Therefore, we
can take the determinant of a as det(a). If C is as in (C2), hence C = K + K,
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then H,(C) consists of a = (z,'z) for all z in M,,(K). Furthermore, we see that a
satisfies the same equation in H,(C) as z in M, (K). Therefore, we can take the
determinant of z as det(a). If C is as in (C3), hence C' = My(K), then H,(C)
consists of all a in M, (K) satisfying J,'aJ, ! = a, i.e., such that z = aJ, is in
Alty, (K), in which J,, and Alty, (K) are as in section 9.3. If = is in Alty, (K), i.e.
an alternating matrix in M, (K), we define its Pfaffian Pf(x) as

/

Pf(.%‘) = Z E(U)xa(l),a(Q) T To(2n—1),0(2n)>

o

in which £(o) = %1 according as the permutation o of {1, 2, ... , 2n} is even
or odd and Z/ indicates the restriction o(1) < ¢(2),...,0(2n — 1) < o(2n),
(1) < o(3) <...<o(2n—1); the number of terms is (2n)!/2"n!. We observe that
if we put
Y(t) = Pf(t], —z) =t" — 7" + ..+ (—=1)"Pf(x),
then we have
T =212+ T34 + ...+ Top_12n = tr(a),

in which tr(a) is defined in H, (C). Furthermore, a similar argument as in the proof
of Cayley’s theorem shows that 1(a) = 0. Therefore, we can take Pf(z) = Pf(aJ,)
as det(a). If “det” means the usual determinant, then we have found that the norm
form in each case has the following meaning: det(z) for z in Sym,, (K), det(x) for
x in M, (K), the Pfaffian Pf(z) for z in Alte, (K).

Finally, in the case where C is as in (C4), we have only to consider H,(C) for
n < 3. If n =2, then

det(a) = ajiaaa — n(ar2),

which is a hyperbolic form in 10 variables. If n = 3, then
det(a) = 11022033 + t(a23a31a12) - a11ﬂ(&23) - a22n(a31) - a33n(a12)-

We shall obtain a classical expression for this cubic form. If we write an arbitrary
element a of M3(C) as a = (a1, a2) with ay, as in Mg(K), then a is in H3(C) if and
only if ay is in H3(M>(K)) and the entries of ay satisfy (az); = 0 for 1 < ¢ < 3,
(a2)ij = —(a2)ji for 1 < i < j < 3. Therefore, by what we have shown above
y = a1Js is in Altg(K). We shall denote the (4, j)-entry of y by y;;; also we put

((a2)23 (az)s1 (a2)12): 211 212 ... 216

Z21 Z922 N 296

and w;; = 21,225 — 21j22; for 1 <4, j < 6. Then in det(a) those terms which are
free from z;; will give Pf(y). Furthermore, we can easily verify that

det(a) — Pf(y) = — Zyijwij = —'21y2,

i<j

in which z; = (21 ...2i6) for i = 1,2.
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We shall next introduce Freudenthal quartics. We take A = H3(C') and put
X = K? + A%, An element z of X is of the form (ag, bo; a,b) for some ag, by in K
and a,b in A. We observe that

dimg (X) = 6 - dimg (C) + 8 = 14, 20, 32, 56

for dimg (C) = 1,2,4,8. In the notation of section 9.4 we define the Freudenthal
quartic on X after H. Freudenthal [14] as

f(x) = (aoho — Q(a,b))? — 4(ag det(b) + by det(a) + Q(a™, b%)).
It appeared in his earlier paper in the following form:

J(y, z) = P(y) + P(2) — (1/4)tx((y2)*) + ((1/4)tr(y2))?,

in which y, z are in Altg(K). Actually, the above cubic form Pf(y) — tz1y22 and
J(y,z) are in E. Cartan’s thesis of 1894 but with some incorrectness about J(y, z),
which was corrected as above by Freudenthal. Furthermore, he and T. A. Springer
developed the theory of Jordan algebras in connection with exceptional simple
groups. At any rate, if C = My(K) + M3(K), then there exists a K-linear map
X — Altg(K)? under which f(x) becomes —4.J(y, z). We might give one such map.
We write a = (a1, az2), b= (b1,b2) as before and define ¢/, 2’ in Altg(K) with their
(i, j)-entries y;;, z;; for 1 <4, <6 as y = a1J3, 2’ = J3b1. We next define y, z in
Altg(K) with their additional (4, j)-entries y;;, z;; for 4,5 =7, 8 as

Yir Y27 ... Yer
= Ji((b b b J3, = by,
(yls Yog ... y68> 1(( 2)23 ( 2)31 ( 2)12) 3 Y78 0

217w ... Zer
= a Qa a z = qQag.
(27 2 57— (@ (ada ha)s oo

Then, after some lengthy computation, we can see that f(z) = —4J(y, z). Since we
shall not use this fact, the details will not be given.

In order to satisfactorily examine Freudenthal quartics in the four cases, we need
to prove a large number of formulas in the theory of Jordan algebras. Instead, we
shall explain only one case where such a preparation will not be necessary. In fact,
we shall use the method we have used in [22], pp. 1021-1023 which depends only
on the usual matrix computation.

We know that the action of GL, (K) on K" extends to A” K™ for all p. In
particular, for p = 3 we have

(g : ﬂf)z'jk = ZQW gjj5" 9kk' Ti’j'k’

for every g in GL,,(K) with g;;» as its (i,4')-entry and for every 4, j, k, in which the
summation is for all 7/, j', k’. We observe that if « # 0, hence x;;;, # 0 for some i <
j < k and if ¢ is the permutation-matrix representing (17)(27)(3k), then (g-x)125 =
xijk 7 0. We shall assume, from now on, that n = 6, hence dimK(/\3 K™) = 20,
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and denote the 3 x 3 entry matrices of g at (1,1), (1,2), (2,1), (2,2) respectively
by «, (3, v, §. We observe that if 1235 # 0 in x, then there exists a unique g with
a=0§=13, =0, such that (g-x);;x = 0 for all i < j <3 < k and the unique 7 is
given by

—Z1237 = (T23i T31i T12i)i=45.6;

we shall denote the RHS by a. In other words, a is the element of M3(K) with
(z23; T31; *12;) as its (i — 3)-th row for ¢ = 4, 5, 6. Similarly, if x456 # 0, there
exists a unique g with o = 6 = 13, 7 = O such that (g-z);;5 =0foralli <3 < j <k
and the unique § is given by

—T4563 = (Tis6 Tiea Tids)i=1,2,3;

we shall denote the RHS by b. Finally, for an arbitrary = we put ag = —x123,
bp = —x456 and use the notation x = (ag, bo; a, b).

We now take & with ag # 0, denote by g = go the element of SLg(K) for which
a=6=13 =0, v=ay aand put go -z = 2’ = (a},b};0,b'). If for any a in
M;3(K) we put a* = Adj(a) so that aa™ = det(a)l3, then a) = ag and

by = by — tr(yb) — tr(ay?) 4 det(y)ao
= by — ag "tr(ab) — 2ag % det(a),
(b)ij = bij + 2ag " (a™)ij — ag ' (a™)y
for 1 <4, 7 <3, hence b’ =b+ agla#. Furthermore, if we put
J = ag det(b') — (1/4)(agbp)?,

then by using the above expressions for ay, bj, b’ and the general formulas
det(a + b) = det(a) + tr(a™b) + tr(ab™) + det(b),
det(a™) = det(a)?, (a™)# = det(a)a,
we see that —4.J is equal to
f(x) = (apho — tr(ab))* — 4(ag det(b) + bg det(a) + tr(a®b¥)).

This is the Freudenthal quartic for C' = K + K. In order to proceed further we
need the following lemma, the verification of which is straightforward.

Lemma 9.5.1 Let L denote an arbitrary field and g any element of GLg(L) with
3 x 3 entry matrices o, 3, v, 8. Then

g-(1,0;0,0) = (det(a),det(y); —ya¥, —ay™),

g-(0,1;0,0) = (det(3), det(d); —66%, —B5™).
We observe that if p, g, p’, ¢’ are elements of L* satisfying pg = p’q’, then we

can find g in SLg(L) satisfying g - (p,¢;0,0) = (p’,¢’;0,0). In fact, by Lemma
9.5.1 we have only to choose a, ¢ satisfying det(a) = p'/p, det(d) = ¢'/q and put
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B =~ = 0. We also observe that if ¢ is in L*, we can find g in SLg(L) satisfying
g-(1,¢;0,0) = (1,—¢;0,0). In fact, by Lemma 9.5.1 we have only to choose 3, v
satisfying det(8) = 1/q, det(y) = —¢ and put @ = § = 0. We shall show that if
J #0in 2’ = (a},b};0,b') above and § = (—4.J)'/2, then we can find g in SLg(L)
for L = K(0) satisfying g- (1, 6;0,0) = 2’. We shall, for the sake of simplicity, write
agp, ete. instead of ay, etc. so that ' = (ag, bo; 0,b) and

—4J = (agbg)? — 4ag det(b) = 6% # 0.

This implies ag # 0 and either agby — 60 # 0 or agbg + 6 # 0. We have remarked that
(1,6;0,0) and (1,—0;0,0) are in the same SLg(L)-orbit. Therefore, we may assume
that

q= (1/2)(10(1 — 9_1a0b0) 7é 0
and we put p = 0/q. Also by another remark we have only to find g in SLg(L)
satisfying ¢ - (p, ¢;0,0) = 2’. We just define g as

a=—0"tagb, 6 =13, v = —aglqlg, § =0 2agpb™.

Then ¢ has the required property. In fact, if we multiply 8 'aob to the second
column of g and add to the first column, then the new first column will have 0, —13
as its entry matrices. Since the new matrix is clearly in SLg(L), we see that g
is in SLg(L). The verification of ¢ - (p,q;0,0) = (ag, bo;0,b) by Lemma 9.5.1 is
straightforward.

Lemma 9.5.2 If g, q are respectively elements of GLg(L), L™ for any field L and
g-(1,4;0,0) = (1,¢';0,0), then ¢’ = £det(g)q.

Proof. By Lemma 9.5.1 the condition on g becomes
(%) det(a) + gdet(B) =1, det(y) + qdet(d) = ¢,

ya + g% =0, ay? + qB6* = 0.
Suppose first that det(a) # 0. Then the last two equations imply

v=—0f" (a®)7t, (det(a) + gdet(B))B5* = 0.

By the first equation in (x), the second equation above becomes 3% = 0, hence the
fourth equation in (*) becomes ay# =0, hence v# = 0, and this implies det(y) = 0.
Then the second equation in (x) becomes gdet(d) = ¢, hence det(d) # 0. Then
6% = 0 above implies 3 = 0, hence det(a) = 1, ya™ = 0, hence y = 0, respectively
by the first and the third equations in (x). Therefore, we get det(g) = det(J)
and ¢’ = det(g)g. Suppose next that det(a) = 0, hence det(8) = 1/¢ by the
first equation in (%). Denote by gy any element of SLg(L) with entry matrices
g, Bo, Yo, 0o satisfying ag = dp = 0 and det(By) = —1/q,det(y9) = ¢ so that
go-(1,—¢;0,0) = (1,¢;0,0). Then the entry matrices of ggg are 80, @S0, 670, 750,
in which det(B8vy) = 1, and ggo - (1,—¢;0,0) = (1,¢’;0,0). Therefore, by what we
have shown, we get ¢’ = — det(g)q.

We shall formulate an immediate consequence of what we have discussed so far
as a proposition; further consequences will be used later to compute Z(s) for f(z).
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Proposition 9.5.1 Let K denote any field with char(K) # 2, identify /\3 K5 with
K? + M3(K)? under the K-linear bijection x — (ag, bo; a,b), in which

ap = —ri23, bo = —Z 456, a = (T23i, 314, T12i), b = (Tis6, TicaTias)
respectively fori =4, 5, 6 andi =1, 2, 3, and put
f(x) = (apho — tr(ab))* — 4(ag det(b) + bg det(a) + tr(a®b¥)).
Then for every g in GLg(K), we have
flg-x) = det(9)*f(z);

if f(x) #0 and 0 = f(x)/?, then there exists an element g of SLs(K (0)) satisfying
g-x=1(1,0;0,0); and if 6 is in L for any field L, the fizer of (1,0;0,0) in SLg(L)
consists of all g with its entry matrices «, B, 7, 0 satisfying det(a) = det(d) = 1,
f=7=0.

Proof. In order to prove the first part, i.e., f(g-x) = det(g)%f(x), we can replace K
by its algebraic closure, and we shall use the principle of the irrelevance of algebraic
inequalities in Chapter 1.1. We take t = (g, z) regarding the 56 entries of g, x as
variables and put

Ri(t) = det(g),  Ro(t)=wmi23,  Rs(t)=(g-2)123,  Ralt) = f(),

Rs(t)=f(g-x),  F(t) = f(g- =) — det(g)*f().

Suppose that Ry(t') # 0,...,R5(t') # 0 for any ¢’ = (¢’,2') in K°®. Then we
know that there exist elements gg, g1 of SLg(K) satisfying go - 2/ = (1,60;0,0),
g1 (¢ -2') = (1,61;0,0), in which (69)? = f(z'), (61)®> = f(¢' - 2'). This implies
919’95 "+ (1,00;0,0) = (1,61;0,0), in which 656, det(g19'gy ") # 0. Then by Lemma
9.5.2 we get

flg'-a') = (01)% = (det(g19'gy ")00)* = det(g')* f(2'),

i.e., F(t') = 0. Therefore, by the above principle F(t) = 0, hence F(t') = 0 for all
' in K.

We shall now go back to the original notation. Suppose that f(z) # 0 and
0 = f(x)1/2. Then for some permutation matrix go we will have (go - x)123 # 0.
Since f(go - ) = det(go)?f(z) = f(z), the second part follows from what we have
shown earlier. As for the third part, the proof of Lemma 9.5.2 shows that if g is
in the fixer of (1,6;0,0) in GLg(L) and if det(a) # 0, then det(a) = det(d) = 1
and 8 =~ = 0 while if det(a)) = 0, then det(g) = —1. Therefore, if g is in SLg(L),
then we only have the first possibility. Furthermore, every such g is in the fixer of
(1,6;0,0).
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9.6 Gauss’ identity and its corollaries

C. F. Gauss used a remarkable identity to convert a theta series into an infinite
product; he used a special case of that identity in his first sign-determination of the
Gaussian sum. We shall recall his identity with his proof and prove its corollaries
for our later use.

In the original notation of Gauss [15] we put

T=14+(@" —1)/(a—1)-t+(a" —1)(a" —a)/(a—1)(a® =1)-t* +...,

in which a, t are variables. Since T depends on n, we put ©(n) = 7. Then
00)=1,0(1)=1+¢t06(2) =1+ (a+ 1)t +at? = (1 +t)(1 + at). Furthermore,
O(n+1) = (1+a"t)O(n), hence

T=04+t)(1+at)---(1+a""'t).

This is the Gauss identity.
We now take m from Z, n from N, and put

Fron(a,t) = H (1- amHt) / (1- ai)

1<i<n

with the usual understanding that F,, o(a,t) = 1; we extend the definition by
Fpyn(a,t) =0 for n < 0. If we put

Fm,n(a) = Fm,n(av 1),
then for m, n > 0 we have
Fual)= ] (=a)/( T] (t1=a)- J] (1-a?)
1<i<m—+n 1<i<m 1<i<n

hence Fy, n(a) = F m(a), and F; j(a)Fitjk(a) = F; j1rx(a)Fjr(a). We also observe
that

(%) Fron(a,t) =Fpnn_1(a,t)+a"Fp_1n(a,t)

and further F,, ,(a,t) = Fm,k,n(a,akt) for all m, n, k in Z. In this notation the
Gauss identity can be written as

(Go) > Fjla)ad 0= T (1+a ')

i+j=n 1<i<n

for every n > 0. We might also mention that (%) for ¢ = 1 is tacitly used in Gauss’
proof, in fact as follows: The coefficient of #* in (1 + a™t)©(n) is

Fi’n,i(a)ai(i_l)/g + Fifl,nf'H»l (a)a(i—l)(i—Q)/2+7L

for 0 <i<n+1. Since (i —1)(: —2)/2+n=14i((—1)/24 (n —i+ 1), by using
(%) for t = 1 we see that it is equal to the coefficient of ¢* in ©(n + 1). Therefore,
O(n+1) = (1+a"t)O(n), and the rest is by an induction on n.
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We shall show that

(G1) 3 { I -a™)a-at+y ) (1—ai)}ak2t’<=1.

0<k<n 1<i<n—k

By (G0) we have

H (1 _ ai+kt) — Z Fz,g( ) i(i—1)/2 (—ak+1t)i.

1<i<n—k i+j=n—k

Since the other product is Fj ,—x(a), the LHS of (G1) becomes

Z (_l)ika_k(a) Fi,j(a) ai(i+1)/2+(i+k)kti+k.
i+j+k=n

If we put [ =i+ k, hence j =n — [, by using Fy, ,—x(a) F; j(a) = Fy(a) Fitr ;(a),
the above expression can be rewritten as

Z { Z Fk k(k— 1)/2( )k}'(—l)lﬂ,n—l(a) al(l+1)/2tl.

0<i<n k+i=l

According to (G0), we have

> Fralo) 021k = TT (- a7,

k+i=l 1<i<l

which represents 1 or 0 according as [ = 0 or [ > 0. This implies (G1).
We shall next prove

(G2) 3" Fuown(a) Frni(a,t) a¥t* = Fr(a,t),
0<k<n

If we put Dy, (a,t) = RHS - LHS, then D,, ,(a,t) = 0 for n < 0. Therefore, we
shall assume that n > 0 and prove D,, ,(a,t) = 0 by an induction on n. If we apply
(%) to Fypn(a,t) and Fy ,—k(a,t), then we get

Dm,n(a;t) = {an 1\a, t Z Fm k, k Fk,nfkfl(awt) akztk}
0<k<n

2
+a"{Fm 1n a, t Z F,_ kk Fk_l,n_k(a,t) a® (ailt)k}.
0<k<n

We observe that in the first {-} the term for & = n is 0, hence {-} is equal
to Dy n—1(a,t), which is 0 by induction. On the other hand, if we replace
Fr—1n(a,t) and F_1 ,—k(a,t) in the second {-} respectively by F, ,(a,a"'t) and
ka_k(a,a’lt), then it becomes D,, ,(a,a”'t). Therefore, we get Dy, ,(a,t) =
a" Dy, n(a,a™t). Since a, t are variables and Dy, ,,(a,t) is a polynomial in ¢, this
implies

Dy n(a,t) = Apyn(a)t™
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for some A, n(a) which is independent of ¢. If we can show that A, ,(a) = 0, then
we will have D, ,(a,t) = 0. Since A, »(a) is the coefficient of " in D,, ,(a,t), by
going back to its definition we get

a™m — (_1)n H (1 _ ai) . a—n(n+1)/2Am7n(a)

1<i<n
= Z (=1)*Fp—p i (a) - H (1 — a"k+i) . gFk=1)/2,
OSkSn 1Si§k

Therefore, we have only to show that the above RHS is equal to a™”. By definition
we have

Fr—kk(a) H (1- an_kH) =Fy_rr(a) H (1-— am_k’“)

1<i<k 1<i<k
and by (G0) we can write
H (1 —am k—i—z Z F, J z i— 1)/2( am—k—&-l)i.
1<i<k i+j=k
Therefore, if we put [ = n — k, then the expression which is expected to be a™"
becomes o 4
S Funila) Fiyla) ™ H96-D/2(<1),
i+j+l=n
Since F} ,—i(a) Fi j(a) = F;n—i(a) Fj;(a), it can be rewritten as
Y Foi@a™{ Y (@) 9031},
0<i<n JjHl=n—i

As in the proof of (G1), we see by (G0) that {-} above represents 1 or 0 according
asn —1i=0or n—i>0. Therefore, the above expression is indeed equal to a™”
Finally, we shall show that

(G3) Y Frowi(@) Frnoil(a,t) a® 55 = Fouyo(a,t) + tFp a1 (a,t).
0<k<n
If we apply () to Fy,,—k k(a), the above LHS becomes
2
Z Fm—k,k—l(a) Fk,n—k(aat) at ik
0<k<n

+ Z Fo—k—1k(a) Fin—r(a,t) ¥tk
0<k<n

By (G2) the second sum is equal to Fy,,—1 ,(a,t). We observe that in the first sum
the term for kK = 0 is 0. If we replace k by k + 1, the sum becomes

2
Z Fok-1£(a) Fri1n—r-1(a,t) a* (at)*,
0<k<n

in which Fyy1n-k-1(a,t) = Frn—k—1(a,at). Therefore, again by (G2), it is equal
tot- Fp_1n-1(a,at) =t- Fy n_1(a,t).
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Chapter 10

Computation of Z(s)

10.1 Z(w) in some simple cases

We recall that
20)= [ o) o

in which X° = O%, dr = py, is the Haar measure on X = K" normalized as
un(X°) = 1, and f(z) is in Klxy,...,2,)\K. As for w, it is in Qo(K*), ie.,
t = w(m) satisfies 0 < [t| < 1. We have denoted Z(w,) by Z(s). This is a p-adic
analogue of

[ 5@ exp(-ntzo) da.

There is a remarkable difference between them about the explicit computability for
a given f(z). In the real case Z(s) is hardly computable; while in the p-adic case it
is a rational function of ¢ and has been computed for a large number of f(z). The
significance of an ever-increasing list of explicitly computed Z(s) is that it allows us
to formulate conjectures and proceed to their proofs. At any rate, in this chapter
we shall explain some Z(s) in the above-mentioned list. We shall start with the
simplest cases after the following general remarks.

Suppose that Oy acts on X as (u,z) — u -z keeping u, and X° invariant;
suppose further that f(u-x) = u™ f(x) for some m > 0 in N. Then by replacing =
by u -z in the integral defining Z(w) we get

Z(w) = x(u)™ Z(w)
for every u in O, in which x = w|Oj. Therefore, Z(w) = 0 unless ™ = 1.
We remark that X°\{0} is the disjoint union of 7¢U,, for all e in N, where U,, =
X°\7X°, hence Uy = O and u,,(U,) = [n] in the notation of Chapter 9.3. We put
[Za]] :1_q_itj7 [Za]]Jr:l'i_qltJ

so that [i] = [¢,0], [i]+ = [¢,0]4+ for every ,7 in N.

Suppose now that f(r) = det(z) for x in X = M, (K), hence dimg (X) = n?.
If we define u - x as the multiplication by w to the first column z; of x, then we
will have det(u - ) = udet(x), hence Z(w) = 0 unless x = 1. If we denote Z(s) by
Z,($), then by the same method as in Chapter 6.3, we can show that

Za(s)= 1] W/k,1].

1<k<n

163
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In fact, as a special case of Lemma 8.2.1, we get Z1(s) = [1]/[1,1]. If n > 1, we
write x = (z12’) and apply the second remark above to the domain of integration
by dzi. In that way, we get

Zu(s) =0 [

dxl{/ | det(z12") |5 dx'},

'LZO U'n (X/)O

in which X’ = M, ,_1(K). We observe that every x; in U, can be written as
x1 = ge; for some g in SL,(Ok). If we replace 2’ by ga’, then {-} above becomes
Zn—1(s), hence

Zn(s) = Zn—l(s) : [n}/[nv ”

If we apply the induction assumption to Z,_1(s), we get the above expression for
Zn(8).

Suppose next that = is in X = Alto, (K), hence dimg (X) = n(2n —1). We then
take the Pfaffian Pf(z) of z as f(z). We recall that Pf(x) is defined in Chapter 9.5
as

/
Pf(x) = Z 6(0’)330(1)70(2) Lo (2n—1),0(2n)>

in which o is a permutation of {1,2,... ,2n} restricted as at that place. It follows
from the definition that Pf(gz'g) = det(g)Pf(z) for every g in GLy, (K). Therefore,
if g is a diagonal matrix in GLa,(Of) with u,1,... 1 as its diagonal entries and if
we put u -z = gz'g, then Pf(u - z) = u Pf(z), hence Z(w) = 0 unless x = 1. If we
denote Z(s) by Z,(s), then similarly as above we can show that

Zn(s)= [ [2k—1]/[2k —1,1].

1<k<n

In fact, since Pf(z) = z12 for n = 1, we get Z1(s) = [1]/[1,1]. In the case where
n > 1, the first row of x in X° is of the form 7%(0 ‘x;) for some i in N and z; in
Usp—1, hence 1 = ¢'e; for some ¢’ in SLa,,—1(Ok). If we denote by g the element of
SLo,(Ok) with 1, 0, 0, ¢’ as its entry matrices and if 2”7 in X" = Altg,_2(K) is the
right-bottom entry matrix of g~ 'z tg~!, then 2 is in (X”)° and Pf(z) = ©'Pf(z").
Since d(mix;) = ¢~ "=V dxy, therefore, we get

Zn(s) = Z(q—(Qn—l)t)i/ da:l{ /(X/,)o |Pf(z")|5% da:”}

i>0 Uzn—1
— Zua(s)- 20— 1)/2n — 1,1,

By induction this implies the above expression for Z,(s).
As the third simple case we take column vectors z’, z” in K™ and put

l‘:t(t.%‘/,txﬂ)7 f(.’I}):tI/.'II”

so that X = K?™. In order to compute Z(w) we can use Theorem 8.4.1 and an
explicit form of F(i) in Chapter 8.3 for the above f(x). We can also do it directly
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as follows. If we define u - x as the multiplication by u to «’, then f(u-x) = uf(z),
hence Z(w) = 0 unless x = 1. Furthermore,

Z(s) =Z(q_mt)i/ dx'{/ "oz |5 dx"}.
i>0 Um O%

If in the above {-} we write ' = ge; for some g in GL,,(Ok) and replace z by
tg=ta” then it becomes [1]/[1, 1], hence

Z(s) = [1][m]/[1,1][m, 1].
Before we proceed further, we shall compute Z(s) in a similar case where
f(x) — tx'x” + 7Te.%'0

for any e in N so that X = K?™*1 If we denote Z(s) by ¢(e) in this case, then
clearly ¢(0) = [1]/[1,1]. If e > 0, then we write

o) = |

and split O above into U, and 7O%. Then, by the repeatedly used argument, we
get

dx'{/ " ['a’ 2" + w5 dx”dxo},
o

m
K

ple) = [m] - [1/[L,1] + ¢t ple —1).

This is a recursion formula by which we can express (e) in terms of ¢(0). In that
way we get

[ Ve walic do = (1)/[1, 0m, 1 {fm] + 0, g0 "0}

for every e in N. We might remark that Z(s) in the third case becomes the limit of
the above expression as e — oo.
As the fourth simple case we take = from X = Moy, 2, (K) where m > n and

f(x) = Pf(‘z ),

in which J,, is as in Chapter 9.3 the element of Altg,,(Z) with 1 as its (2¢ — 1, 24)-
entry for 1 < i < m and 0 as its (¢, j)-entry for all other i < j. If we define u -z
as the multiplication by u to the first column of z, then f(u-z) = uf(z), hence
Z(w) =0 unless x = 1. If we denote Z(s) by Z,, »(s), then we have

Zmn(s) =[] [20m—k+1)][2k = 1]/[2(m — k + 1), 1][2k — 1,1].

1<k<n

The proof is by now a familiar argument. We write the first column of x as 7z, for
some ¢ in N and 27 in Usy,. If we denote by Sp,,,,(Ok) the intersection of Sp,,, (K)
and GLy,, (Ok), then it consists of all g = (wy wy ... way,) in Ma,(Ofk) satisfying
fwoi—1Jmwe; = 1 for 1 < i <m and ‘w;J,,w; = 0 for all other ¢ < j. Therefore by



166 JUN-ICHI IGUSA

the same argument as in Chapter 9.3 we see that every x; in Us,, can be written
as r1 = gey for some ¢ in Spy,, (Ok). If we put X' = Moy, 2n—1(K), then similarly

as before we get
dn{ [ 1 ol do')
(x1)°

Zmn(s) = Z(q_mt)i/
— [2m]/[2m. 1] / Fler )5 de'.

i>0 Uzam
(X7)e°
We shall denote the above integral over (X’)° by I. We put ¥ = May,—1 2m—1(K)

and ‘2’ = (y1 y2 ¥') with column vectors 41, y2 so that y = (31 ¥') is in Y°. Then
we will have

I = Z q—(2n—1)i/

dyz{/ [fler* (v m'ya )% dy}~
i>0 Uzn—1 °
If in the above {-} we write y; = g*ej for some ¢g* in GLg,_1(Ok), where e} is
the e; in K2~ and replace y by g*y, then f(e1t(y1 7'y ') will be replaced by
det(g*) f(e1t(y1 wiet y')). Therefore, we get

[=[2n—1]- Y g~ @0 /Y Fler' (o et )5 dy.

i>0

We shall denote the above integral over Y° by I;. The point is that if we put
X" = Mapm—29n—2(K), © = (e1’(y1 7€} v')), and denote by z” in (X”)° the
right-bottom entry matrix of z, then we have

f(z) = Pf(teJpx) = ot - PE(ta" J_12”).
Therefore, we get I; = t*+ Z,—1,,-1(8), hence
Zmn(s) = [2m][2n — 1]/[2m,1][2n — 1,1] - Zpm—1,n—1(5)

with the understanding that Z,,_1 ,—1(s) = 1 for n = 1. This implies the above-
stated expression for Z,, ,(s). We shall see later in this chapter that if we replace
Jm above by an element h of Sym,,, (Z) with 1 as its (2 — 1, 2i)-entry for 1 <i <m
and 0 as its (7, j)-entry for all other i < j, and accordingly Pf(*xzJ,,x) by det(*zhz),
then the corresponding Z,, ,,(s) will have an entirely different expression.

Finally, as the fifth simple case we take z = (y, (21 22)), where y is in ¥ =
Altg(K) and (z1 #2) is in M 2(K) hence dimg (X) = 27, and

f(a) = Pf(y) = "z1yz.

If g is a diagonal matrix in GLg(Ok) with w,1,... ,1 as its diagonal entries and if
we put u-z = (gy'g,'g 1 (uz1 22)), then f(u-x) = uf(x), hence Z(w) = 0 unless
x = 1. We shall show that

Z(s) = [1[B][9]/[1, 1][5, 1][9, 1]-
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We shall use capital letters for the spaces of variables expressed by small letters
such as X,  and Y, y above. We write Z(s) as an integral with respect to dy dz;
followed by an integration by dzp. If we split (Z3)°\{0} into 7Us for all i in N,
write 29 in Ug as zo = gey for some g in SLg(Og) and replace y, 21 respectively by

tg=lyg=1, gz1, then we get

Z _61/ |Pf(y) 4+ 7" tyywl3e dydw,

i>0 xWwe

in which W = K® and (0 y;) is the first row of y. If 3 is obtained from y by
crossing out its first row and column, hence Y’ = Alts(K), then we write the
above integral as an integral with respect to dy’dw followed by an integration by
dy;. We split (Y1)°\{0} into 7/Us for all j in N, write y; in Us as y; = ¢e} for
some ¢’ in SL5(Of), where €] is the e; in K®, and replace y’, w respectively by
g'y'tg’, 1(g’)"tw. If y” is obtained from the new y’ by crossing out its first row and

column, hence Y = Alt4(K), then we get

Z(s) = /15,1] Zq*&/ |Pf(y") 4+ 7o 5 dy” dao.

i>0 (Y77)exOx

We observe that Pf(y”) is of the form x4 + xows + x326. Therefore, the above
integral is ¢(7) before for m = 3 and, by using that expression for (i), we get the
expression for Z(s) as stated above.

We might mention that in the above computation K is an arbitrary p-adic field
and that there is no restriction on g. Cases 1, 2, 3 are classical. The computation of
Z(s) in Case b, i.e., for the norm form of the Jordan algebra Hs(C') for an octonion
K-algebra C, was first made by J. G. M. Mars [39] in an equivalent form assuming
that ¢ is relatively prime to 6. More precisely he computed Weil’s function F*(i*)
in that case. Case 4 and one more simple case are in [27]. We might further mention
that one of the reasons why the above cases are called “simple” is that the zeros of
Bernstein’s polynomials of f(x) are all integers. We copy the following list from T.
Kimura [34]:

be(s) = [ (s+k), II G+26-1),  (s+1)(s+m),

1<k<n 1<k<n
H (s+2(m—k+1))(s+2k—1), (s+1)(s+5)(s+9).
1<k<n

If we write b¢(s) = [[(s + A), then the above results can be stated simultaneously

as Z(s) = [T[A/[A 1.

10.2 A p-adic stationary phase formula

We shall formulate a general and useful method to compute Z(s). We recall that

2= [ V@l ds. Re(s) >0,
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in which f(x) is in K[zy,...,2,]\K and the Haar measure dz on X = K" is
normalized so that the total measure of X° = O becomes 1. After multiplying
a suitable power of m to f(z), we may assume that the coefficients of f(z) are in
Of but not all in 71O, hence f(z) = f(z) mod 7 is in Fy[x1, ... ,2,]\{0}. We put
t = ¢~*® and use the notation [i, j], etc. as in section 10.1.

Theorem 10.2.1 We take a subset E of Fy and denote by S its subset consisting
of all @ in E such that f(a) = (0f/0z;)(a) =0 for 1 <1i < n; we further denote by
E, S the preimages of E,S under X° — X°/7X° and by N the number of zeros
of f(x) in E. Then we have

/E [f (@)l dz = q "(card(E) — N) + ¢ "(N — card(S5)) [1]t/[1,1]

+ /S (@)l dr.

Proof. If we write a = a mod 7 for every a in X°, then we have
[ i@l =g 3 [ (et malic o+ [ 7@l do
E acE\S Xe s

If f(a) # 0, then f(a+mz) = f(a) # 0 mod 7 for all z in X°, hence the contribution
of all such @ in E is ¢ " (card(E) — N). If f(a) = 0 and (9f/0x;)(a) # 0 for some
1, then we use Lemma 7.4.3. If we put

gi(x) =m" (fla+mz) - f(a)),  gj(2)==; (j#4),
then g1 (z),...,gn(x) are SRP’s in 21,... ,x, and
(g1, ,9n)/0(x1, ... ,2,)(0) = (0f/0x;)(a) Z 0 mod T,

hence (y1,...,yn) = (91(2),...,gn(x)) gives a measure-preserving map from X°
to X°. Therefore, we get

J it mlic do= [ int o w @) e do =t 1)/ 10)

hence the contribution of all such a in E is ¢~ (N — card(S)) - [1]¢/[1, 1].

We have called the above theorem a p-adic stationary phase formula, abbrevi-
ated as SPF, in [30]. The significance of SPF is its wide applicability. Before we
give a more appropriate example or examples, we shall prove the following general
statement by using SPF:

Proposition 10.2.1 If f(x) is a homogeneous polynomial of degree d in
Oklr1, ..., 2] such that f(a) = (9f/0x;)(a) = 0 for 1 < i < n impliesa = 0
and further if N denotes the number of zeros of f(x) in Fy, then

Z(s) = ([Un]t + (1 = ¢~ "N)[0,1])/[1, 1][n, d].



INTRODUCTION TO THE THEORY OF LOCAL ZETA FUNCTIONS 169

Proof. If in SPF we take E = Fy, then S = wX° by assumption. Furthermore,
since f(x) is homogeneous of degree d, we have f(7z) = n?f(z). Therefore, we get

Z(s)=q "(a™" = N)+q "(N = D)[1Jt/[1,1] + ¢ "t Z(s).
This can be rewritten as stated in the proposition.

Corollary 10.2.1 If Q(z) is a quadratic form in Ok |x1,... ,,] such that Q(x) is
reduced, then

" [1][n, 1]/[1,1][n, 2] n odd
1)1 = x(@)g)/[1,1](1 — x(Q)g~™/*t) n even,

in which x(Q) = £1 according as Q is hyperbolic or not.

 In fact, if d = 2, then the condition on f(z) = Q(=) in Proposition 10.2.1 is that
() on = F}' is reduced. Therefore by Theorem 9.2.1 we have

ikt n odd
N =
"' +x(Q)[1g"*  n even.
This implies the formula in the corollary.

We shall compute Z(s) for a variant of f(x) in Proposition 10.2.1. Namely,
instead of that f(x), we take f(x) + 7'y for any 7 in N and compute

(i) = / (@) + mylic dudy.
X° XOK

We clearly have ¢(0) = [1]/[1,1]. In the case where i > 0, if we apply SPF to ¢(i),
we get .
g "t ¢(0) 0<i<d
o(i) = [n,d)Z(s) +
"t pli—d) i>d,
in which Z(s) is for f(x). If we write ¢ = dk + ig, where 0 < iy < d, then by an
induction on j we get

(i) = [ng,dj1Z(s) + (¢~ "t") - p(d(k — j) +io)
for 0 < j <k, hence
[n(k+1),d(k +1)]Z(s) + (g™t - g7t - [1]/[1,1] ip >0

(i) =
[nk,dk]Z(s) + (¢~ ™t%)* - [1]/[1,1] ip = 0.

In particular, if we replace f(z) by a quadratic form Q(z), then we will have
(i +1)/2,i+1)Z(s) + (¢~ ™/?t)*~ 1 - g7t - [1]/[1,1] i odd

(i) = _
[ni/2,i)Z(s) + (¢~™/?t) - [1]/[1,1] i even.
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We observe that if we formally equate the above RHS’s, we get

Z(s) = [[n/2]/[1, 1)[n/2,1].

In other words if Q) is hyperbolic and only in that case, the above two expressions
become equal, and

/X°><O |Q($) + neyﬁ( dxdy = [1}/[17 1}[71/27 1] . {[H/Q] + [0, 1]q_”/2(q‘"/2t)@}

for every e in N. We have computed this integral already in section 10.1.
Before we proceed further, we remark that quadratic forms Q(z) in

Oklz1,... ,7,] with reduced @Q have entirely similar properties as those in
F,lx1,...,2,]. Weshall show, as an example, that if @ is hyperbolic, hence n = 2m,
then we can find wy,ws,... ,w, in X° = O} satisfying
Y Okwi=X%  Q( D mw) = Y wa1x
1<i<n 1<i<n 1<i<m

for every x1,... ,r, in Ox. We first observe that if Q is just reduced and Q(ag) = 0
for some ag in X° with ag # 0, then we can find a in X° satisfying Q(a) =0, a = ag
mod 7. In fact 77 1(Q(ag + 7z) — Q(ap)) is an SRP in z1,... ,x, with a unit of

Oy as the coefficient of x; for some 4, hence it is equal to any element of O, say
—771Q(ap), for some z = a; in X°. Then Q(a) = 0 for a = ag + Ta; = ag mod 7.
If now Q(a) = 0 for some a in X° with @ # 0, since b — Q(a,b) gives an F,-linear
surjection from Fy to Fy, the Ox-homomorphism b — Q(a,b) from X° to Ok is
also surjective, hence Q(a,by) = 1 for some by in X°. If we put b = —Q(bg)a + bo,
we will have Q(a,b) = 1, Q(b) = 0. If we denote the intersection of X° and (a, b)*
by L, then z — Q(z,b)a — Q(x,a)b is in L for every = in X°, hence

X° = (Okga+ Ogb) ® L.

Therefore, we have only to put w; = a, we = b and continue this process. We might
also mention that if ¢ is odd, then the square map gives a surjection from 1+7Og to
itself by Lemma 8.4.1. This implies the isomorphism O /(Ox)? — Fy /(FX)?. If we
denote by x the character of O which gives rise to the isomorphism O} /(O)? —
{#£1}, then x(Q) = x(d(Q)) in Corollary 10.2.1 for the discriminant d(Q) of Q
relative to any Og-basis for X°.

We shall now discuss the case which exemplifies the way SPF can be applied.
We shall show that Z(s) is computable for

flay= 3 e,
1<i<n

in which dy,...,d, are integers larger than 1 at most one of which is divisible
by the prime factor of ¢. This condition is clearly satisfied if they form a strictly
increasing sequence of prime numbers with no restriction on ¢. As for c¢q,... ,c¢p,
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we may assume that they are in Ok but not all in 7Og. If we denote by J the set
of all ¢ for which ¢; # 0 so that

fla)y=> @i #0
=
and by N; the number of zeros of f(z) in E = F}, then N; has been expressed in

terms of Jacobi sums by A. Weil [57]. Furthermore, S is defined by z; = 0 for all i
in J. Therefore, by SPF we get

ﬂ@a/vw&w=m+fm”“/|MM%m
o XO

in which
Ry=(1—q "Nj)+ (g "Ny —q ) jt/1,1].
As for e and fy(z), we replace z; in f(x) by mx; for all ¢ in J and write the new

f(z) as ¢ f1(z) with fi(z) satisfying the same condition as f(x). We can then
apply the same argument to fi(z). By repeating this process, we get a sequence

folx) = f(z), fi(x), fo(z), .... If we write
fi(z) = Z Cjﬂfﬂ

1<i<n

then c;; differs from ¢; only by a power of 7, hence we can write

2 = [ 1@l do = (ord(ep)..... ord(en)

for all j in N. The point is that, in view of ord(c;;) < max(ord(c;),d;) for all ¢, 7,
the sequence Zy(s) = Z(s), Zi(s), Za(s), ... becomes periodic, i.e. Z;(s) = Z;j/(s)
for some j < j'. Then [a, 5]Z;(s) for some o, > 0 in N becomes known, hence
all Zi(s), in particular Z(s), will be known. In the following, we take ¢; = ¢o =
coo=cp =1, {d1,da,... ,dn} ={2,3}, {2,3,5} and make the corresponding Z(s)
explicit.

If f(x) = 23 + 23, then N; = ¢ not only for J = {1}, {2} but also for J = {1,2}
because the plane curve f~1{0} is parametrized as z; = u3, z2 = —u?. Therefore,
we get Ry = [1][4,1]/[1,1] for j = card(J). If we denote R by R; for j = card(J),
then we get the following sequence:

(0,0) = Ry + ¢ 2t%(0, 1), (0,1) = Ry + ¢ 1t(1,0),
(1,0) = Ry + ¢~ 14(0,2), (0,2) = Ry + ¢~ 12(0,0).
This implies
2(5) = | 1at + afic do

= [1]/[1.1][5,6] - (1 — ¢ *t(1 — ) — ¢~°¢°).
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If f(z) = 22 + 235 + 23, then N; = ¢° for all J. This is clear for card(J) = 1 and also
for J = {1,2} by what we have shown. If 27 4+ 23 = 0, 3 # 0, and x; = uxs, then
u? + 23 = 0, hence Ny = ¢? for J = {1,3}. If 23 + 25 = 0, 23 # 0, and xo = uxs,
then u? + 2% = 0, hence N; = ¢? for J = {2, 3}. Finally, if 23 + 23 + 25 = 0, 23 # 0,
and x1 = uy w3, T2 = ugz3, then (u? + ud)r3 + 1 = 0, hence

Ny = q(from 23 = 0) + (¢* — ¢q)(from x3 # 0) = ¢

also for J = {1,2,3}. Therefore, we get Ry = [1][4, 1]/[1,1] for j = card(J). If we
denote R; by R; for j = card(J), then we get the following sequence:

(Oa 07 O) = R3 + q—3t2(0’ 1) 3)7 (07 17 3) = Rl + q_lt(lv Oa 2)7

(1,0,2) = Ry + ¢ t(0,2,1), (0,2,1) = Ry + ¢ 1t(1,1,0),

(1,1,0) = Ry + ¢~ '¢(0,0,4),
(0,1,2) = Ry + ¢ 1(1,0,1),
(0,2,0) = Ry + ¢~ 2t%(0,0, 3),
(0,1,1) = Ry + ¢~ (1,0,0),
(0,2,4) = Ry + ¢~ 1#2(0,0,2),
(0,1,0) = Ra + ¢~ %t(1,0,4),
(0,2,3) = Ry + ¢~ *%(0,0, 1),

(13 270) = Rl + qilt(oa 1a4)a

(0,0,4) = Ry + ¢ 2t%(0,1,2),
(17 07 1) = Rl + qilt(()? 2? 0)7
(0,0,3) = Ry + ¢ 2t%(0,1,1),
(1,0,0) = Ry + ¢ 2t(0,2,4),
(0,0,2) = Ry + g~ 2t%(0,1,0),
(1,0,4) = Ry + ¢ 1t(0,2,3),
(0,0,1) = Ry + ¢~ 2t(1,2,0),

(0,1,4) = Ry + ¢ 1t(1,0,3),

(1,0,3) = Ry + ¢~ 14(0,2,2),  (0,2,2) = Ry + ¢~ #2(0,0,0).

If we put u = ¢~ 't, then we can write

2(5) = [ ek + a3+ aflieds = 11/[1, 31, 30]
1— g 31— )(1 + S + ul® + ul? 4 o264 18 4 22) — 31429,

In the above two examples the fact that the successive applications of SPF
will terminate by periodicity is known beforehand. In the general case that is
an open problem. We recall that Hironaka’s theorem guarantees the finiteness of
successive monoidal transformations to achieve a desingularization if they are chosen
correctly. We also recall that in the two variable case the process is unique as we
have mentioned in Chapter 3.3. In that case the desingularization of f~1(0) is so
explicit that it can be used to get precise information about the local zeta fucntion
of f(x). There are several remarkable papers on this subject. We just mention [24],
[26] and above all the papers by D. Meuser [41] and L. Strauss [54].
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10.3 A key lemma

We shall formulate a powerful method to compute Z(s) for a relative invariant
f(z) of a subgroup G of GL,(K). Namely, f(z) is an element of K[xy,...,x,]\K
satisfying f(gx) = v(g) f(x) with v(g) in K* for every g in G. This implies v(gg') =
v(g)v(g’) for every g,¢' in G. As before we shall assume that the coefficients of
f(z) are in Ok but not all in 7Og. We define G(Ok) as the intersection of G
and GL,,(Og) and denote by G(F,) the image of G(Og) under the homomorphism
GL,(Ok) — GL,(F;). We shall keep on using the notation X° = O, instead
of X(Ok), for X = K™. If we denote the images of g,a in G(Og), X° under
G(Ok) — G(F,), X° — Fy respectively by g, a, then we will have

7a = ga.

Theorem 10.3.1 If we choose a subset R of X° such that F}; becomes a disjoint

union of G(Fy)& for all € in R, then for Re(s) > 0 we have

[ @lic da = Y cad(@E)E) - [ If@lic da.

EER E+mXe

Proof. We first observe that v(g) for every g in G(Ok) is in O In fact, if g is in
G(Ok), hence in M,,(Ok), since f(x) isin Ok[z1,... ,z,], we see that f(gx) is also
in Og[z1,...,2,]. Therefore, if ¢;z® is any term of f(x), then f(gz) = v(g)f(z)
implies that v(g)c; is in Ok for every i. Since ¢; is in O for at least one i, we see
that v(g) itself is in Og. Since v(g)v(g~!) =1 and ¢! is in G(Og), hence v(g—1)
is in O, we see that v(g) is in O.

Secondly, if a,b are in X°, g is in G(Ok), and b = ga, then the integrals of
|f(2z)]5 over a +7X° and b+ mX° are equal. In fact, since ga = ga and G(Ok)
keeps X° invariant, we have b+ 7X° = ga+7X° = g(a+7X°). Furthermore since
the action of G(Ok) on X° is measure preserving, we get

Lo whka= [ @icar= [ @k

We have tacitly used the fact that |f(g92)|x = |v(9)|x|f(2)|x = |f(z)|k.

We have called the above theorem a key lemma in [28]. Actually, in a slightly
different form it appeared in our paper of 1977 and in the above form with several
applications in [25]. We might mention that it would look more natural to use a
G(Og)-orbital decomposition of X°. However, that approach did not work except
for some very simple cases. The usefulness of the key lemma comes from the facts
that firstly the G(F,)-orbital decomposition of Fy is not too difficult to obtain and
secondly in the partial integral of |f(z)|5; over & + mX° we can replace f(z) by a
simpler polynomial in a smaller number of variables. This second process has been
formalized as a supplement to the key lemma in [28].

At any rate, we remark that if f(£) # 0, then the partial integral over & + 7X°
is clearly ¢~™. On the other hand, if f(x) is homogeneous of degree d, then the
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partial integral over w.X° is qi”tf - Z(s). Therefore, in that case, if we denote by
R’ the subset of R defined by f(£) =0 and £ # 0, then we will have

n.d12(s) = card(F (E))a "+ Y card(GEND- [ |f@)l do.

¢ER! E+mX°

Furthermore, if f(£) = 0 and (9.f/9x;)(€) # 0 for some i, then the proof of Theorem
10.2.1 shows that

/ F@)l5 de = [g/[1,1].
E4mX©

We also remark that if G is a subgroup of GL,, (K) for some m, p is a homomorphism
from G(Ok) to G(Ok), and p is a homomorphism from G(F,) to G(F,) which is
compatible with the taking of mod =, i.e.,

p(g mod 7) = p(g) mod =

for every g in G(Ok), then we can use the decomposition of [y into G(F,)-orbits
instead of G(IF,)-orbits. We can also use the obvious fact that if G(F,) ¢ denotes
the fixer of ¢ in é(IFq) defined by p(g)¢€ = £, then

card(p(G(F,))E) = card (G(F,)) [card (G(F, ).

We shall give an application of the key lemma which will illustrate how it works.
We start with some preparations. We take an arbitrary field F' and we let GL,,(F)
act on Sym,,(F) as (g, z) — g-x = gax'g. We keep in mind that rank(g-z) = rank(x)
for every g in GL,(F) and « in Sym,, (F). We write n = p+ k, where 1 < p < n,
and denote by g1, g12, g21, g2 the p X p, p X k, k X p, k X k entry matrices of g; if
p = n, hence k = 0, it is understood that g = g;. Also if x1, xo are respectively
in M,(F), My(F), we denote by x1 @ xo the element of M, (F) with =1, 0, 0, z2
as its entry matrices. Suppose now that xo, zj are in Sym,, (F) and det(zoz() # 0.
Then we have

g (wo®0)=12[®0

if and only if g7 is in GL,(F) satisfying ¢1 - z0 = x(, g2 is in GLg(F), g12 is
free in M) ,(F), and g1 = 0. We shall show that the GL, (F)-orbit of any x
in Sym,,(F') contains an element of the form x; @ x9, in which z; is a diagonal
matrix with det(zq) # 0 while all diagonal entries of x5 are 0. Firstly, if ¢ is the
permutation matrix representing (1p), then the (1,1)-entry of g - « is the (p,p)-
entry of x. Secondly, if =1, =12, %12, T2 are the p X p, p X k, k X p, k x k entry
matrices of # with det(z1) # 0 and if g is the element of SL, (F) such that tg has
1,, *1'1_1.%12, 0, 1 as its entry matrices, then

g =1 ® (vg — ‘21007 10).

We have only to use these facts repeatedly to verify the above statement.



INTRODUCTION TO THE THEORY OF LOCAL ZETA FUNCTIONS 175

Lemma 10.3.1 We write n = p+ k, where 1 < p <n, and put
Y, = {z € Sym,, (F); rank(z) = p}.

Then every GL,,(F)-orbit in ¥, contains an element of the form & = xo®0 with
in Sym,,(F), hence det(xq) # 0. In the special case, where F' =T, the number of
GL,,(F)-orbits in X, is 2 except for the case where p is odd and q is even; in that
case the number is 1. Furthermore, if we put

cr = ¢ "2 Lcard(x),

then in all cases we have

o = q FETI/Z. H [i + K]/ H [24].

1<i<p 1<2i<p

Proof. Suppose first that char(F') # 2. If for every = in Sym,,(F) we put Q(u) =
tuzu, where u is in F™, then the correspondence z — @, gives a bijection from
Sym,, (F) to the set of all quadratic forms on F™. Furthermore, if we let GL,,(F)
act on this set as (g,Q) — (g Q)(u) = Q(*gu), then the above bijection becomes
equivariant. Therefore by the classical diagonalization of a quadratic form and
by Theorem 9.2.1, we get the lemma except for the expression for c,. If € is a
representative of one of the two GL,, (F')-orbits in X, for F' = F, expressed as in
the lemma, then

card(GL,,(F) - z) = card(GL, (F))/q"*card(GLy (F))card(0(Qy, ) (F)),

in which @, is on FP. If we use the expressions for card(G(F')) for various G in
Chapter 9.3, then we can easily see that

cr = q " HD2N " card(GL, (F) - €)
¢

is given by the formula in the lemma.

Suppose next that char(F') = 2 and choose a representative of any GL,, (F)-orbit
in ¥, of the form x; @ 2, in which z; is a diagonal matrix of degree say ¢ with
det(x1) # 0 while all diagonal entries of xo are 0. Then x5 is in Alt;(F), where
I =n —1i, hence g2 - 9 = J; $ 0 for some go in GL;(F'), in which p =i+ 2j. We
have thus shown that every GL,,(F)-orbit in X, contains an element & of the form
in the lemma with ©¢ = x; © J;. We shall now take F, as F'. Since every element
of F' is a square in F, we may assume that x1 = 1,. A crucial observation is that
there exists an element g of SL3(Fy) satisfying

Actually, there are six elements such as g and one of them has 0 only at (2,3) and
(3,2), i.e., all other entries are 1. Therefore if p is even, then the GL,(F')-orbit of z
contains either J, /5 or §o = 12®J), /21 while if p is odd, it contains §; = 1®J,_1)/2-
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We observe that, in the case where p is even, the GL,, (F)-orbits of £ with .J, /5 and
&o as xg are different because Q¢ = 0 for one and Q¢ # 0 for another. Therefore,
the number of GL,,(F)-orbits in ¥, is 2 if p is even and 1 if p is odd.

We shall determine the fixers in GL,,(F') of the above representatives. We have
only to determine the fixers in GL,(F) of &, &. We for a moment change the
notation and replace p by n and write £ instead of &y, £;. Also we denote by H the
fixer of £ in GL,,(F). Suppose first that n = 2m, put J = J,,_1, and denote by a,
b, ¢, d the entry matrices of g, in which a is in My(F), etc. Then g is in H, i.e.,
g&tg = £ for £ = 15 @ J, if and only if

ata + bJtb = 1, ate+bJtd =0, ce+dJtd = J.

We observe that ctc + dJ'd = J implies that all diagonal entries of cfc are 0,
hence ¢ = (u u) for some u in F?™~2. Then ctc = 0, hence dJ'd = J, ie.,
d is in Spy,,_o(F). Similarly, a'a + bJ'b = 15 implies that the entries of a are
1+ ag, ao, a1, 1+ a; for some ag, a; in F, hence a‘c = ‘c. Then ac + bJ'd =0
implies ‘b = Jd~'c = (v v), in which v = Jd~'u. This implies bJ'b = 0, hence
ata = 1y, and hence ay = a; in a. Conversely, if ag, u, d are respectively in F,
F?m=2 Sp, o(F) and a, b, ¢ are defined as above, then g is in H. Furthermore,
the correspondence g — d gives a surjective homomorphism from H to Sp,,,_o(F)
such that the kernel is isomorphic to F2™~2 x F with the following multiplication:

(u,a0) (v, ap) = (u+1, ag+ af + ‘udu').
In particular,
card(H) = ¢~ - card(Spyy,, o (F)) = card(Spy,, (F)) /¢*™[2m].

Suppose next that n = 2m+1 and £ = 16 J,;,. Then in a similar but much simpler
way we see that H consists of g =1 @ d for all d in Sp,,,,(F).

If we go back to the original notation, then the order of the fixer of £ in GL,,(F)
is given by

card(Sp,(F)) o = Jp/2
p even
¢ card(GLk(F)) - ¢ card(Sp,(F))/q’[p] w0 =&
card(Sp, 1 (F) 20 =& p odd

Therefore, we get the same ¢, as before also in this case.

We are now ready to apply the key lemma to the computation of Z(s) for
X = Sym,, (K) and f(z) = det(x), hence dimg(X) = n(n + 1)/2 and deg(f) = n.
We write n = p+k, where 1 < p < n, and denote the entry matrices of x by x1, 12,
‘x19, o with z1 in Sym, (K), etc. as before. If £ is an element of X° = Sym,,(Ok)
with 1 = &y, z12 = 0, x2 = 0 such that rank({y, mod ) = p, i.e., det(&) is in
Oj, then the partial integral of | f(z)|5 over £ + 7X° can be written as

RICRSIE / dxldm{/ | det(€ + m2)|5 dxg}.
Symp(OK)X]\/fp,k(OK) Symk(OK)
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We shall examine the above { }. If we denote by g the element of GL, (K) such
that tg has 1,, —m(& +mx1) w12, 0, 1) as its entry matrices, then g is in GL,, (Ok)
and

g (E+mx) = (& + m31) © (22 — T'a12(E0 + TT1)  T12).

Therefore, if we denote the original Z(s) by Z,(s), then {-} becomes t*Z,.(s), hence
[ laet@lic do =g R Z),
E+mXe

Therefore, by the key lemma and Lemma 10.3.1 we will have

[n(n+1)/2,n]Z Z crth Zy(s

0<k<n

This is a recursion formula by which we can determine Z(s) = Z,,(s) starting with
Zy(s) = 1. The result is as follows:

Proposition 10.3.1 If X = Sym,,(K) and f(x) = det(z), then

2m+1,1] n=2m

Z(s)=1/[1,1]- [ [2i-1]/[2i+1,2]

1<i<m [2m + 1] n=2m + 1.

Proof. In view of the recursion formula, we have only to show that

Z cnt® Zi(s) ) Zn(s) = 1

0<k<n

in which ¢, is as in Lemma 10.3.1 with the understanding that ¢, = ¢~™("*t1)/2 and
Zy(s) is the Z(s) in the proposition with n replaced by k for 0 < k < n. We separate
cases according as n is even or odd. Then after an elementary computation, we see
that the LHS is equal to

3 ( TT 2+ 2k)(2i + 2k + 1, 2]/[2@])q*2"~‘2(q*1t2)k

0<k<m 1<i<m—k

for n = 2m or n = 2m+ 1. If in the formal identity (G1) in Chapter 9.6, we replace
n, a, t respectively by m, ¢~2, ¢~ '¢2, then we see that the above expression is indeed
equal to 1.

Proposition 10.3.1 in the case where ¢ is odd is in [25]; the restriction is removed

by the generality of Lemma 10.3.1. At any rate, by T. Kimura [34] we have

br(s)= ] (s+(k+1)/2).

1<k<n
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10.4 Z(s) for a Freudenthal quartic

We shall compute Z(s) for the Freudenthal quartic f(z) in Proposition 9.5.1. We
have identified X = A® K¢ with K2 + M5(K)? as x = (ao, bo; a, b), in which

ap = —T123, bo = —Zus56, a = (T23; T315 T12:), b= (Tis6 Tica Tids)
respectively for ¢ =4, 5, 6 and ¢ = 1, 2, 3; we have dimg (X) = 20 and
f(z) = (aoho — tr(ab))? — 4(ag det(b) + by det(a) + tr(a®,b¥)),

in which a# = Adj(a) = det(a)a™!, etc. We shall first determine the GLg(F,)-
orbital decomposition of X (F,) = /\3 Fg. For a moment, we take any field F' with
char(F) # 2. We recall that f(g-z) = det(g9)?f(z) for every g in GLg(F) and x
in X. We express g by its 3 x 3 entry matrices «, 3, 7, § as before. We can easily
verify that if 3 =~ =0 in g, then

g - (ag, bo; a, b) = (det(a)ag, det(8)bo; daa™ , abd?)

for every «, 0 in GL3(F).

If £ is in X (F') = \*(F")®, where F” is any field which contains F, and f(£) # 0,
then for every g in the fixer of £ in GLg(F"’) we have det(g) = £1. Therefore, the
fixer of ¢ in SLg(F”) is the kernel of the homomorphism from the fixer of ¢ in
GLg(F") to {£1} under g — det(g), hence the corresponding index is at most two.
After this remark, we take &, = (1,6%;0,0) with 2 in F* so that f(&) = 6 is
also in F’*. We have shown in Proposition 9.5.1 that the fixer of & in SLg(F(6))
consists of all g with «, 0 in SL3(F(0)) and 8 = v = 0. Furthermore, if g; is defined
by a =6 =0, B =0"'13, v = 013, then by Lemma 9.5.1 we see that g1 - & = &
while det(g1) = —1. Therefore, if we denote by H the fixer of &y in GLg(F()), then
H is the union of SL3(F(6)) x SL3(F(0)) embedded in GLg(F(6)) as (o, 0) — g
above and its coset represented by g;. In particular, if F' = F, and 0 itself is in F,
say 0 = 1, then

card(GLg(F) - &) = card(GLg(F))/2card(SL3(F))* = ¢*° - ¢,
co = (1/2)[1][2]+[3]+[5]-

On the other hand, if # is not in F, i.e., if #2 is in F*\(F*)?, then we take
& = (—02,0;0,13). If go is defined by o = 013, 3 =13, v = —13, § = 6~ 13, then
by Lemma 9.5.1 we see that &, = go - (—1/26)&. Therefore, the correspondence
g g = goggy ' gives an isomorphism from H to the fixer H' of & in GLg(F(6)).
In particular, ¢ = gogigo " is in H'. Since g} has o = 13, § = —13, 3 = v = 0 as its
entry matrices, it is in GLg(F') and det(g]) = —1. We observe that the isomorphism
H — H' restricted to SL3(F(0)) x SL3(F(0)) has the following form:

a 0 a+6 —0(ov —9)
g= =g =(1/2)
0 ¢ -0 a —9) a+9d
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We write o = ag + fa, 6 = §p + 061 with «;, §; in M3(F) for i =0, 1 and observe
that ¢’ is in GLg(F) if and only if ag = &g, ay = —0y, i.e., if and only if «, & are
conjugate under the automorphism of F(#) over F. This shows that the fixer of &
in SLg(F') is isomorphic to SL3(F(#)). Therefore, if F' = F,, then

card(GLg(F) - £)) = card(GLg(F))/2card(SL3(F(0)) = ¢*° - ¢},
co = (1/2)[1][2][3][5].

We keep in mind that ¢ + ¢f = [1][10].

We shall next take £ = (0,0; 13,0) = ea34 + €315 + €126 in which e;j;, stands for
ei Nej Neg for 1 <4, j, k <6, and determine its fixer in GLg(F'). If for any £ we
define the p-th polar of f(x) at & by

FE+ta) =) fol& o)t = f(O) + & a)t+ ...,

p>0

where ¢ is a variable, then we get f1(&1,2) = 4x456. Since for every g in GLg(F)
we have fp(g : gag : ZL’) = det(g)2fp(€7x)a if g- 51 = gl and g-x = l’l, then x£156 =
det(g)?24s56, i.e.,

Z 94i95j 9ok Tijr = det(g)*Tase
1<i,j.k<6

for every x in X (F'). We shall for a moment restrict our attention to the submatrix
(v 9) of g. If we denote by ;) the determinant of the 3 x 3 matrix made up of its
i-th, j-th, k-th columns, then we can rewrite the above condition as

2
E TijkTijk = det(g) Tase
1<i<j<k<6

for every x, hence my56 = det(g)? # 0. In particular, the 4-th, 5-th, 6-th columns
are linearly independent. Therefore, m145 = 7146 = 7156 = 0 implies that the
first column is 0. Similarly, we see that the second and the third columns are 0,
hence v = 0 in g. On the other hand, if v = wvie; + voes + v3es for v; in F,
then §1v = (vieq + voes + vseg)eras. By applying the above g to this we see that
a = det(a)d, ie., da* = 13. Conversely, if for any a in GL3(F) we define § as
above and take 5 =~ = 0 in g, then ¢ is in the fixer of &; in GLg(F'). Furthermore,
ifa=d=13 and y =0 in any g in GLg(F'), then we can easily verify that

g-& =& +tr(B)erns.

Therefore, the kernel of the surjective homomorphism from the fixer of &; in GLg(F)
to GL3(F) defined by g — « consists of all g with « = § = 13, v = 0, and tr(3) = 0.
If F =F,, this implies
card(GLg(F) - £1) = card(GLg(F))/q*card(GL3(F)) = ¢*° - e1,
o1 = q~'[4][5](6].
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We shall next take &3 = e196 + €346. If v = > v;e; for v; in F, then

&0 = —(v3e1236 + Va€1246 + Vse1256 + V1€1346 + V262346 + Vs5€3456)-

Therefore, &v = 0 if and only if v = vgeg. This implies that if g is in the fixer
of & in GLg(F), hence &3(ges) = g(€aeg) = 0, we get geg = A~ leg for some A
in F*. Furthermore, if gy is the element of GL5(F') which is obtained from g by
crossing out its 6-th row and column, then go - (e12 + e34) = A(ei2 + esq), ie.,
go(J2 ® 0)tgo = A(J2 & 0). Therefore, g is of the form

gin g1z O
g=|0 g 0 |,
gs1 g2 A1

in which g7 is in GL4(F) satisfying g11J2'g11 = AJa2, g22, A are in F*, and other
entry matrices are free. Conversely, if g is of this form, then g is in GLg(F') and
g-& = &. We further observe that g — A defines a surjective homomorphism from
the fixer of & in GLg(F) to F* because the diagonal matrix with A, 1, A, 1, 1, A~}
as its diagonal entries is in the fixer for every A in F'*. Therefore, if F' = Fy, then

card(GLg(F) - &) = card(GLo(F)) /g [1]2card(Spy(F)) = ¢ ez,
& = ¢ BII5][6]/11]

Finally, if £&5 = e123, then Lemma 9.5.1 shows that the fixer of {5 in GLg(F') consists
of all g with o in SL3(F'), § in GL3(F), v = 0, and 8 free in M3(F). If F = F,,
therefore, we get

card(GLg(F) - &3) = card(GLg(F))/q"°[1]card(SL3(F))* = ¢* - e3,
ez = g~ '°[2]+[3]+[5].

We shall show, by using f,(¢9-&,g-2) = det(g)?f,(&,z) for every g, that the
GLg(F)-orbits of &g,&),&1,&a, & are different. Firstly, f(&) is in (F*)? while
f(&) is in FX\(F*)?. Secondly, f(&) = f(&) = f(&) = 0 and fi(&1,2) # 0,
f1(&2,2) = f1(&3,2) = 0. Thirdly, we can easily see that fo(&2,z) and fo(&3, ) are
nondegenerate quadratic forms respectively in five and one variables. Therefore, the
five GLg(F')-orbits are certainly different. Furthermore, in the case where F' = F,
we have

co+ch+er+entez=[20] = ¢ 20 - card(X (F)\{0}).

By putting these together we see that X (F)\{0} becomes the disjoint union of the
GLg(F)-orbits of &, &), &1, &2, &5. Therefore, by the key lemma we get

(+)  [20,412(s) = 0] + e - (/[ 1]+ D ;- / f& +7mx)|5 de.

1=2,3

We have only to compute the above two partial integrals.
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Suppose first that ¢ = 2. If we apply the even permutation {1,3,4,5,6} —
{3,5,6,4,1} to the subscripts of e;, then £ = e196+€346 becomes £ = —eja3+e156 =
(1,0;0,u), in which u = 1® 0, and the integral to be computed becomes

/ |f(§+mz)|f dx :/ daod&{/ |f(&+ mx)|5% dbodb}.
° Ok xM3(Ok) Or xM3(Ok)

In the above {-} we have { + mx = (af, 7bo; ma,u + wb), in which af = 1 + 7way.
Therefore, if we define an element g of SLg(Ok) by o = 6 = 13, 8 = 0, and
v = (af) "'ma, then, as we have seen in Chapter 9.5, we have

g+ (§+mz) = (ag, 7bj; 0, u + 7b),
in which &' = b+ (af)) “'ma?¥ and
60 = bo — (ap) " "tr(a(u + 7b)) — 2(ah) ~*m* det(a).

We observe that (bg,b) — (b)), ') gives a measure-preserving bijection from O x
M;5(Ok) to itself. Since f(af, wbj; 0, u+mb") = (wapbfy)? —4af det(u+mb'), therefore
we get

/ |f(§+ x|k do :/ |(mho)? — det(u + 7b)[% dbodb.
° OKXM;;(OK)

The above integral can be reduced to an integral in Corollary 10.2.1 by the method
we have repeatedly used in section 10.1. We write b = (b; ') with a 3 X 2 submatrix
b’ and express the integral as an integral by db’ followed by an integration by dbg db .
Since the first column of u + 7b can be completed to an element of SL3(Ok), if b”
denotes the bottom 2 x 2 submatrix of b, then the integral by db’ becomes an
integral by db”. In that way we get

/ |f(&+ ma) [} da = t? / b2 + det(b")|5 dbodb”
° O XM3(Ok)
= *- [1][5,1]/[1,1][5, 2].

Suppose next that ¢ = 3 and put £ = —&3 = (1,0;0,0). Then by the first part
of the above argument we get

/ |f (& +7x)|5 dx = / |(bo)? + det(mb) |5 dbodb.
° O x M3(Ox)

We shall compute this integral in the following lemma:

Lemma 10.4.1 If we define P(t) as
M{1-(4+q¢ "' =) t+(0+q ' =g —q = ¢ g + ¢ 2%},

then
/ 48+ 7 et dyndy = P(0)/[1,15,21(7.2]
OK XMg(OK)
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Proof. We shall denote the integral in question by Z; and compute it by a successive
application of SPF. In doing so we shall use the following facts: If we let GL3(F') x
GL3(F) act on M3(F) as (g1,92) -y = g1yg5 *, then Mz(F) splits into four orbits
Yo, X1, 32, X3, in which 3, consists of all y with rank(y) = p and it is represented
by 1, @ 0; if K = 3 — p, the fixer of 1, & 0 consists of all (g1, g2) with the entry
matrices a;, b;, ¢;, d; of g; satisfying a1 = as in GL,(F), d1, d2 in GLg(F'), ¢1 = 0,
by = 0, and by, ¢y free for 0 < p < 3. Furthermore, all partial derivatives of det(y)
vanish at y if and only if y# = 0, i.e., rank(y) < 1. If F = F,, then the above
structure of the fixer of 1, ® 0 implies
g %card(S,) = ¢ k+12...[31%/1] ... [p]
=q % ¢ 'BPF/AL ¢ 2BP/AL [12)8)

respectively for p = 0,1, 2, 3. Moreover since the map det : M3(F) — F is surjective
with card(det™*(c)) = card(SLs(F)) or ¢° — card(GL3(F)) according as ¢ # 0 or
¢ = 0, the number of (yo,y) satisfying y2 + det(y) = 0 is

(¢ —1) - card(SL3(F)) + (¢° — card(GL3(F)) = ¢°.

Also we shall reduce the integral over M3(Of) to that over My(Of) similarly as in
the previous case.
If now we put D = Og x M3(Og) and D' = Og x M2(Of), then we have

Zo = [1] 4+ ¢ 't2Z4, 7 = /D |Tyd + det(y)|3 dyody;
71 = (23] + R2IBPa /11, 1] + B2 */[1] - Zs + ¢ °t s,

Zs =/ lyg + mdet(y)|5 dyody’, 23:/ g + 72 det(y) |5 dyody;
D’ D

Zy =] +q "2,  Zs = /D [myg + det(y)|% dyody';

Zoy = [1[2] + [2]%¢t/[1,1] + g~ "t Z;

Zs = 1]+ q "t Z, Z31 = /D lya 4 det(y)|% dyody;

Zgy =[]+ ([U[9] - [3*a~ g~ 't/[1. 1] + [31[5, g~ °t?/[1,1][5,2] + ¢~ t* Zo.

At the last stage we have used Corollary 10.2.1 as in the previous case. We have
only to put these together.

If we incorporate the computed integrals for i = 2, 3 into (*), then after an
elementary computation we get the following result:

Proposition 10.4.1 If q is odd and
f(x) = (agho — tr(ab))? — 4(ao det(b) + b det(a) + tr(a™ b))
for x = (ag, bo; a,b) in X = K? + M3(K)?, then

/O |f (@)l dz = [1][51C(¢)/[1,1][5, 2][7,2][10, 2],
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in which C(t) is
Bl —(A+q +a2 = )t + (1—q" —q7° —q )q°* + [Bleq™ %t
We recall that if C' is any composition algebra over K and X = K2 + H3(C)?,
then the corresponding Freudenthal quartic f(z) on X is defined in Chapter 9.5.

We have just computed Z(s) in one case. Actually all Z(s) have been computed in
[25]. If for any m,n in N satisfying m > n and for variables a,t, we put

Cm,n(aat) _ (1+am) o (1 Lg™m" a2m72n o a2mfn)an+1t
_|_ (1 _ an _ am _ a2m—n)am+lt2 + (1 + am)a2m+2t3’

then for C' = (C1), (C2), (C3), (C4) in Chaper 9.4, we have

[ 1@l do = /2 + 2ACse 22000070/
[1,1][k + 3,2][2k + 3,2][3k + 4, 2],
in which k = dimg (C) # 1, i.e., k =2, 4, 8; if k = 1, then it becomes
[1)[4[7,1]/[1, 1][4, 2][7,2].
The computation has been done uniformly. Instead of (*) we have
[6k + 8,4]Z(s) = [1][3k + 4] + [1][k + 2][3k/2 + 2][2k + 2]¢~'¢/[1,1]
+ coly + 313,
in which
cy = q~ FT3[3k/2)(3k/2 + 2] [2k + 2] /[k/2),
3 =q CFk/2 + 1] [k + 1]4[3k/2 + 2],
I, = [1][k + 3, 1)t /[1,1][k + 3, 2],
Is = ([ /[L,1)[k + 3,2)[2k 4+ 3,2){1 — (1 + ¢ /2 — g F ) */22
b (L g R/ R gkl m8k/2m1) k2242 | —8k—643)
for k = 2, 4, 8. This implies the above result. Actually Z(s) has been computed
also in some “twisted cases.” Furthermore, in the case where & = 8 not only Z(s)

but also Z(w) was computed earlier via Weil’s function F*(i*). At any rate, by T.
Kimura [34] we have

b(s)=(s+1)(s+ (+3)/2)(s+k+3/2)(s+3k/2+2)

for k=1, 2,4, 8.

We further mention that Z(s) for the norm form has been computed in all twisted
cases. If C' is the unique unramified quadratic extension of K, i.e., the field K> in
the notation of Chapter 11.6, the result is stated in [25]. Furthermore the norm
form of any associative simple K-algebra can be handled in the same way as det(z)
while every octonian K-algebra is isomorphic to the one in (C4). That leaves only
the case where C' is either a ramified quadratic extension of K or a quaternion K-
algebra not isomorphic to Ms(K). In those rather difficult cases the computation
has been carried out by M. M. Robinson [46].
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10.5 Z(s) for the Gramian det('zhz)

We shall start with some observations on a quadratic map. We take an m-dimen-
sional vector space V over any field F' with char(F) # 2 and a nondegenerate
quadratic form @ on V. We put X = V", where m > 2n, and let G = O(Q) X
GL,(F) act on X, Y = Sym,,(F) as

(9.9) x=gz'y,  (9.9)-v=9d yv=9%y".

We write © = (21 ...2,) with z; in V, denote the (7, j)-entry of y by y;;, and define
a quadratic map ix : X — Y as

y =ix(x), vij = Q(wi, ;)

for 1 < i, j < n. We observe that ix is G-equivariant. We shall denote by X’
the G-invariant subset of X defined by rank(z) = n, i.e., by the condition that the
column space (21, ... ,2,) of x is n-dimensional. We observe that if 2’ = (2} ...2))
is also in X’ with ix(z) = ix ('), then the correspondence x; — a} for 1 <i <mn
gives an isometry from (z1,...,2,) to (x},...,2]), which extends to an element
of O(Q) by the Witt theorem. Therefore, if {n} is a complete set of representatives
of GL,,(F)-orbits in Y and if ¢ is chosen arbitrary from X’ N iy'(n), then the set
{&} forms a complete set of representatives of G-orbits in X’. In the following we
shall determine the fixer G, in G of any z in X’.

If rank(ix (z)) = p, then for our purpose we may assume that

in which yo is in Sym,,(F") necessarily with det(yo) # 0. If we write n = p + k and
denote by g11, g12s 951, Jho the p X p, px k, kX p, k X k entry matrices of ¢, then the
fixer GL,,(F), of y in GL,,(F) is defined by ¢1; in GL,(F) satisfying ¢1,y0' 911 = vo,
gho in GLi(F), g5, =0, and g}, free in M, ,(F'). We shall choose an F-basis for V'
depending on x. We write

(1, yxp) =Wo+ W

such that Q|W, is nondegenerate, Q|W = 0, and W is contained in W3-. We then
have dimg (Wy) = p and dimg (W) = k. We know that we can find a k-dimensional
subspace W’ of W3- such that Q|W’ = 0 and H = W + W' is hyperbolic. In that
way we get an orthogonal decomposition

V=W (W+W)oW,

in which my = dimg (W) is equal to m—p—2k, hence also to m—n—k = m—2n+p.
If we choose F-bases for Wy, W, W', Wi suitably, then V can be identified with
F™ and Q(v) for v in F™ can be written as (1/2)'vh,v with

ho 0 0 0

o 0 1, 0
=10 1, 0 ol

0 0 0 I
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in which hg, hy are respectively in Sym,,(F'), Sym,, (F) and det(ho)det(hi) # 0.
Since y = txh,x, we also have

T 11 0 ¢
T = To = r11hox11 =
<0>, 0 <x21 Tg9 ) 110211 = Yo

with 11, X292, ®o1 respectively in GL,(F), GLg(F), My, ,(F).
We are ready to determine the fixer G,. If (g,¢’) is an element of G, hence
gr =z '(g’)~1, then since g4, = 0 in ¢’ we will have

trn-1.—1_ [a 0
Zo (g) ) ('Y (5)

with a = 17 *(g},) "oy}, etc. and

a 0 g13 g1a
g= Y 0 23 g
0 0 g33 93
0 0 943 Gaa

with gs3 in M (F'), etc. Conversely, if g is of this form and if ¢ is defined as above
in terms of «,v,d and zg, then gz = x *(¢’)~!. Furthermore the condition that ¢’
is in GL,,(F), becomes o in GL,(F) satisfying ‘ahoo = ho and ¢ in GLg(F). We
shall examine the condition that g is in O(Q), i.e., ‘ghyg = h,. We observe that if
914, G924, 934, gaz are all 0, gz3 =071, gag = 1, and

g13 = —ahy (67 1y), 923 = —(1/2)vhg (57 1y),

then ‘ghyg = h,. Therefore, the homomorphism G, — GL,(F), defined by
(9,9') — ¢’ is surjective. Furthermore, if @ = 1,, v = 0, § = 1, then the con-
dition on g becomes that ¢i3, gi4, g34 are all 0, gaz = 1, ‘gaah1gas = h1, and gas,
924, ga3 satisfy

923 + "g23 + "gazh1gas = 0, 924 + 'gazh1944 = 0.

This gives a description of the kernel K, of G, — GL,(F),. In fact, if we associate
quadratic forms Qg, Q1 respectively on FP, F™ to hgy, hy as @ is associated with
h. and further if we put

a = (1/2)(g2s — "g23), b= gu3, [b,0'] = —(1/2)(*bh1b’ — *b'hqb),

then we get a surjective homomorphism K, — O(Q1) as g — ga4 such that its kernel
is isomorphic as g — (b, a) to My, (F) x Alty(F') with the following multiplication:

(bya)(b',a') = (b+b',a+a + [bb]).

We have seen such a group in the proof of Lemma 10.3.1. At any rate G, has now
been determined. We keep in mind that

d(Q) = (=1)P™d(Qo)d(Q1)
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up to a factor in (F*)2.

We now take F, as F', write X'(F’) instead of X', and choose a complete set of
representatives of G(F)-orbits in X’(F'). In doing so, we shall assume that d(Q) is
in (F*)? if m is even so that, by Theorem 9.2.1, the anisotropic kernel of Q becomes
0. Then with respect to a suitable F-basis for V' we can identify V with F™ so that
we can write Q(v) = (1/2)*vhv, in which

0 1, O
h=11, 0 0
0 0 W

for some h/. We then have X = M,, ,(F) and ix(z) = ‘zhx for all z in X. We
define ¥, as in Lemma 10.3.1 and choose representatives 1, of GL, (F)-orbits in
¥, of the form 7, = yo @ 0 with yo in Sym,,(F), hence det(yo) # 0. We keep in
mind that the number of 7, is 2 for p > 0 and 1 for p = 0. If we define an element
& of My, n(F) as & = (n, 1, 0), then &, is in X'(F) and (1/2)ix (&) = np.
Therefore, {§,} for all n, and for 0 < p < n forms a complete set of representatives
of G(F)-orbits in X'(F).

We shall compute card(G(F) - §,) for each &,. We have card(G(F) - §,) =
card(G)/card(G;) for x = &, in which card(G) = card(O(Q)) card(GL, (F')) and
G, has been made explicit. Therefore, if we put

1= card(0(Q))
and define ~g, 1 similarly for O(Qq), O(Q1), then we can easily verify that
g card(G(F) . fp) _ qfk(kJrl)/Q . H [k + Z] .7/70»}/1.
1<i<p

Furthermore, since d(Qo)d(Q1) = (—1)P"d(Q), where d(Q) = 1 if m is even, up to
a factor in (F*)?, by using the formulas in Chapter 9.3 we get

y=2- [ 2]
1<2i<m
multiplied by [m/2] if m is even and
Yothom=1/2 I 21 I 1)
Mp 1<2i<p 1<2i<m,

multiplied by [m/2 — k|4 if m, p are both even.

We now take a p-adic field with odd ¢ = card(Og/mOk), define a quadratic
form Q on V. = K™ as Q(v) = (1/2)'vhv for any h in Sym,,(Of) with det(h)
in O, put X = V" = M,, ,(K) for m > 2n and define f(x) as the Gramian of
ix(z) = trhr, ie., as

f(z) = det(*zhx)

for z in X. We shall assume that d(Q) is in (O%)? if m is even and compute

2(s) = / Gl da
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for Re(s) > 0. If we define an open subset (X’)° of X° by rank(z mod 7) = n,
then the computation of Z(s) will be reduced to that of

20()= [ @l d

In fact, if we denote by I the set of all i = (i1,... ,i,) in Z", where 1 <i; < ... <
in < m, by m;(x) the determinant of the n x n submatrix of x obtained by crossing
out its k-th rows for k # i1, ... ,4,, and further by h; ; for j = (j1,... ,j,) alsoin I
the determinant of the n x n submatrix of h obtained by crossing out its k-th rows

for k #i1,... ,i, and I-th columns for [ # ji,... , jn, then we can write
f(x) = det(*zhx) Z hi jmi(x)m;(x).
t,jel

Therefore, the reduction of Z(s) to Zy(s) can be done by the following lemma:

Lemma 10.5.1 We only assume that m > n in X = M, ,(K) and that f(z) is
any homogeneous polynomial of degree d in m;(x) with coefficients in K. Then

[ r@lic dz =1/ Il m-kera [ 17 e

We shall postpone the proof of this lemma to section 10.6 and quickly finish the
computation of Z(s), i.e., that of Zy(s). We shall use n, = yo © 0, &, = (1, 1,, 0)
for the liftings of the previous n,, &, to Sym,,(Ok), (X')° so that, e.g., det(yo) # 0
mod 7 instead of det(yg) # 0; also we shall normalize h as before with entries in
Oy this time. We observe that if we denote by x2o the k x k submatrix of x with
its (i, j)-entries for p < 7,7 < n as the entries of x9s, then we will have

Yo + Y11  TY12
+7x) = 2" - det ,
£, + 72) (%0 o)

in which the entries of 11, ¥12, y22 are SRP’s in the entries of . We further observe
that Yoo = (1/2)(wa2 + ‘z22) mod 7 and the above determinant is equal to

7% det(yo + my11) det(yaz — my12(yo + TY11) " Y12)

with yo + my11 in GL,(Ok). Therefore, we get

[ M molic o=t [ jdet(ym)li dm.
° Sym,, (Ok)

If we put
Ck—zq "eard(G(F) - &p)

for F = F, and ép = &, mod 7, then by using the key lemma, the above result on
¢, and Proposition 10.3.1 we get the following preliminary result:
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Proposition 10.5.1 We assume that m > 2n in X = My, ,(K), denote by h
an element of Sym,,(Or) with det(h) in OF such that (—1)™"=1/2det(h) is in
(O%)? if m is even, and put

Z(s) = / |det(*zhz)|5 dx.
If further we write n = p + k and put m; = m —n — k, then we have

Z(s)=1/ H [m—i+1,2]- Zy(s), Zo(s) = Z ent” - I,

1<i<n 0<k<n
in which
= g FEFD/2 H [k + ] - H 23]/ ( H [24] - H 2i])
1<i<p 1<2i<m 1<2i<p 1<2i<my
i { M2 PO cven
1 m odd,
' . k+1,1] k even
n=1/11- ] [22—1]/[22+1’2}'{ {k] | k odd

1<2i<k

for0 <k <n.

10.6 An integration formula

We shall prove an integration formula which implies Lemma 10.5.1. Since the
formula has some generality, we shall change our notation and state it independently
of that lemma. We take an arbitrary field F' and denote by X the subset of M,, ,,(F),
where m > n, consisting of all 2 with rank(xz) = n. Namely the new X is the old
X'. The condition means that z can be completed by an additional r = m —n
columuns to an element of GL,,(F). We define I and 7;(x) for every i in I as in
section 10.5. We order the set I lexicographically and define a map f from X to
FN ., where N = card(I), as

f@) = (mi(@))ier =" (mig(2) ... ),

in which iy = (1,2,...,n). We put G = GL,,,(F'), H = SL,(F'), and denote the
nXn,nxXr, rxn,rxrsubmatrices of any g in G by g11, 912, go1, g22. We define a
homomorphism p from G to GLx (F) so that f(gz) = p(g) f(z) for every g in G and
x in X. The (4, j)-entry of p(g) for i = (i1... ,in), 5 = (J1...,Jn) is defined by g
exactly in the same way as h; ; is defined by h in section 10.5. If we put ¥ = f(X),
then G actson Y as g-y = p(g)y for every g in G and y in Y. We see by definition
that the actions of G on X, Y are transitive and equivariant. Furthermore, if we
put
g:t(ln())’ U:f(f):t(lo---o),
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then the fixer G¢ of £ in G is clearly defined by g1 = 15, g21 = 0. We shall show
that the fixer G,, of  in G is defined by g11 in H, go1 = 0. Since such an element
is clearly in G, we have only to prove the converse. We shall exclude the simple
case where n = 1. If g is in G,;, then f(g€) =*(1 0 ... 0) and g€ = *(*g11 "g21).

Therefore, if we denote the k-th row of g& by vy for all k, then vy,... ,v, are the
n rows of g11, and det(g11) = 1. In particular, they are linearly independent, hence
vp = cu1+. . .+cpv, witheq, ..., ¢, in F depending on k. If we take k > n and put

i=(1,....5—1j+1,...,nk) for any 1 < j < n, then m(g§) = (=1)"J¢; =0,
hence c¢; = 0, and hence go1 = 0.

We shall derive two consequences from the above information on G¢, G,,. Firstly
for every x in X we have f~!(f(x)) = xH. Since xH is clearly contained in
F~1(f(x)), we shall prove the converse. We can write z = g¢ and any =’ in f~1(f(z))
as gg'¢ for some g, ¢’ in G. Then gg' - n = g -n, hence ¢’ - n = 1. As we have seen,
this implies that (¢’)11 is in H, (¢')21 = 0, hence

x' =g9'¢ = g€(g")11 = z(g' )11

Secondly, if F' = F,, then by Chapter 9.3 we have

card(X (F)) = card(G(F)) /card(Ge(F)) = ¢™ - [] Im—k+1]

while card(Y (F)) = card(X (F))/card(SLy,(F)).

We now take a p-adic field K as F. Then G, H become locally compact groups
and X is a locally compact space because they are either open or closed in locally
compact spaces. We shall show that Y is also locally compact. Since the action of
G on Y is bicontinuous and transitive, it will be enough to show that Y contains a
compact open subset. If we put V=Y N (O x 0%71), then V' is an open subset
of Y. We shall show that V is compact. If y is in V and z; is the top n x n
submatrix of any z in f~!(y), then det(z1) = y;, is in O}, hence z; is in GL, (K),
and y = f(zz;')y;,. If we denote the k-th row of xx;* by vy for all k, then
Vg = Cc1v1 + ... + cpv, with the j-th entry of vy as ¢; for 1 < j < n. Furthermore,
ifweputi=(1,...,5—1,7+1,...,n,k), then

yi = mi(zay Dy, = (—1)" ey,

with y;, in O and y; in O, hence ¢; is in O . Therefore, xxfl with 1,, as its top
n X n submatrix is in My, »(Ok), hence

V= f( Mr,jZLOK) )OIX{

Since O, Ok are compact and f is continuous, we see that V' is compact.

Once we know that X, Y are locally compact, then by Lemma 7.3.1 we can
identify X, Y respectively with G/G¢, G/G, under g — x = g¢, g—y =g-n. We
shall denote by X° the compact open subset of X consisting of all x in My, ,,(Ok)
such that rank(z mod 7) = n, i.e., with m;(z) in O for some i. The condition
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means that x can be considered as the left m x n submatrix of an element of
G(Ok) = GL(Ok). If we put Y° = f(X°), then G(Og) acts transitively and
equivariantly on X° Y°.

We shall introduce relatively invariant measures on the homogeneous spaces X,
Y. We shall first determine the modules of G, G¢, G, by using Lemma 7.4.2. We
take any p and denote by i, the normalized Haar measure on K? and on its open
subsets as before. If we put G, = GL,(K), H, = SL,(K) so that G = G,, H = H,,
then their modules are 1. In fact,

dg = | det(g)| " pp2(g)

gives a Haar measure on G, and d(ggo) = dg for every go in G, hence Ag, = 1.
Since the homogeneous space G, /H), is a group, in fact the group G; = K*, it has
an invariant measure. Therefore, by Proposition 7.2.1, we have Ag, |H, = Ag,,
hence Ay, = 1. If g is any element of G¢, hence g11 = 1,, g1 = 0, then

dg = pnr(g12) - | det(g22)| %" pr2(g22)

gives a Haar measure on G¢ and d(ggo) = | det(go)|%dg for every go in Ge¢, hence
Ag,(g) = |det(g)[%. If g is an element of G, hence g1 is in H, go1 = 0, and if for
a moment py denotes any Haar measure on H, then

dg = pu(g11) - tnr(g12) - [ det(ga2)| " 1r2(g22)

gives a Haar measure on G, and d(ggo) = |det(go)|}dg for every go in G, hence

Ag,(g) = |det(g)l%k-
The above information about the modules on G, G¢, G, implies, in view of
Proposition 7.2.1, that X, Y have measures ux, puy # 0 satisfying

px(gz) = |det(9)x px(x),  py(g-y) = |det(9)|% py(y)

for every g in G. Actually, the restriction of fi,y on My, »(K) to its open subset X
is such a measure px and we simply take pix = fiymn|X. Furthermore, we normalize

M as
pi(H(Ok)) = ¢~ Veard(H(F)) = ] [,
in which H(Og) = SL,,(Ok) and F =Fy, and py as
py (V) = px (X°)/pa(H(Ok)).

‘We shall show that
px(X%) = [ [m—k+1].

1<k<n
In general, for every e = (e1,...,e,) in N” we denote by E(e) the union of all
G(Ok)z such that the upper n x n submatrix of z is an upper-triangular matrix in
M, (Of) with 7€, ... 7w as its diagonal entries and the lower r x n submatrix

of x is 0. If a* = gx for some g in G(Ok) has a similar form, then we see that
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the upper n x n submatrix of z* has the same diagonal entries as x. Therefore,
Xo =X N M, »(Ok) becomes the disjoint union of all compact open subsets E(e).
Furthermore, E(0) = G(Ok )¢ = X°. We shall show that

px(Ee)) = ] [m—k+1)g (m e,
1<k<n

We denote the first column of any x in My, ,(K) by z1. If z is in E(e), then
xr1 = mge; for some g in G(Ok) and g1 = %(1 0 ... 0). Furthermore, suppose
that 1 = 7°e; for some z in M,, ,(Ok) and denote by 2’ the (m — 1) x (n — 1)
submatrix of z obtained by crossing out its first row and column. Then we see that
z is in E(e) if and only if 2’ is in E(e’) for ¢/ = (ea, ... ,e,) relative to X’ defined
similarly as X for m — 1, n — 1 instead of m, n. Therefore, by an induction on n
we get

px (B(e) = [mlg ™ - px (B(e)) =[] m—k+ 1]g-mb0e,
1<k<n

We are ready to prove the following lemma.

Lemma 10.6.1 If ® is in D(X), i.e., if ® is a C-valued locally constant function
on X with compact support, then

[ e@unx@ = [ { [ ohynt b (@),

Proof. By Proposition 7.2.1 we have

/Gw(g)ldet(g)l’z? dg:/X{/GE o(gh) dk}ux(g€)

=/Y{/G p(gk’) dk’}uy(g-n)

for every ¢ in D(G) provided that the Haar measures dg, dk, dk’ respectively on
G, G¢, G, are suitably normalized. If we put

D) = /G o(gk) d,

where x = g€, then we know, cf. loc. cit., that the correspondence ¢ — ® gives a
C-linear surjection from D(G) to D(X). Furthermore, if we put h = (k’)11, then
we have gk'k€ = xh. Therefore, by Proposition 7.2.1 we have

J.

By putting these together we get the formula in the lemma up to a factor in R
independent of ®. We shall show that this factor is 1.

plak') ai’ = [

H H

n

{ [, wton) atun = | @
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If x¢ is in x H N X° for some z in X, then xtH N X° = 2o H N X° and some n xn
submatrix say x; of x¢ is in GL,,(Ok). Therefore, if zoh for some h in H is in X°,
then z;h is in M,,(Ok),hence h is in M, (Ok), and hence in SL,(Og) = H(Ok).
We have thus shown that *H N X° # () implies zH N X° = 20H(Ok) for some
xo in X° and xoH N X° = 2oH(Ok) for every zp in X°. Therefore, if in the
integration formula we take the characteristic function of X° as ®, then its RHS
becomes pp (H(Og))puy (Y°). Since the LHS is px (X °), the constant factor is 1.

We know that we can replace ® in the above lemma by any continuous integrable
function on X. Therefore, if ®, ¢ are continuous functions respectively on X, Y
such that ®(x)e(f(x)) is integrable on X, then the lemma implies

[ et@r@ux@ = [ cwf [ ohimmt i),

in which y = f(x). If we take the characteristic function of X° as ®, then the last
part of the proof of Lemma 10.6.1 implies

[ elt@x(e) = u(t0) [ o).

o

Before we proceed further, we make the following remark. The relatively invariant
measure py on Y remains relatively invariant under the normalizer of p(G) in
GLy(K). In particular, if ¢ is in K>, then py (cy) differs from py (y) by a factor in
R independent of y. By Lemma 7.2.1 this factor gives a continuous homomorphism
from K* to RY. Therefore, it is of the form |¢|% for some ¢ in R independent of c.
On the other hand, if we put g = wl,,, then p(g)y = 7"y and |det(g)|% = ¢ ™",
hence py (7™y) = ¢~™"uy (y). By putting these together we see that o = m, hence

py (cy) = le|gpuy (y)

for every ¢ in K*.
We now express Y as the disjoint union of 7%Y° for all k in Z. Then by using
the above remark we can rewrite the integration formula as

@ [ et =0 [ ow@n{ [ ohunfu o)

kEZ

in which f(z) = 7Fy. In particular, if we take the characteristic function y of
Xo =X N M, ,(Ok) as @, then (x) becomes

[ et@mx =0 [ oty L[ et}

k>0

in which f(x) = 7Fy. The above {-} can be made explicit, e.g., as follows: We
observe that it is invariant under x — gz for any g in G(Ok), hence it is independent
of y. We take any k from N and in (%) we replace ¢ by the constant 1 and ® by
the characteristic function of the subset of X, defined by the condition that f(z)
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is in 7*Y°. We observe that this subset is the disjoint union of E(e) for all e in N
satisfying |e| = e; + ...+ e, = k. Therefore we get

> ux(E(e) =g}y (V).

le|=k

We put all these together and use the fact that M, ,,(Ox)\Xo is of measure 0 by
ux(Xo) = 1. In that way we get the following proposition:

Proposition 10.6.1 Let ¢ denote any C-valued continuous function on the image
of My, (K) under x — (m;(z)) and U, ,, the compact open subset of My, n(Ox)
defined by rank(x mod w) = n. Then we have

[ o et dr= 3 (] amtem) [ piatla) aa.

eeNm 1<k<n Unn.,n
in which e = (e1,... ,e,) and e =e1 + ...+ e,.

Now Lemma 10.5.1 follows from Proposition 10.6.1. We have only to denote
f(z) in Proposition 10.6.1 say by p(z), express f(x) in Lemma 10.5.1 by h(p(z))
with h(y) homogeneous of degree d, and take ¢(y) = |h(y)|%-

10.7 Z(s) for det(*zhz) in product forms

We shall go back to Proposition 10.5.1 and convert Zy(s), hence also Z(s), into a
product. The product form of Zy(s) depends on m, n mod 2. We recall that

Zo(s) = Y ext" Iy,

0<k<n

in which ¢, and I are as in that proposition. We shall make some preliminary
computation. We replace k above by 2k and 2k + 1, and put the two terms for the
same new k together. If n is odd, then the summation in the new k will become
for 0 < k < (n —1)/2. However, if n is even, the summation will become for
0 <k <n/2-1and an extra term, i.e., ¢,t"I,. It turns out that this extra term
is obtained from the combined general term by substituting n/2 for k. At any rate,
the result can be stated more or less uniformly as follows:

Zo(s) = A/L1)- T - Zi(s),

1<i<n

Zl(S) — Z Akqfk(2k+1)t2k

0<2k<n
{ IO ey IT @0 IT 2ieie12)),

m—n—2k<2i<m 1<2i<n—2k 1<i<k
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in which
[m/2] n even
A— ) m/2lm/2.1], nodd meven
o [n+1,1] n even
[

m—n+1,1 nodd } m odd

while A = 1 except for the case where m, n are both even, and in that case
Ay, = [m/)2 — 2k]4 2k + 1,1] + [m — n — 2k][n — 2k]q~ 21t
The verifications are similar and straightforward.

We shall convert Z;(s) into a product. The conversion will be made by using
(G2) and (G3) in Chapter 9.6. We recall that

2
(G2) Z Fm—k,k(a)Fk‘,n—k(aa t)ak tk = Fm,n(av t),
0<k<n
(G3) S Fkk(@) Frni(a,t)a ™ % = Fou g (a,t) + tF o1 (a,t),
0<k<n
in which
Fon(at)= [ @=a™)/(1-a"), Fpn(a) = Fon(a,1)
1<i<n

for m, n in Z with the understanding that F, ,(a,t) = 0 for n < 0. In all cases, we
replace g2 by a and ¢~ 't? by t. More precisely, we shall be replacing the variables
a,tin (G2) and (G3) by ¢~ 2, ¢~ 1#%.

If m, n are not both even, hence Ax = 1, we replace them respectively by

2(m+n+1), 2n+1 meven, n odd
2(m+n)+1, 2n m odd, n even
2m+n)+1, 2n+1 modd, n odd

Then in all three cases we get

Zi(s) = H (1—a™)/(1—a't)- Z Fontogo(@) Fi i (a, t)a® t*

1<i<n 0<k<n
= JI a—a"a-a™ /(1 —a)(1-a't),
1<i<n

this by (G2). Therefore in the original notation we have

[Ti<aicnlm — 2i][m — 2i + 1,2]m even, n odd

Zis)=1/ J] [2i][2i+1,2]-

1<2i<n [licoicnlm —2i+1][m — 2i+2,2] m odd.
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In the case where m, n are both even, we write
Ay =B+ By ¢,
in which By, By are free from k, i.e.,
By=1—(14q¢ ™" 4 qm2mg ", By=[m/2+1,1]1¢ ™2,

and split Z;(s) as

Zl(s) = Bl . Zi(S) + B2 . ZQ(S)
If we replace m, n respectively by 2(m + n), 2n, then in the same way as in the
previous cases we get

Z1(s) =1/(1 —a™™). H (1—a™") (1 —a™ ) /(1 —a')(1 — a't).

1<i<n

As for Zs(s), we have
Zas) =1/ =) T (=m0 - a't)

: Z Fon—i (@) Fi - (a, t)a?" =% &,
0<k<n

and the sum over 0 < k < n is equal to Fy,_1,(a,t) + tF, n—1(a,t) by (G3).
Therefore, if in the original notation we put
C=[m+1,2]B; + (Im —n+1,2] + [n]g "t*)Ba,

then we have

Zy(s)=C/lln+1,2]- ] [m— 2il[m—2i+1,2]/[2][2i +1,2].

1<i<n/2

Furthermore if we replace By, By by their expressions in terms of ¢~ !, ¢, then we
get C = Cm/Qm(q’l,t) for the C, n(a,t) in section 10.4, i.e.,

Om,n(aat) _ (1 + am) o (1 g™ a2mf2n o a2mfn)an+1t

+ (1 —a®— g™ — CL2m—n)am+1tZ 4 (1 4 CLm)a%n—&-Qt?)

for m > n. We have thus converted Zy(s) in Proposition 10.5.1 into the following
definitive form:

Proposition 10.7.1 If m is even, then

Zo(s) = [m/2) T G/ (L1 [T R20Ri+1.2))

1<i<n 1<2i<n
Cm/gjn(qfl, t)/[m —n][m —n+ 1,2]n even
II [ —2ilfm —2i+1,2]
1<2i<n [m/2,1]+ n odd
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and if m is odd, then

Zos)= T1 )/ (- T eiei+12)

1<i<n 1<2i<n
[n+1,1] n even
IT [m—2i+1)m - 2i +2,2]
1<2i<n [m—n+1,1] n odd.

We have assumed that (—1)™(m~1/2det(h) is in (O%)? in the case where m is
even. The fact is that if it is in O\ (O})?, then we have only to replace all ¢~"/2 in
the above formulas by —¢~™/2. Propositions 10.5.1 and 10.7.1 are in Part T of [29].
We recall that we have seen the cubic polynomial Cy, »(a,t) in ¢ for (m,n) = (5,4)
in Proposition 10.4.1, i.e., in the Z(s) for a Freudenthal quartic f(z). We have
mentioned there with a reference that C, ,(a,t) for (m,n) = (8,6), (14, 10) also
appear in the Z(s) for other Freudenthal quartics. Although C,, ., (a,t) is a strange
polynomial, this fact can be expected because Freudenthal quartics are similar. We
have now seen that C,, ,,(a,t) also appears in the Z(s) for the Gramian det(‘zhz),
in fact only in a certain case as stated in Proposition 10.7.1. This is a mystery
for us because we fail to see any similarity between Freudenthal quartics and the
Gramian. At any rate, C, ,,(a,t) has the following formal properties:

Cmyn(afl, 7 = a*3m*2t*3Cm7n(a, t),
Crn(a,0) = 14+a™,
Crm(a,1) = (1+a™)(1—a"tH)(1 —a*m ",
Crpm(a,a™) = (T+a™ (1 —a™)(1—a*™™).

We can easily verify the fact that C,, ,(a,t) is the only element of Q(a)[t] with
these properties. Furthermore, we can show that C,, ,,(a,t) is irreducible in C(a)[t]
for n > 0 while clearly

Crmola,t) = (L+a™)(1 —at)(1 - a®" %),

We also mention that bs(s) for f(z) = det(*zhx) was computed as an example
of their general theory in a joint paper [50] by M. Sato, M. Kashiwara, T. Kimura,
and T. Oshima. The result is

bs(s) = H (s+ (k+1)/2)(s+ (m—k+1)/2).

1<k<n

We observe that, in all examples which we have computed or mentioned, the real
parts of the poles of Z(s) for f(x) are the zeros of bs(s) with the order of each pole
at most equal to the order of the corresponding zero. As we have emphasized in the
Introduction, to convert this experimental fact into a theorem is an open problem.
As we have also mentioned in the Introduction, without the information about the
orders this has been proved by T. Kimura, F. Sato, and X.-W. Zhu [35] in the case
where f(z) is the basic relative invariant of an irreducible regular prehomogeneous
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vector space. In their proof Theorem 8.5.1 and a theorem of M. Sato play key roles.
Also in the case where the number of variables in f(x) is 2 and in cases of some
generality, it has been proved by F. Loeser [37], [38].

Now, in spite of the complexity of the expression of Z(s) for the Gramian f(z) =
det(*xzhx), it has remarkably simple properties. Firstly, if we denote by deg,(Z(s))
the degree of Z(s) as a rational function of ¢, then we have

deg,(Z(s)) = —2n = — deg(f).
If f(x) is a Freudenthal quartic, then we also have

deg;(Z(s)) = —4 = —deg(f).

If we examine other examples of Z(s), then we will find that the above property is
shared by all Z(s) provided that f(x) is homogeneous and, e.g., non-zero coefficients
of f(z) are all units of Oj. Secondly, the coefficients of the expressions of Z(s) as
a rational function of a = ¢~! and t for f(x) = det('zhx) are numerical constants
independent of K. Therefore, the process of replacing a, t by a=!, t71, i.e., ¢ by
g~ ', makes sense, and we have

Z(8)|grog—1 = t2" Z(s) = 981D Z(s).

lg—q
If f(x) is a Fredenthal quartic, then we similarly have

Z(8)|gag—1 = t*Z(s) = tdED Z(s).

If we examine other examples for which the process “g — ¢~1'” makes sense, we
will find that the above property is shared by all Z(s) provided that f(z) satisfies
the homogeneity condition, etc. As we have mentioned in the Introduction, we
proposed precisely formulated conjectures on the above properties of Z(s) in [25],
[29] and now they have been settled, hence the conjectures have become theorems,
by J. Denef [9] and J. Denef and D. Meuser [10]. We shall explain the way they
proved their theorems in the next and last chapter.
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Chapter 11

Theorems of Denef and
Meuser

11.1 Regular local rings

We have not yet made any explicit use of algebraic varieties. We shall now try to
explain some fragments of algebraic geometry to state Hironaka’s desingularization
theorem in an algebraic form and a theorem on Weil’s zeta functions over finite fields
so that the readers can fully appreciate the proofs by Denef and Meuser of their
theorems which depend heavily on those theorems. We shall go back to Chapter
1.2 and start with some properties of regular local rings.

We take a local ring A, i.e., a noetherian ring A # 0 in which the set of all
nonunits forms a maximal ideal m. It is the same thing to say that A is a noetherian
ring with only one maximal ideal m. We know by Corollary 1.2.1 that the dimension
of m/m? as a vector space over A/m gives the smallest number of generators of m
as an A-module. Since that will be sufficient for our purpose, we shall assume that
A contains a field K satisfying A = K + m and identify K with A/m. We know
by Theorem 1.2.2 that m® = A, m, m?,... form a decreasing sequence of ideals of
A with 0 as their intersection. We put G.(A) = m”/m"*! and denote by G(A) the
direct sum of Go(A4) = K, G1(4), Ga2(A),.... We observe that every G,.(4) is a
vector space over K and G(A) becomes a graded K-algebra. Furthermore, if we
put dimg (m/m?) = n and if we introduce a polynomial ring K[z] = K[z1,... , 2],
where x1, ... ,x, are variables, then we can define a surjective homomorphism from
the graded K-algebra K[z] to G(A) as follows. We write m = Aay + ...+ Aa, and
denote the image of a; in G1(A) by y; for 1 <i <n. Then G1(4) = Ky1+. ..+ Kyn,
where y1, ... ,y, are linearly independent over K, and

Gr(A) = > Kyi'... .y,

le|=r

in which e = (e1,... ,e,) is in N and |e|] = e1 + ... + e, for all r. Therefore, if
we define a K-linear bijection from Klz]; to G1(A) as x; — y; for 1 <i < n, then
it uniquely extends to a surjective K-algebra homomorphism from K[z] to G(A)
mapping K|z], to G.(A) for all r. If we denote the kernel of the above homomor-
phism by a, then a is a homogeneous ideal of K[z] and K|x]/a becomes isomorphic

199
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to G(A) as graded K-algebras. Therefore, if we denote Hilbert’s characteristic func-
tion of any finitely generated K[z]-module M by x(M,t) as in Theorem 1.3.3, then
we will have

dimg (A/m" 1) Zdlmk =x(G(A),r)

i<r

for all large . After P. Samuel [47] we call d = deg(x(G(A),t)) the dimension of A
and write dim(A) = d. We observe that

t+n
n

WG(A), 1) = x(K[al, 1) — x(a,1) = ( ) N

and that, by the remark after Theorem 1.3.3, we have

deg (x(a,1) - (2)) <n

if a # 0. Therefore, we get d < n with the equality if and only if a = 0. We shall
summarize the above observations as follows:

Proposition 11.1.1 Let A denote a local ring with m as its mazimal ideal such
that A contains a field K satisfying A = K + m and G(A) the graded K-algebra
with G.(A) = m"/m"™*1 for all r. Then there exists a polynomial x(t) satisfying

dimg (A/m" 1) ZdlmK = x(r)

i<r
for all large r. If we put
n = dimg (m/m?), d = deg(x(t)) = dim(A),

then d < m. Furthermore, we have d = n if and only if G(A) is isomorphic to a
polynomial ring Klx1, ... ,2,] as graded K -algebras.

We call A a regular local ring if d = n. In that case, A is an integral domain. In
fact, if a, b are elements of A both different from 0, their images in G;(4), G;(A)
for some 4, j are not 0, hence the image of ab in G;4;(A) is not 0, and hence ab # 0.

Proposition 11.1.2 Suppose that A is a regular local ring with dim(A) = n, ex-
press its mazimal ideal m as m = Aay + ... + Aa,, and put

p=Aa; +...+ Aa,

for 0 <p<n. Then A/p is also a regular local ring, hence p is a prime ideal of A,
and dim(A/p) =n —p.

Proof. Since the local ring A is regular, every a in A gives rise to a unique sequence
fo(x), fi(z), fo(x),... with fi(z) in K[z]; satisfying

a= Zfi(a) mod m" !

i<r
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in which f;(a) = fi(a1,... ,a,) for all r. We put q = Aapy1 + ...+ Aa, so that we
get m = p + g. Since A/p has m/p as its unique maximal ideal, it is a local ring.
Therefore, we have only to show that G, (A/p) is K-isomorphic to K[zpt1,... ,Zn]r
under the correspondence a — f,.(z). We have

G (A/p) = (m/p)"/(m/p)"*" =q"/(a" N (p + ")),

in which p4q"t! = p+m” 1. We observe that an element a of A is in q” if and only
if fi(x) =0fori<r, f.(z) is in k[zpt1,...2n]r, and fi(z) for ¢ > r is of degree at
least r in Xp41,... ,%y,; that a isin p+ m” 1 if and only if f;() is at least of degree
lin xq,...,zp for 0 <7 < r. Therefore, the additional condition for a in " to be in
p +m" s simply f,.(z) = 0, hence G,.(A/p) is K-isomorphic to K[zpi1,... ,Znlr
as a — fr(x).

Theorem 11.1.1 Let K[z] = Klz1,... ,z,] denote the ring of polynomials in n
variables x1,... ,x, with coefficients in a field K, a = (a1,...,a,) an element
of K™, and f1(x),..., fp(x) elements of K|x] satisfying fi(a) = 0 for all i such
that rank(J(a)) = p for the p x n matriz J(x) with 0f;/0x; as its (i, j)-entry for
1<i<p, 1<j<n;let further S denote the set of all g(x) in Klx] satisfying
g(a) # 0 and put

A= S K[z], m= Z Az; — a;), p= Z Afi(z).

1<i<n 1<i<p
Then A and A/p are regular local rings with dim(A) = n and dim(A/p) =n — p.

Proof. We apply the K-automorphism of K[z] defined by z; — y; = z; — a; for
1 < i < n and reduce the general case to the case where a = 0. Since we can
write A = K[z] + m" for all r, we can identify G(A) with K[z]. Therefore, A
is a regular local ring with dim(A) = n. Furthermore, by assumption there exist
1 <ji1<...<jp <n such that if g(x) denotes the determinant of the of p x p
submatrix of J(x) obtained by crossing out its j-th columns for all j # j1,... , jp,
then g(0) # 0. We observe that every f(z) in Klx] satisfying f(0) = 0 and its first
polar

(0f/0x1)(0)xy + ...+ (Of/02n)(0)xy

have the same image in m/m?. Therefore, if we denote z; for j # ji,...,jp by
t1,... ,tq, then the images of fi(z),..., fp(x), t1,... ,tq in m/m? form its K-basis,
hence

1<i<p 1<5<d

It then follows from Proposition 11.1.2 that p is a prime ideal of A and A/p is a
regular local ring with dim(A/p) =d =n — p.

We remark that if we put P = K[z] Np, then P is a prime ideal of K|[z]
satisfying S~!P = p and a minimal representation of the ideal of K[z] generated
by fi(z),..., fp(z) is of the form

Z Klz]fi(z) = PN ( ﬂ Qi)

1<i<p 1<i<t



202 JUN-ICHI IGUSA

in which the primary ideal @Q; of K|xz] intersects S for 1 < ¢ < t. This follows from
Lemma 1.2.2 and Proposition 1.2.1.

11.2 Geometric language

We shall fix an algebraically closed field €2, denote by F' any subfield of 2 and by
m, n nonnegative integers. Then, as a set, the affine n-space Aff” is defined as Q"
with Aff” = {0} for n = 0. Also as a set, the projective n-space Proj" is defined as
the factor space of Q"F1\{0} by Q* in the same way as in Chapter 3.1. If a is a
point of Proj™ represented by (a1, ... ,a,+1) in Q" T\{0}, then (ay,...,a,11) are
called the homogeneous coordinates of a; they are determined by a up to a common
factor in Q*. If ¢1,... ,t,4+1 are variables and f(¢) is a homogeneous polynomial in
Q[t] = Q[t1, ... ,tnt1], then we denote f(ai,...,an+1) simply by f(a). This will
not cause any problem because we shall be interested only in whether or not f(a) is
0 and in the quotient f(a)/g(a) where g(t) is also homogeneous of the same degree
as f(t) with g(a) # 0. If I is any set of homogeneous polynomials f;(¢) in Q[t], then
a subset of Proj™ is well defined as the set of all a satisfying f;(a) = 0 for all f;(¢) in
I. We call such a set a closed subset of Proj™. If J is a similar subset of Q[t] as I such
that I and J generate the same ideal of Q[t], then I and J define the same closed
subset of Proj™. Therefore, by Hilbert’s basis theorem, i.e., by Theorem 1.3.1, we
may assume that [ is finite. If X is a closed subset of Proj™ defined by I, we take
all homogeneous polynomials in 2[¢] which vanish at every point of X and denote
by I(X) the ideal of Q[t] generated by them. Then, by Hilbert’s Nullstellensatz,
i.e., by Theorem 1.3.2, I(X) is the root of the ideal of Q[t] generated by I. If I(X)
has an ideal basis in F[t] = F[t1,... ,t,11], then X is called an F-closed subset of
Proj”. If I(X) is a prime ideal, then X is called irreducible. Every closed subset X
of Proj” can be expressed as a finite union of irreducible closed subsets X1, Xo, . ...
If no X; is contained in X for ¢ # j, then the expression is unique, and Xy, X, ...
are called irreducible components of X. An outline of the proof is as follows.

Since I(X) is equal to its root r(I(X)), by Theorem 1.2.1 its minimal representa-
tion I(X) = PANPyN..., where Pj, P, ... are necessarily prime ideals of Q[t] with
no inclusion relation, is unique. Every X in 2% gives rise to an 2-automorphism of
Q[t] as t; — At; for 1 <4 < n+1, and I(X) is invariant under this action of Q*
on Q[t], hence P;, Py,... will just be permuted. Since the m-th power map from
Q% to itself is surjective for every m > 0, it has no subgroup of finite index larger
than 1. Therefore, the permutation group is trivial, hence every P; is invariant.
Then the homogeneous parts of every f(t) in P; is in P;, hence P; is generated by
homogeneous polynomials, and hence they define a closed subset X;. By definition,
X1, X, ... are the irreducible components of X.

The complement of a closed subset of Proj™ is called open. The intersection of a
closed subset and an open subset of Proj”, i.e., the difference of two closed subsets,
is called locally closed. We observe that t; # 0, i.e., the complement of the closed
subset of Proj" defined by t;, defines an open subset U; of Proj”™ and Proj”™ becomes
the union of Uy,... ,Up41. If @ with homogeneous coordinates (ay, ... ,an41) is in
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U, i.e., a; # 0, and if we put

¢i(a) = (a1/as, ... ,ai—1/as,ai41/0i, ... ,any1/a;),

then ¢; gives a bijection from U; to Aff™ for 1 < i < n + 1. Therefore, we can say
that Proj” is covered by n + 1 affine n-spaces.

If X is any nonempty locally closed subset of Proj”, then we can define closed,
open, and locally closed subsets of X by relative topology. For instance, if I is any
set of homogeneous polynomials in Q[¢], then the intersection of X and the closed
subset of Proj™ defined by I is a closed subset of X. In the following we shall denote
by ¢(t), ¢'(t), etc. homogeneous polynomials in [t] all different from 0. If g(¢) is
such a polynomial, the open subset of X defined by g(t) # 0, i.e., as the difference
of X and the closed subset of Proj™ defined by g(t), will be denoted by X ;. We
observe that X, = 0 if and only if g(a) = 0 for every a in X; that X, N Xy = X415
and that the set of all X, forms an open base for X. If X, # 0 and 1f f(t) is a
homogeneous polynomlal in Q[t] of the same degree as g(t)* for some k in N, then
the quotient f(t)/g(t)* gives rise to a well-defined Q-valued function on X,. We
shall denote by O(X,) the Q-algebra of all such functions on X,. If now a is any
point of X, then we take the direct limit of O(X) for all g(¢) such that g(a) # 0 and
denote it by Ox ,. We recall that the above direct limit is defined as follows: We say
that ¢, ¢’ respectively in O(X,), O(Xy), where g(a)g’(a) # 0 are equivalent if for
some multiple ¢”(t) of g(t)g’(t), also satisfying ¢”(a) # 0, the restrictions of ¢, ¢
to Xy are equal. The set of all equivalence classes forms an -algebra, and that is
Ox . We observe that Ox , is a local ring, i.e., the set m, of all nonunits of Ox ,
forms a maximal ideal; the noetherian property of Ox , will become clear later.
The set of Ox,, for all a in X is denoted by Ox and the pair (X,Ox) or simply
X is called a quasi-projective variety. If X is closed, then it is called a projective
variety. If X is the difference of F'-closed subsets, then X is called a quasi-projective
F-variety. As a special case, a projective F-variety is defined. Suppose that X, Y
are quasi-projective varieties not necessarily in the same projective space and f is
a map from X to Y. Then f is called a morphism if for every a in X, b = f(a),
and v in Oy, the composition 9 o f is in Ox ,. The product of two morphisms is
a morphism. If a morphism is bijective and if the inverse map is also a morphism,
then it is called an isomorphism. If X is contained in Y, then the inclusion map is
a morphism, and X is called a subvariety of Y.

We shall show that the product X = Proj™ x Proj”, hence also the product
of projective varieties, can be considered as a projective variety. We take any
point (a,b) of X and denote the homogeneous coordinates of a, b respectively by
(@1,... ,@m41), (b1,... ,bpy1). Weorder N+1 = (m+1)(n+1) elements ¢;; = a;b;
of  lexicographically as (cu, 12, ... ) and regard them as homogeneous coordinates
of a point ¢ of Proj” . Then we get a well-defined map from X to Proj” as (a,b) — c.
We shall examine the image of X. We introduce N + 1 variables t;; and put

fij,i'j’(t) = tijti/jl — tl]’tz’j

for1 <4, 7 <m+1,1<j 7/ <n+1. We denote by I the set of these quadratic
forms in ¢;; and by Y the closed subset of Proj" defined by I. If cij = a;b; as above,
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then fi;;/(c) = 0 for all f;;,/;(¢) in I. Therefore, ¢ is in Y. Conversely, suppose
that ¢ is any point of Y with homogeneous coordinates (¢11, €12, . . . ) so that Cigjo 7 0
for some g, jo. Denote by a, b the points of Proj™, Proj™ with (¢1 jo, .- s Cm+1,jo)s
(Cig,1s- -+ »Cign+1) as their respective homogeneous coordinates. Then we see that
¢ is the image of (a,b). We have thus shown that Y is the image of X. We shall
show that the surjective map X — Y is injective, hence bijective. Suppose that
(a',b") in X has the same image as (a,b) and that (af,...,al,,1), (b],... b, )
are the homogeneous coordinates of a’, b’. Then we will have ajb’; = Aa;b; for all
i, j with some X in Q. If a;,bj, # 0, then aj b} # 0, hence we may assume that
ai, = bj, = a;, = b = 1. This implies A = 1, aj = ajb; = a;bj, = a;, and
similarly b} = b; for all 4, j, hence (a,b) = (a’,b'). We now define Ox so that the
bijection X — Y becomes an isomorphism. We might mention that Ox can be
defined directly by using doubly homogeneous polynomials. We also remark that
if for any 1 < iy < m + 1 we define an open subset U;, of Proj™ as before and
put J = {t;,;;1 < j < n+ 1}, then the above isomorphism X — Y gives rise
to an isomorphism from the product U;, x Proj™ to the difference of ¥ and the
closed subset of Proj” defined by J. Therefore, Aff™ x Proj™ can be considered as
a quasi-projective variety.

As a rather special case of the above, we regard any closed subset of Aff”™ as a
quasi-projective variety, and call it an affine variety. If X is such a variety, then
the set I(X) of all f(¢) in Q[t] = Q[t1,...,t,] which vanish at every point of X
forms an ideal of Q[t]. We shall show that if g(¢) is any element of Q[¢] different
from 0, then the open subset X, of X consistsing of all a in X for which g(a) # 0
can be considered as an affine variety. In fact, if s is a variable, then the set Y of
all common zeros of elements of I(X) and h(t,s) = g(t)s — 1 in Qt, s] is an affine
variety in Aff"*!. Furthermore, the correspondence a — (a,b), where b = 1/g(a),
gives a bijection from X, to Y. If an element of Oy, (, 3 is represented by a function
defined by f*(t,s)/g*(t,s) for f*(t,s), g*(t,s) in Q[t, s] and g*(a,b) # 0 and if e is
at least equal to the degrees in s of f*(t,s), g*(¢,s), then

fr(8,1/9) /g™ (¢, 1/9(t)) = f'(8)/9 (1),

in which f'(t) = g(t)f*(¢,1/9(t)), g'(t) = g(t)°g" (¢, 1/9(t)) are in Q[t] and g'(a) #
0. This implies that X — Y is a morphism. Since the projection ¥ — X is a
morphism, the bijection X — Y is an isomorphism.

We shall make some remarks on the local ring Ox , for any quasi-projective
variety X. Firstly, Ox , will not change even if we replace X by X, for any
homogeneous polynomial g(t) satisfying g(a) # 0. We observe that X, for a suitable
g(t) becomes an affine variety. In fact, by definition X can be expressed as X =
X1\ X2 for some closed subsets X1, X5 of Proj” and a is not in X5. Therefore,
we can find a homogeneous polynomial go(t) in I(X5) satisfying go(a) # 0. If
further @ is in U;, then we can take g(t) = go(t)t;. Therefore, after replacing X by
X4, we may assume that X is an affine variety in Aff". We change the notation
accordingly and write Q[t] = Q[t1,. .. ,t,]. We shall show that if S denotes the set
of all g(¢) in Q[¢] satisfying g(a) # 0, where a = (as, ... ,a,), then O, = Ox , can
be identified with S~1Q[t]/S~1I(X). In particular, O, is a noetherian ring. We
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recall that an element of O, is an equivalence class of functions on X, for all g(¢)
in S; that two functions on X,, X, respectively defined by f(t)/g(t)*, f'(t)/g (t)*
for f(t), f'(¢t) in Q[t], g(t), ¢'(t) in S, and k, k&’ in N are equivalent if for some
multiple ¢”(t) of g(t)g’(t), also in S, they give rise to the same function on X,
Then h(t) = f(t)g'(t)* — f'(t)g(t)* vanishes at every point of X, hence ¢ (t)h(t)
is in I(X), and hence f(t)/g(t)* — f'(t)/¢’'(t)* in in S~'I(X). Since the converse
is clear, we indeed have O, = ST1Q[t]/S~1I(X).

After these preliminaries, suppose that X is a quasi-projective variety and for
every a in X put dim,(X) = dim(O,). Then by Proposition 11.1.1 we have

dim,(X) < dimg(m,/m?).

We say, after O. Zariski [63], that a is a simple point of X if the equality holds, i.e.,
if O, is a regular local ring. We sometimes denote by Xgmootn the set of all simple
points of X. If X = Xgnooth, then we call X nonsingular or smooth. Furthermore
if d = dim,(X) is independent of a in X, then we say that X is d-dimensional
or, more precisely, everywhere d-dimensional. We observe that Aff™ and Proj” are
both smooth and everywhere n-dimensional.

Finally, suppose that a point a of Proj” with homogeneous coordinates
(a1y... ,an41) is contained in U; and Uj, ie., a;a; # 0. Then we clearly have
F(¢i(a)) = F(¢,(a)); we denote this field by F(a). If F(a) = F we say that a is an
F-rational point. If X is a quasi-projective F-variety in Proj”™, we denote by X (F')
the set of all F-rational points of X.

11.3 Hironaka’s desingularization theorem
(algebraic form)

We shall start with a simple example. We fix an algebraically closed field © and
denote by F any subfield of  as in section 11.2. We take the product X x Proj™ !,
where X = Aff”, and denote by Y its closed subset defined by z;z; — x;z; for
1 <i4,j <n,in which (x1,...,z,) are the coordinates on X and (z1,...,2,) are
the homogeneous coordinates on Proj™ ' all considered as variables. If h denotes
the restriction to Y of the projection from X x Proj"~! to X, then h gives a
bijection from Y'\h~1(0) to X\{0}, in which h=1(0) = {0} x Proj""'. In order to
get more precise information about Y and h, we express Proj” ! as the union of
the open subset Z, defined by z, # 0 for 1 < a < n. Then Y becomes the union
of Y, =Y N(X x Z,) for all a. Since they are all similar, we take o« = 1 and put

(tla"~ 7t2n71) = (x17'~' ,xn,ZQ/Zl,... 7Z’n/zl);

also we denote the image of t; in Q[t1,... ,t2n—1]/I(Y1) by y; for 1 < i < 2n —
1. Then Y7 becomes isomorphic to Aff" under the map y = (y1,...,y2n-1) —
(Y1, Yn+1,--- s Yy2n—1) and

h(y) = (yl, c s Un) = (ylvylyn+1; S Y1Y2n—1)-
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If we use (Y1, Yn+1,--- ,Y2n—1) as the coordinates on Y7, then the jacobian of h|Y;
becomes
A1y ) ) OY1s Yt 1y s Yan1) =yt

Also (y1,Yn+1,--- sY2n—1) = (x1,22/T1,... ,xn/x1), hence h|Y] gives rise to an
isomorphism from Y;\y;*(0) to X\z7*(0). At any rate Y is a closed smooth n-
dimensional subvariety of X x Proj" .

We now take f(z) from F[z1,...,7,]\F, denote by f~1(0) the set of all a in
X satisfying f(a) = 0, and examine the effect of h : Y — X on the hypersurface
f71(0) in X. We shall assume that if fo(z) is the leading form of f(z), i.e., the
homogeneous part of f(x) of the smallest degree, then N = deg(fy) > 0 and not all
partial derivatives of fo(z) vanish at any point of f; '(0) other than 0. We observe
that the preimage (foh)~1(0) of £71(0) in Y under & is the union of its intersection
with Y, for 1 < a < n. Since they are all similar, we take & = 1 and use the same
notation as above. We then have

FW) = Fr, vitnsts - y1y2n—1) =y f1(y),

in which
f1(w) = fo(Lyng1, - s y2n—1) + y1f'(¥)

with f'(y) in Fly1,Yn+1,--- »Y2n—1]. In general, if fi(t),..., fp(t) in Q[t1,... 5]
satisfy the condition in Theorem 11.1.1 for K = €, then we say that the p hyper-
surfaces f;1(0),... . 1,7 1(0) in Aff" are transversal at a. In that case the theorem
implies that a is a simple point of their intersection. We shall show that f;*(0)
and y; ' (0) are transversal at every point of their intersection.

If b = (b1,bnt1,--. ,b2n—1) is any point of their intersection, then b; = 0 and
f1(b) = fole) = 0, in which ¢ = (1,bpy1,... ,b2n_1). If f71(0) and y; '(0) are not
transversal at b, then

(0f1/0yn+i)(b) = (8f0/0zit1)(c) = 0

for 1 < i < n. If we write down Euler’s identity for fo(z) and evaluate both sides at
¢, then we also have (9fy/0z1)(c) = 0. Since fo(c) = 0 and ¢ # 0, this contradicts
the assumption that f;*(0)\{0} is smooth.

If we further assume that f(z) is homogeneous, hence f(z) = fo(x), then
f71(0)\{0} is smooth. In that case since fi(y) = f(1,¥ni1,--- Y2n_1), the above
argument shows that f| 1(0) is smooth. Therefore, if we denote by E;, E5 the
closed subsets of Y such that their intersections with Y; are respectively y; 1(0),
f71(0) and their intersections with Y,, are similar, then (f o h)~'(0) becomes the
union of Ey, E2 and they are both smooth, (n — 1)-dimensional, and have normal
crossings in the sense that they are transversal at every point of their intersection.
Furthermore, the bijection from Y\h71(0) to X\{0} is an isomorphism. We also
observe that Y and F;, Fy are F-varieties.

We shall now introduce the concept of Hironaka’s desingularization of a hyper-
surface by using some terminology which will be explained in a slightly different
language.
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Definition 1. Let f(x) denote any element of Flx1,... ,x,]\F, where F is an
arbitrary field and x1,... ,xz, are variables. Then a Hironaka’s desingularization
of the hypersurface in X = Aff™ defined by f(x) is a closed smooth n-dimensional
F-subvariety Y of X x Proj™ for some m such that the restriction h to Y of the
projection X x Proj™ — X has the following properties: Firstly, there exists a
finite set € of closed smooth (n—1)-dimensional F-subvarieties E of Y with normal
crossings. Secondly, as point-sets (f oh)~1(0) is the union of all E in & and h gives
rise to an isomorphism Y'\(f o h)~1(0) — X\ f~1(0). Thirdly, the divisors of foh
and h*(dzy A+ ANdxzy) on'Y are respectively of the forms Y NgE and > (ng—1)F,
in which Ng, ng are positive integers and the summations are for all E in E.

It follows from the definition that A : Y — X is surjective. We shall give a
local description of the Hironaka desingularization. We denote by 21, ... , 2,41 the
homogeneous coordinates on Proj™ and express Proj™ as the union of the open
subsets Z, defined by 2z, # 0 for 1 < a < m+ 1. Then Y becomes the union of
Y, =Y N (X x Z,) for all «. We choose « arbitrarily and identify X x Z, with
Aff™™ by using

(xh”' 7xn721/za7~~~ 7Zo¢71/zayza+1/za7~~~ 7zm+1/za)

as coordinates (t1,... ,tmin) on Aff”1" Then Y, is a closed subset of A" the
ideal I(Y,) has a basis in F[t] = F[t1,... ,tm+n], and the local ring O, of Y, at every
point b = (by,... ,bymin) of Y, is regular of dimension n. Therefore, if we denote
the image of ¢; in Oy by y; for 1 <i < m+n, then y;;, —b;,,... ,y;, —b; for some
1< <...<i, <m+n generate the maximal ideal m; of Oy, and if we denote
the image of y; — b; in mp/m? by dy; for all i, then dy;,, ... ,dy;, form an Q-basis
for my/m?. If we now write all E’s which contain b by E1,... , E,, then there exist
fi(t), ..., fp(t), g(t) in F[t] with g(b) # 0 such that fi(y),... , fp(y) can be included
in an ideal basis for m;, and further E; N (Y,), = f; *(0) N (Yy), for 1 <4 < p, in
which (Y,), = Yo\g~1(0). Finally, we have h(y) = (y1,... ,yn), h*(dz;) = dy; for
1<i<n,hence (foh)(y)=f(y1,-- ,yn), K*(dx1 A ... ANdxy) =dys A ... Adynp,
and

(fom)w)=c- [[ Hiw™,

1<i<p
h*(dzy A...Ndxy) =1 - H L™t e dys, AL A dy;,,
1<i<p
in which &,  are units of O, and (N;,n;) = (Ng,ng), where E = E; for 1 <i < p.
In the above example m =n — 1, « = 1, and (i1,... ,i,) = (L,n+1,... ,2n — 1);

that & = {Ey, Eq}, f1(t) = t1, fo(t) = f(L,tns1,. .- fon—1), 9(t) =€ =n =1, and
(Ng,ng) = (N,n), (1,1) respectively for E = E;, E>. At any rate, we can state
one form of Hironaka’s desingularization theorem in [20] as follows:

Theorem 11.3.1 If char(F) = 0, then a Hironaka’s desingularization of any F -
hypersurface in Aff" exists.

We shall now take an algebraic number field & as F and denote any p-adic
completion of k£ by K, the maximal compact subring of K by Ok, the maximal ideal
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of O by MOk, and put Og /mOx = F, as before. Furthermore, for any F-closed
subset X of Aff" we denote by F[X] the factor ring of Fx] = F[z1,... ,z,] by its
ideal Flz] N I(X). If f(z) is now in k[z]\k, then by Theorem 11.3.1 a Hironaka’s
desingularization h : Y — X = Aff"™ of the hypersurface in X defined by f(z) exists.
We observe that if all nonzero coefficients of f(z) are units of Ok, by applying the
homomorphism O — F, to them, we get an f(z) in F,[z]\F,. The fact is that
for almost all K, i.e., except for a finite number of K, the above h : Y — X gives
rise to a Hironaka’s desingularization of the hypersurface in X = Aff” defined by
f(z). Tt is understood that the new Aff" is relative to an algebraically closed field
containing F,. In the following, we shall give some details to this basic fact.

We have expressed X x Proj™ as the union of X x Z, = Aff™™" and Y as the
union of Y, =Y N (X x Z,) for 1 < a < m+1; for each a we choose a finite subset
{g5(t)} of k[t]\{0}, where k[t] = k[t1,... ,tmsn], and express Aff™ ™™ as the union
of its open subset

Us = AF™"\g51(0)

so that Y, becomes the union of Y,3 = Y, N Ug for all 3. We keep in mind that
we can get an arbitrarily fine k-open covering of Aff”*™ hence that of Y, in that
way. We shall impose three conditions on the choice of {gg(t)}. The first condition
is that for each ( there exist hy(t),... , hn(t) in k[t] such that

Yos =hi (0)N ... 0 R H0) N US.

If we write all E’s which intersect Y,3 by F1,...,E,, then the second condition
is that there exist fi(t),..., fn(t) in k[t] such that E; N Y,s = f;(0) N Y,s for
1 <7< pand

At) = 0(frs - farP1s e ) Ot - s o)

is a unit of k[Ug]. The third condition is that if we denote the image of ¢; in
Q[t)/I1(Y,) by y; for 1 <i < m+n, then

fohlYag=ce- [ fin)™,

1<i<p

h*(dxy N ... A dxn)‘Yag =n- H fi(y)ni_l “dfi(y) AL N dfp(y),

1<i<p

in which e, 7 are units of k[Y,z]. These conditions are satisfied for a suitable choice

of {ga(t)}.
We shall express the above conditions by identities in k[t]; we shall use e, e,
etc. to denote nonnegative integers. First of all, by Hilbert’s Nullstellensatz there

exist gj(t) in k[t] satisfying > g5(t)gs(t) = 1. If we put
a=k[t)hi(t) + ...+ k[t]hm (1),

then k[Ug] = k[t,1/gs(t)] implies k[Yag] = k[Ug]/k[Usla = kly, 1/95(y)]. Therefore,
every element of k[Y,g] is of the form P(y)/gg(y)®® for some P(t) in k[t] and ep; it
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is a unit of k[Y, ] if and only if P’(t)P(t) = gs(t)® mod a for some P’(t) in k[t] and
e. In particular, € = go(y)/9s(y)%, n = no(y)/95(y)c" and

eo(t)eo(t) = mo(t)mo(t) = gp(t)®  mod a
for some €o(t), €(t), no(t), ny(t) in k[t] and e., e,, e. Furthermore,
d'(t)d(t) = gp(t)°

for some d'(t) in k[t] and e, and

gs®°f(t) = 20t)gs®) - [[ £ moda

g
)

1<i<p
where e = ey + e. for some ey. Finally, if we denote the jacobian matrix of
fla"' 7fna hla"' 7hm b}’ t1,... 7tm+n as
A B 1, B A—-BD7'C 0
C D 0 D D-C 1.,

with m x m matrix D = D(t), etc., since d(t) is its determinant, we get d(t) =
det(D) det(A— BD~1C) provided that det(D) # 0. We shall show that det(D(y)) #
0. If for a moment we denote the (4, j)-entries of C', D by ¢;;, d;;, then we have

S o) dyi+ > dij(y) dyni; =0

1<j<n 1<j<m

for 1 < ¢ <m. Since dyi,...,dy, are linearly independent, if det(D(y)) = 0, then
we will have rank(C(y) D(y)) < m. This brings the contradiction that d(y) = 0.
Furthermore, the above proof implies that

df1(y) A ... Adfn(y) = det(A — BD'C)(y) - h*(dwy A ... Adxy)|Yap-

Therefore, the condition on h*(dz1 A ... Adx,)|Yas can be written as

det(D)(y) =d(y)m- [[ Hiy™~", ie,

1<i<p

95(t)° det(D) = d(t)no(H)gs(®* - ] £:()™ ' moda

1<i<p

where e = eg + e,,. We have used the same ey, e above because that is permissible
after making them larger. Also, P(t) = 0 mod a means, of course, that P(t) =
A1(O)h1(t) + ... + A (B) Ry (t) for some Ay (t), ..., Apn(t) in k[t]. If we replace the
above congruences mod a by equations of this form, we get a finite number of
identities in k[t]. We now take a p-adic completion K of k such that, in addition to
the coefficients of f(x) being units of Ok, the coefficients of all P(¢) in k[t], which
appear in the above identities, are all in Og. This condition is satisfied by almost
all K. Furthermore, if we replace all such P(t) by its image P(t) in F,[t], then it is
rather obvious that the data so obtained will give a Hironaka’s desingularization of
the hypersurface in X = Aff" defined by f(x).
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11.4 Weil’s zeta functions over finite fields

We shall explain the main theorem on Weil’s zeta functions over finite fields. Since
the proof will not be given, or rather, can not be given because it is beyond the level
of this book, we shall explain two examples. Although the following first example
is incomparably simpler, these are the examples mentioned in Weil’s paper [57] of
1949 in which he announced the above-mentioned theorem as a conjecture. The
explanation will be with proof except for some topological results. More precisely,
if for any d-dimensional compact C-analytic manifold M we define its Poincaré
polynomial P(M,t) as
P(M,t)= Y B,
0<i<2d

in which B; is the i-dimensional Betti number of M, hence B; = Byy_; by the
Poincaré duality, then we shall just mention the explicit forms of P(M,t) in the
two examples without proof.

We shall explain the first example. If Q(z) is a reduced quadratic form in
n > 3 variables 1, ... ,x, with coefficients in I, and Q2 is an algebraically closed
field containing Fy, then Q(x) defines an irreducible smooth (n — 2)-dimensional
projective F-variety X in Proj” ! . Furthermore,

card(X (Fy)) =14 q+...+¢" 2 +x(Q)¢"™* 1,

in which x(Q) = 0if n is odd and x(Q) = £1 according as Q(z) is hyperbolic or not
if n is even. This follows immediately from the formula for card(Q~1(0)) in Theorem
9.2.1. On the other hand, if M is the hypersurface in P,_;(C), i.e., Proj" ' for
Q) = C, defined as the set of zeros of z1Z2+. . .4+Tp_1Ty, OF T1To+. . .+ Tp_2Tp_1+22
according to whether n is even or odd, then it is well known that

P(M,t) =1+t + ...+ 272 £ (1/2)(1 + (-1)")" 2.

We might mention the proof in the special case where n = 4. If we use the notation
in section 11.2, then Proj' x Proj' is isomorphic to the surface in Proj® defined by
t11tae — tiata1, hence M is C-bianalytic to P;(C) x P;(C), and hence

P(M,t) = P(P,(C),t)* =1+ 2t +t*.

We might also mention that if Q(z) is of the above form, then the open subset of
X defined by 1 # 0 is isomorphic to A" 2,

Before we explain the second example, we shall recall a system of equations
defining the Grassmann variety. We shall follow the presentation in G. B. Gurevich
[17]. We take an m-dimensional vector space V over an arbitrary field F' and
examine \"(V) for a fixed 0 < n < m. We shall write products of elements
of A(V) without using A. We first observe that if W is a subspace of V, then
A" (W) is a subspace of A\"(V). Furthermore, if Wi, Wy are subspaces of V, then
AN (W1 nWa) = N"(W1) N \"(W2). Therefore, for any x in A\"(V) there exists
the smallest subspace W, of V such that z is contained in A" (W, ). We shall later
give an explicit description of W, in terms of z. We observe that dimg(W,) > n
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if © #0. We say that « # 0 is decomposable if dimp(W,) =n, ie,if x =vy...v,

for some vy, ... ,v, in W, necessarily forming its F-basis. On the other hand if
we choose an F-basis e1,... e, for V| then every z in A"(V) can be uniquely
expressed as
xr = E l‘iln'ineil e ein
i1 <...<ip

with z;, 4, in F. We define z;, for all 1 < 41,...,4, < m so that we get an
alternating tensor, which we call the representative tensor of x. We shall find the
necessary and sufficient condition in terms of x;, ;, for x to be decomposable. We
observe that if x is decomposable, i.e., if x = vy ...v, for some vy,...,v, in V,
hence v; = y1je1 + ... + Ymjem With y;; in F, then the representative tensor of
becomes

Ty iy = Ty (Y),

in which y is the m x n matrix with y;; as its (¢, j)-entry and m;,. ;,(y) for iy <
... < iy is the determinant of the n x n submatrix of y obtained by crossing out its
k-th rows for k # i1,... ,i,, and they are not all 0.

We take x from A" (V) and ¢ from the dual space V* of V. If z;, ; is the

representative tensor of z, then we define d,x in A" (V) as

Op)iyoin = D Tiyiy_yiP(e:)

1<i<m
forall ¢1,... ,4,—1. We observe that 0, is determined by = and ¢ independently of
the choice of eq, ... , &,,. Furthermore if z, 2’ are in A" (V') with the representative

tensors x;, . 4, , xél_“in and if 0; = 9, for ¢ = ; in V* for 1 < i < n, then we can

easily verify the formal identity

(*) (x(02. .. 8n$/))i1...in+1

= (D" Yz ieage®2(€5) - onles) )

1<j2,. . jn<m
in which

_ E ko . . ) /
Ziyidn 1,020 00 — (_1) Liyig—1ip41int1Cig o jn?

1<k<n+1

fori; <... < in+1.
In the above notation we shall show that W, and the F-span W of 95 ... 9,z for

all pa,...,p, in V* coincide. If we choose an F-basis ey, ... , e, for V such that
€1,...,ep form an F-basis for Wy, then x;, ;, # 0 only for ¢;,...,4, < r, hence
Oy ...0,x is in W,, and hence W is contained in W,. If we choose another F-basis
€1,...,eny for V such that eq,... ,e; form an F' basis for W, then

Z Tiiy..inP2(€iy) - Pnlei,) =0

1<is,... in<m
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for all 7 > s and for all ¢s,...,¢, in V*. This implies that x, ;, = 0 for all
i9,...,0, if ¢ > s, hence x;, ;, # 0 only for 41,...,4, < s. Therefore x is in
A" (W), hence W, is contained in W, hence W, = W.

We are ready to show that x # 0 in A" (V) is decomposable if and only if its
representative tensor satisfies the following quadratic equations:

k
(**) Z (*1) Tiq.ig—19k41-- i1 Ligdoe.dn — 0
1<k<n+1
for all iy < ... <'ip41 and jo, ..., j,. First, suppose that = is decomposable. Then

xv =0 for all v in W, hence for all v = 95 ...0,2. Then by (x) we get (xx). Next,
suppose that (xx) is satisfied. Then by (x) we get W, = 0. If we choose an F-basis
V1,...,0, for W,, then z can be expressed uniquely as an F-linear combination of
vy ..., for 1<y < ... <y, <. Since zv; =0 for 1 < i <r, we see that r =n
and x isin Fvy...v,.

We shall now explain the second example. We shall take F,, € and later C
as F. We denote by Y the open subset of M,, , consisting of all y with linearly
independent columns and consider Proj" for N + 1 = (") with homogeneous
coordinates z;,. 4, for 1 < i3 < ... < i, < m. Then the correspondence y +—
x where x;, ;. = m;,. 4, (y) gives a morphism from Y to the projective variety
X in Proj" defined by (), which is called the Grassmann variety. We have
seen in Chapter 10.6, though in different language, that the open subset of X
defined by z;,. ;, # 0 is isomorphic to M,,_, , for every i1,...,i,. Therefore,
X is an irreducible smooth d-dimensional projective F-variety for d = (m — n)n.
Furthermore, if F' = F,, then the results there imply that

card(X(IE‘q)) = H (1— qm—k-‘rl)/(l _ qk).
1<k<n

We recall that in the notation of Chapter 9.6 the RHS is Fy,—, n(¢). We further
recall the Gauss identity:

Y Fuan(@ gV = [ (+q0).

0<n<m 0<i<m-—1

If we equate the coeflicients of " on both sides, we get

o) = 0 g

in which the summation is for 0 < iy < ... < i, < m — 1. Therefore, if we replace
ir by fr +k—1for 1 <k <n, we get

card(X(Fy)) = Bad",
0<k<d

in which By denotes the number of partitions k = f1 + ...+ f, satisfying 0 < f; <
... < fn <m —n. We observe that if we put f; = (m —n) — fr_i11 for 1 <i <mn,
thend—k=fi+...+ frand 0 < fff <... < f¥ <m—n, hence By = Bag_oy, for
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0 < k < d. On the other hand, if we take C as ) and denote the corresponding X
by M, then
P(M,t) = Z By t%k.
0<k<d

This fact was known in classical algebraic geometry dealing with Schubert varieties.
We refer to C. Ehresmann [13] for a topological proof.

After these rather special examples, we shall state the main theorem on Weil’s
zeta functions. We recall that an element a of an extension of Q is called an
algebraic integer if it is a zero of a monic polynomial with coefficients in Z.

Theorem 11.4.1 Let X denote a smooth everywhere d-dimensional projective IFy-
variety. Then there exist nonnegative integers B; for 0 < ¢ < 2d satisfying B; =
Baq—; and for each i algebraic integers cyj # 0, in fact, all their conjugates over Q
in C having the absolute value ¢*/?, for 1 < i < B; with the following properties:

Firstly,
card(X(Fge)) = > > (=1'ag

0<i<2d 1<j<B;

for all e > 1 and secondly,
{¢%/cu;; 1< j < Bi} ={o2q—ij; 1 <j < Bogi}
for 0 <i<2d.

As we have stated in the Introduction, this is one of the two theorems which
we shall use without proof. Actually, the deeper part of the theorem stating that
«; are algebraic integers of absolute value ¢*/? will not be used. At any rate, the
theorem stated above was conjectured by A. Weil and proved, in the above general
form by A. Grothendieck and P. Deligne. We refer to Deligne [8] for the history up
to his decisive contribution after the work of B. Dwork, Grothendieck and others
all with references. We might at least recall that Weil’s zeta function Z(t) of X is
defined for ¢ near 0 in C as

dlogZ(t)/dt = card(X (Fge))t™",  Z(0) =1.

e>1
The first and the second parts of the theorem then imply its rationality
Z(t) = H H (1—ayt)™, &= (-1
0<i<2d 1<j<B;
and its functional equation
Z(1/q"t) = £(¢"*)* 2 (t),

in which xy = Y°(=1)!B; = Bo—Bi+...+Bay. We observe that the above expression
of Z(t) shows that the formula for card(X (F4)) determines the set {ay;; 0 < ¢ <
2d, 1 < j < B;} and further, if we incorporate the statement on the absolute value
of a;j, the set {a;;; 1 < j < B;} for each 1.
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Remark. Some irreducible components of X in Theorem 11.4.1 may not be an
F,-variety and yet Theorem 11.4.1 in the case where X is irreducible implies the
general case. We shall give an example which will illustrate this situation. We take
any ¢ from Fgs which is not a zero of

P(t) = (¢ —t9) (¢ + 7 + 1) (¢ + 7 — 2t9°);

such a @ exists for every ¢ and Fys = F,(€). We denote by o the Fs-automorphism
of Fys defined by 06 = 07 and by a, b the points of PI“OjS(Fqs) respectively with
(0,00,0%0,1), (0,0%0,00,0) as their homogeneous coordinates. We further denote
by L, L', L the lines in Proj® respectively through {a,b}, {ca,cb}, {02a,o?b}.
Then by the choice of 6 we see that L, L', L” are mutually disjoint, o gives a
permutation L — L', L' — L", L” — L, and their union X is a smooth everywhere
l-dimensional projective F,-variety. Since card(Proj*(F,)) = 1 + ¢ for every g, we
get card(X (Fge)) = 3(1 + ¢°) or 0 according as e > 1 is in 3Z or not. If ¢ is any
element of C satisfying 1 + ¢ + ¢ = 0, then we can write

card(X (Fye)) = (14 ¢4 ¢%)(1 + ¢°)

for every e > 1. Therefore, Bo = B2 = 3, Bl = 0, {(101,0&02,0&03} = {I,C,CQ},
and {ag1, ag, a3} = {q,(q,(?q}. In the general case the situation, hence also the
proof, is entirely similar.

11.5 Degree of Z(s)

We shall start with the following problem proposed in [25]: Assume that a homo-
geneous polynomial f(z) with coefficients in Og has a good reduction mod 7; do
we then always have deg,(Z(s)) + deg(f) = 07 If we start with a homogeneous
polynomial f(x) with coefficients in an algebraic number field k, then we can ask
the above relation for almost all p-adic completions K of k thus avoiding the use of
“good reduction mod 7”. We recall that if the critical set C'y of f is contained in
{0}, i.e., if the discriminant of f(x) is not 0, then Proposition 10.2.1 implies that the
answer is affirmative. In fact this is one of the examples which motivated the above
problem. Now D. Meuser [42] showed more generally that the answer is affirmative
if Cy is contained in the union of the coordinate hyperplanes. In connection with
other examples, we remark that if f(x) is a basic relative invariant of an irreducible
regular prehomogeneous vector space, this condition on Cy implies deg(f) < 2. In
the general case, i.e., for an arbitrary homogeneous polynomial f(x) in k[z]\k, the
problem was settled by J. Denef [9]. In the following we shall explain how Denef
solved the problem.

We shall use the same notation as in section 11.3 and, in fact, the setup af-
ter Theorem 11.3.1. We recall that f(z) is arbitrary in k[z]\k, Y is a closed
smooth n-dimensional k-subvariety of X x Proj™, and h : ¥ — X is a Hiron-
aka’s desingularization of the hypersurface in X = Aff” defined by f(z). Further-
more, the p-adic completion K of k satisfies the condition that the homomorphism
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Ok — F, = O /mOk can be applied to the coefficients of a finite number of poly-
nomial identities which describe the above desingularization to give a Hironaka’s
desingularization h : Y — X of the hypersurface in X = Aff" defined by the image
f(z) of f(z) in F,[x]. We observe that Proj™(K) can also be defined as the fac-
tor space of Ot \rOR ! by O and that it is covered by (Z,)° consisting of all
points with homogeneous coordinates in Ok and the a-th coordinate equal to 1 for
1 <a<m+ 1. We denote Proj™(K) with the above open covering by (Proj™)°,

X(Ok) = O% by X°, put
(X x Proj™)° = X° x (Proj™)°, (X x Za)® = X° x (Za)°,

and define Y°, (Y,)° as their respective intersections with Y (K) for all a. We
introduce the coordinates (t1,. .. ,tm+n) as in section 11.3 and identify (X x Z,)°
with O™, If we denote by (Ya5)° the open subset of (Y,)° consisting of all b such
that gg(b) is a unit of O, i.e., the set of all b in O™ satisfying hi(b) = ... =
hm(b) = 0 and gg(b) in O, then (Y,)° becomes the union of (Y,z)° for all 3. We
keep in mind that X° and Y° are compact n-dimensional K-analytic manifolds.

We shall restrict our attention to h|Y° : Y° — X° and also to h|Y (F,) : Y(F,) —
X (F,) sometimes without explicitly saying so. We denote by dz the normalized
Haar measure on X° and by uy the measure on Y° defined by h*(dxy A ... A dxy,)
as in Chapter 7.4. We take a arbitrarily from X° and for Re(s) > 0 we put

zi)= [ @licar= [ )i v ().

h=l(a+mwX°)

We observe that Z,(s) depends on the image @ of a in X (F,) rather than a itself.
If we take any b from h~!(a+ mX°), then b is in (Ya3)° for some a, 3. We observe
that if b’ is any point of Y° with the same image in Y (F,) as b, then b’ is also in
(Yo)° because b’ is in (Y, )° and gg(b') is a unit of Ok. Furthermore,

(O(f1y- - s frshiy oo s him)/O0(t1, -« s tman)) (D)

is also a unit of Of. Therefore if we put b’ = b+ 7y, where y is a variable in O 1",
then by Lemma 7.4.3 we see that the correspondence

b = (f1(6), .oy fu(B), R (D), .. (D))

gives a K-bianalytic map from b+ 7O% "™ to ¢ + 7O ™™, in which c is the image
of b. Furthermore, if we introduce z; as f;(b') = ¢; + wz; for 1 < i < n, where
¢ = (1, ,Cmin), then the set of all ¥ in Y° having the same image as b in
Y (F,) becomes K-bianalytic to O% under the correspondence b’ +— (z1,...,25).
Therefore, if I is the set of all i satisfying f;(b) = 0, then after replacing 7~ '¢; + 2
by z; we get

[F(hb+ 7))k = |- [] fib+ 7)™ | = [ Im2il X'

el icl

py 0+ my) = - [[fi0+ 7)™ i -q "dze =g ][ Inz
i€l el

nifl
W dz
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This implies

— —n Z/ Hlﬂ_ZZNs+nl—1 dZ

O% iel

in which the summation is over the set h~'(a)(F,) and I for each b can be identified
with the set of all E’s which contain b. Since the integral of |z|% * over Oy is
(1—-¢1)/(1 —q~*), the above formula implies the following theorem of Denef:

Theorem 11.5.1 Take an arbitrary subset I of & and a point a of X° with its
image a in X (F,); denote by c; = cr(a) the number of all b in h™'(a)(Fy) such that
b is in E(F,) if and only if E is in I. Then

2= [ W@k =g e T 0/6" )

Eel
Corollary 11.5.1 We have

lim ¢"Z,(s)=1 modgq
Re(s)——o0 ( )

in the sense that the LHS is in 1 4 qZ.
Proof. If char(F,) = p, since (14 ¢Z,) NZ = 1+ ¢Z, we have only to show that the
LHS is both in 1 + ¢Z, and in Z. By definition, we have

q"Za(0) = ¢" - lim If(x)|fe de=q"-¢7" =1
S a+mX°

and by Theorem 11.5.1 we also have
Zc; H (g—1)/(¢"" — 1)) EZC} mod gZ,,.
Eel I

On the other hand again by Theorem 11.5.1 we have

lim ¢"Z,(s) = Zc;(l — g)cardl) = ZCI mod g,
I

Re(s)——o0

and > ¢y =1 mod ¢Z,.

Corollary 11.5.2 If f(z) is homogeneous and t = q~*, then
deg,(Z(s)) = — deg(f)-

Proof. Put deg(f) = d. Then, as in Chapter 10.3, we have

2= (=gt [ @l d,
Xo\mrXe
Therefore, by Corollary 11.5.1 we get

lim t%Z(s) = — lim q"-/ x lf(@)|5% de=—(¢"—1)=1 mod q.

|t]—o0 Re(s)——o0

Consequently, the above limit is finite and different from 0. Since Z(s) is a rational
function of ¢, this implies that deg,(Z(s)) = —d.
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Corollary 11.5.3 If we put

then we have

Z(s)=q " anrd(E?(IFq)) : H (g —1)/(gVF+me — 1)),

Eecl

Proof. In the notation of Theorem 11.5.1 we have

acX(F,) acX(F,)

This implies the corollary.
We might mention that if I = @, then

card(E(Fy)) = card (Y (F)\( | E(F,)) = card(X (F)\f ' (0)(F,)).
Ec€&

Therefore, the contribution of I = () to Z(s) is 1 — ¢~™ - card(f~*(0)(F,)).

11.6 The field K. (a digression)

We shall prove, just for the sake of completeness, some basic facts on algebraic
extensions of p-adic fields. In a fixed algebraically closed field there exists a unique
extension of F, of any given degree e > 1, i.e., F;c. The corresponding statement
for a p-adic field is as follows:

Theorem 11.6.1 Let K denote a p-adic field with F, as its residue class field.
Then in a fized algebraically closed field there exists a unique extension K. of K of
any given degree e > 1 with Fge as its residue class field.

We shall give a classical proof by using Hensel’s lemma. We shall also prove
the fact that any extension of K of finite degree is a p-adic field. We shall start
with a simple remark; for the time being the finiteness of the residue class field
F = Ok /mOk will not be used.

We take an element A of M,,,(Ok) for any m, n > 1 and denote by A its
image in M,, ,,(F). If Az = ¢ is solvable by & in F™ for every 7 in F™, then Az =y
is solvable by x in O% for every y in O. In fact, the above solvability of AZ = j
is equivalent to rank(A) = m necessarily with m < n, and this is equivalent by
Lemma 7.4.1 to the existence of g, h respectively in GL,,(Ok), GL,(O) satisfying
A = g(1,, 0)h. Then the equation Ax = y can be rewritten as (1,, 0)hxr = g~ y.
We may clearly replace hz, g~y respectively by x, y. Then the equation becomes
(1, 0)x =y, which is solvable.

If now f(t), etc. are elements of Ok|t], where t is a variable, we shall denote
their images in F[t] by f(t), etc. We take go(t), ho(t) from Ox|t] such that go(t),
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ho(t) are relatively prime and go(t) # 0, deg(go) = deg(go). Also, we fix an integer
d > deg(goho) and take any c(t) from O|[t] with deg(c) < d. Then there exist a(t),
b(t) in Ok[t] satisfying

a(t)ho(t) +b(t)go(t) = c(t),  deg(a) < deg(go),  deg(b) < d — deg(go)-

In fact, since go(t), ho(t) are relatively prime, we have
a(t)ho(t) +b(t)go(t) = &(t)

for some a(t), b(t) in F[t]. By replacing a(t) by its residue mod go(t), we may
assume that deg(a) < deg(go). We then have deg(b) < d — deg(go). Therefore, we
have only to apply the above remark with m =n = d+ 1 to the coefficients of a(t),
b(t) as = and the coefficients of ¢(t) as y. We are ready to prove Hensel’s lemma,
which is as follows:

Lemma 11.6.1 Let f(t) denote any element of Ok [t]\Ox such that its image f(t)
in F[t], where F = O /nOk, splits as f(t) = go(t)ho(t), in which go(t), ho(t) are
relatively prime and Go(t) # 0. Then there exist g(t), h(t) in Ok[t] with deg(g) =
deg(go) satisfying

f) =g®nt),  gt)=go(t),  h(t) = ho(t).

Proof. We shall exclude the trivially simple case where f(t) = 0, hence hg(t) = 0.
We put d = deg(f) and choose go(t), ho(t) from Og[t] with go(t), ho(t) as their
images in F'[t] and satisfying deg(go) = deg(go), deg(ho) = deg(ho). That is clearly
possible and d > deg(f) = deg(goho) = deg(goho). We introduce unknown elements
9i(t), hi(t) of Ok|t] satisfying

deg(gi) < deg(go), deg(h;) < d — deg(go)

fori=1,2,3,... and put

g(t) = ma(t),  h(t) =) mhit).

i>0 i>0

We have only to show that the equation f(t) = g(¢)h(t) is solvable. If we put
c1(t) = 77 H(f(t) — go(t)ho(t)) and cx(t) = 0 for k > 1, then cx(t) is in Og|[t] and
deg(ci) < d for every k. Furthermore, the equation g(¢)h(t) = f(t) can be replaced
by the following sequence of equations:

g (8)ho(t) + hi()go(t) = cx(t) = D gi(t)he—it)

0<i<k

for k = 1,2,3,.... The first equation is g1 (t)ho(t) + h1(t)go(t) = c1(t), which is
solvable in ¢ (t), h1(t) by the previous observation. Therefore, we shall apply an
induction on k assuming that k£ > 1. Then in the k-th equation, the RHS is an
already known polynomial in Ok|[t] of degree at most d, hence for the same reason
it is also solvable in gg(t), hg(¢).
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Corollary 11.6.1 If fo(t) is an irreducible monic polynomial in K|[t] with fu(0) in
Ok, then necessarily fo(t) is in Og]t].

Proof. Put d = deg(fy) and assume that fy(t) is not in Ok[t]. Choose the smallest
integer e so that f(t) = 7w°fo(¢t) is in Ok[t]. Then e > 0, deg(f) = d, and 0 <
deg(f) < d. In Lemma 11.6.1 we can take go(t) = f(t), ho(t) = 1 and we get
f(t) = g(t)h(t) with 0 < deg(g) < d. This implies that fy(t) is reducible in K[t], a
contradiction.

Proposition 11.6.1 Let K denote a complete nonarchimedean field with mOg for
some m = Tk as the ideal of nonunits of Ok ; let L denote a finite extension of K.
Then L is also a complete nonarchimedean field with w;, O for some 7y, as the ideal
of nonunits of Or. Furthermore, if we define r, e as

WOL:WEOL, [OL/WLOLZOK/WOK]ZQ
then [L : K] = re.

Proof. We shall first show that L has a nonarchimedean absolute value ||, satisfying
la|r, = |a|k for every a in K, where n = [L : K|. We start with a review of the
norm N from L to K for any field K. We choose a K-basis uq, ... ,u, for L. Then
we get a K-algebra homomorphism p : L — M, (K) as

a(ug ... up) = (ug ... uy)pla).

Since p(a) is unique up to p(a) — gp(a)g—! for some g in GL,(K) coming from
a change of the K-basis for L, Na = det(p(«)) is well defined. Furthermore,
N(af) = (Na)(Np) for every a, 8 in L. We need another property of Na. If fo(t)
is the irreducible monic polynomial in K[t| of degree d satisfying fo(«) = 0, then
La,...,a% ! form a K-basis for K(a). If we compute the norm Nya of a from
K(a) to K by using this basis, we get Noaw = (1) fo(0). If we choose a K («)-basis
v1,...,0, for L, then

V1, QUL, ... ,adilvl, vty Vey QUgy .. ,ad*1v€
form a K-basis for L so that n = de. If we compute N« by using this basis, we get
Na = (Npa)® = (—1)" fo(0)°.

We now go back to our field K, and in the above notation we put

lale = [Nalx = |fo(0)[%-

Then |a|, = |a|% for every a in K. Furthermore, |- |, satisfies AV 1, AV 2 in
Chapter 2.1. We shall show that it also satisfies AV 3’ in Chapter 2.2. Since
laBr, = |a|p|Blr for every «, B in L, we have only to show that |a + 1|y, < 1

if |l < 1. Since |a|p < 1 implies |fo(0)|x < 1, by the above corollary fy(t) is
in Ok[t]. Furthermore, f1(t) = fo(t — 1) is also an irreducible monic polynomial
of degree d in K|[t] with coefficients in Og[t] and fi(a+ 1) = fo(a) = 0. Since
f1(0) = fo(—1) is in Ok, we have |a + 1| = | f1(0)]% < 1.
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We shall show that L is complete, i.e., every Cauchy sequence {«;} in L is
convergent. We say that a sequence is zero if its terms are all zero. If we write

oy = E A5 Uy

1<j<n

with a;; in K for all ¢, j then, since K is complete, we have only to show that
{ai1},... ,{ain} are all Cauchy sequences in K. If k denotes the number of nonzero
sequences among them, the statement clearly holds for £ < 1. We shall therefore
assume that £ > 1 and apply an induction on k. If we can derive a contradiction
from the assumption that one of the k sequences is not a Cauchy sequence, then
the induction will be complete. By converting the double sequence {o; — 5} into
a sequence and replacing it by a subsequence, we may assume that {«;} is a null
sequence in L while the absolute values of all terms of one of the k sequences in
K are at least ¢ > 0. After a permutation of uy,...,u,, we may assume that
{ai1},... ,{a;x} are the nonzero sequences and |a;x|x > € for all i. Then the
sequence in L with
aifai —up =Y (aij/ai)u;

1<j<k

as its i-th term is convergent, hence a Cauchy sequence, and hence the coefficients
of uy,... ,ux_1 form Cauchy sequences in K by induction. If we denote their limits
by b1,...,bx_1, we get byui + ...+ bp_1ur_1 + ur = 0. This contradicts the fact
that uq,...,u, form a K-basis for L.

Finally, since the image of L™ under ||, is a subgroup of the image of K> under
| - |k, it is discrete. Therefore, the ideal of nonunits of Oy, can be written as 7Oy,

and 70 = 7} O for some positive integer . On the other hand, if wy,... ,we
are the elements of Oy, such that their images w1, ... ,w,. in O /7Oy, are linearly
independent over F' = Ok /mOk, then wy,... ,w, are linearly independent over K,
hence e < [L : K|. We shall assume that @y, ... , . form an F-basis for Or, /7Oy,
Since

1, 7p,... ,7‘(‘2_1, T, WAL, - - 771'7r2_1, e
are elements of Oy whose orders are respectively 0, 1, 2,..., every element « of

Oy, can be written as

a= g E Qi W, T

0<i<r 1<j<e

with a;; in O for all 4, j. We shall show that the expression is unique. We have
only to show that if the RHS is 0, then a;; = 0 for all 4, j. Suppose that the RHS is
0 for some a;; in Ok not all 0. Then, after cancelling a power of 7, we may assume
that they are not all in 7Ok, hence their images a,; in O /mOk are not all 0. If
we take the image of the RHS in Op, /7 Op, then we get ap1w; + ... + Gge@e = 0,
hence ag; = 0, and hence ag; = wbg; with bg; in Ok for all j. We can repeat the
same argument after cancelling 7, and we get a1; = wbi; with by; in Ok for all
Jj. By continuing this process, we will see that all a;; are in 7Ok, a contradiction.
If we allow a;; to have a power of 7 as a denominator, then every a in L can be
expressed uniquely as above with a;; in K. We have thus shown that [L : K] = re.
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In the above proposition if K is a p-adic field, i.e., if F' = Ok /7O is finite, then
Or /71,0y is also finite, hence L is a p-adic field. Furthermore, if |- |k is normalized
as |7|x = ¢!, then |- |1, is normalized as |7r|z, = ¢; ', in which ¢ = card(Ok /7Of)
and gz, = card(Op /7 Or). This follows from [L : K] = re. We might mention that
the standard notation for r and e are respectively “e” and “f.” At any rate, we say
that L is unramified if r = 1. Theorem 11.6.1 then states the unique existence of an
unramified extension K. of K of any given degree e > 1. The proof is as follows:

We shall start with the existence of K,. We put

Pt) =t —1=]J(t -0

¢

where e* = ¢ — 1, denote by W the set of all { above, and put L = K(W). We
shall show that L = K,. We know by Proposition 11.6.1 that L is a p-adic field.
We observe that W forms a cyclic group and it is mapped isomorphically, say, to
W under the homomorphism Oy — Op/mOp. Since Fee = Fq(VV), it is contained
in Oy, /7Oy, hence

e=[Fg :F,] <[Or/m,0p :F,] <[L:K].

Therefore, if we can show that [L : K| = e, then O /7m0 = Fge and L = K..
We take a generator ¢ of W and denote by f(t) the irreducible monic polynomial
in K[t] satisfying f({) = 0. Since f(t) is a factor of P(t), a power of f(0) is 1,
hence |f(0)|x = 1, and hence f(t) is in Ok|[t] by Corollary 11.6.1. Furthermore,
deg (f) = [L : K]. If { is the image of ¢ in W, then F,(C) = F,e. Therefore, f(t)
has a factor of degree e in F,[t]. Since f(t) splilts into a product of distinct linear
factors in Fye[t], by Lemma 11.6.1 we see that f(t) has a factor of degree e in Ok [t],
hence deg(f) =e.

We shall prove the uniqueness of K.. Namely, if M is any extension of K of
degree e satisfying On/maOn = Fye, then M = L. We observe that the above
f(t) is in Opy[t] and that f(¢) splits into linear factors in Oyy[t] by Lemma 11.6.1.
Therefore ¢ is in Oy, hence L is contained in M. Since they have the same degree
over K, we get M = L.

11.7 Functional equation of Z(s)

We shall start with the following conjecture proposed in the preliminary but pre-
printed form of Part I of [29] which is mentioned in its introduction:

“(F1) f(z) is a homogeneous polynomial in Og|[z1,... ,z,] with good reduction
mod T;

(F2) there exists an element Z(u,v) of Q(u,v) such that for every finite alge-
braic extension L of K and Re(s) > 0 we have

| 1@l de = 2(a;" ;)

L
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. It is very likely that the two conditions are sufficient for the functional equa-
tion Z(u~',v1) = v4e). Z(u,v).” The conjecture was investigated by D. Meuser
by using Denef’s formula in Theorem 11.5.1 and, under a certain condition on the
numerical data, was settled by her discovery of the relation between the conjectural
functional equation and the functional equations of Weil’s zeta functions over fi-
nite fields. Later J. Denef succeeded in removing this condition and his proof was
simplified by J. Oesterlé. We shall explain Denef-Meuser’s joint paper [10] on this
subject. As we shall see, their results go much further than the conjecture. We
refer to their paper for more detailed history and further important results.

Lemma 11.7.1 Let A; denote a subset of a finite set S for all i in an index set I
and I, J subsets of Iy. Then for any given I, we have

card(( ﬂ AN\ ( U Ai)) = Z(_l)card(J\I)Card( m Ay).

iel igl JoI ieJ

Proof. We take a arbitrarily from S and show that a contributes the same number
to both sides of the identity. Now a is contained in A;,, ..., A;, for some iy,... i,
but not in A; for any other 4. First, suppose that I is not contained in {i1,... 4},
i.e., a is not contained in A; for some i in I. Then, clearly, a contributes 0 to both
sides. Next, suppose that I is contained in {i1,...,7,}. We put n = p — card({).
Ifn=0,ie,I={i,...,%}, then a contributes 1 to both sides. If n > 0, then
a contributes 0 to the LHS. On the other hand, a is contained in A; for all ¢ in J
if and only if J is a subset of {i1,...,4,}. Therefore, the contribution of a to the

RHS is
S (-1y (") —(1-1)"=0.

0<j<n J

Lemma 11.7.2 Let Iy denote a finite index set, i an element of Iy, and I, J subsets
of Iy; further, let x;, y; denote variables. Then we have

S ey, b T —ny [ -

I JDI el icl

Proof. We clearly have

21+ =3 (3 110 =2 (3 un) [ o

el JCI ieJ 1>J icJ

If we permute I,J on the RHS and replace z;, y; by —z;, (fl)card(l)yl on both
sides, then we get the identity in the lemma.

We shall use the same setup as in section 11.5, e.g., k is an algebraic number field,
f(z) is a homogeneous polynomial in k[z]\k of degree d, where k[z] = k[z1,... ,2,],
and h : Y — X = Aff” is a Hironaka’s desingularization of the hypersurface in
Aff™ = Q™ defined by f(x). We now need a Hironaka’s desingularization of the
hypersurface in Proj” ™! defined by f(z), which can be explained, e.g., as follows.
We observe that every A in 2% gives an Q-automorphism of Q[x] as x; — Az; for
1 < ¢ < n. This gives rise to an action of 2* on X under which the hypersurface
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in X defined by f(z) is invariant. The fact, which we accept, is that the above
h:Y — X can be constructed in such a way that it is preserved under the action
of 9%, We shall give some details. We recall that X* = Proj" ! is the factor
space of X\{0} by Q. If Y* denotes the factor space of Y\h~1(0) by Q*, then Y*
becomes a smooth (n — 1)-dimensional k-subvariety of X* x Proj™ and h gives rise
to a Hironaka’s desingularization A* : Y* — X* of the hypersurface in X* defined
by f(x). Furthermore, if £ denotes the set of all E in € not contained in h=1(0),
then for every E in &£ the factor space E* of E\h~1(0) by Q* becomes a smooth
(n — 2)-dimensional k-subvariety of Y*. More generally, for every subset I of £’

Ej =) E*

Ecl

is either empty or a smooth k-subvariety of Y* of dimension r; = n — card(I) — 1.
Furthermore, if K is a p-adic completion of k& which we have used in section 11.5,
then a similarly defined E} becomes a smooth r;-dimensional projective Fy-variety
and

card(E; (F,)) = (g — 1) " - card ((E\h~(0)) (F,)-

On the other hand, if we put

vp = (g 1)/ ~ 1),

then by applying Theorem 11.5.1 to the integral in

Z(s)=(1- q*(dSJrn))*l / |f(2)[5 da

Xo\mrXe

we will have

Jo o @i de = a7 3 cana(BE 0 ) - T] e

Ice’ Eel

We shall now apply Lemmas 11.7.1, 11.7.2 to the above summation in [ with I = &',
Ap = (E\h™1(0))(F,), and

yr = card( ﬂ AE).

Eecl

In doing so, we use the obvious fact that if S, Sy are subsets of a set, then the op-
eration S — S\Sp commutes with the taking of union, intersection, and difference.
We see that y; = (¢ — 1)card(E;(FF,)) and that the above summation in I is equal

to
(q—1)- Y card(E;(Fy)) - [[(wr — 1)

1ce’ Eel

Since we shall be using only the desingularization h* : Y* — X™* of the hypersurface
in X* = Proj" ! defined by f(z), we change our notation and state the above result
in the following self-contained form:
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Theorem 11.7.1 If f(z) is a homogeneous polynomial of degree d > 0 in n vari-
ables with coefficients in an algebraic number field k, then there exists a finite set
E = {E}, where each E is equipped with a pair of positive integers (Ng,ng), such
that for almost all p-adic completion K of k we have

Z(s) =(q — 1)q* /(q®*" — 1)
: Z card(E;(Fy)) - H ((q—1)/(g"=*tme — 1) — 1),

Ice Eel

in which every E; is either empty or a smooth ri-dimensional projective F,-variety
forrr =n —card(I) — 1.

We keep in mind that we can replace the above K by any finite algebraic ex-
tension L, e.g., by K. in Theorem 11.6.1. We shall now explain an observation
by J. Oesterlé about the extendability of certain functions on N\{0} to Z\{0}. It
depends on the following lemma:

Lemma 11.7.3 We denote by A the ring of functions on N\{0} generated by n —
a™ for all a in C*, i.e., functions of the form

o)=Y mial

1<i<r

with m; in Z and o in C* for 1 < i < r, and for some r > 0. If m; # 0 and
a; # o for alli andi # j, then the set {(m;, o;); 1 <@ < r} is uniquely determined
by .

Proof. If o is as above and t is a complex variable satisfying |a;t| < 1for 1 <i <r,

then
exp { Z o(n)t"/n} = H (1 —at)™m.

n>0 1<i<r

We observe that the rational function of ¢ so defined depends only on ¢ and that
it has o ! as a pole or a zero of order |m;| according to whether m; is positive or
negative for 1 < i <r.

If now ¢ in A is expressed as in Lemma 11.7.3 possibly with m; = 0 for some
i and «; = a; for some i # j, then the function ¢# on Z defined by the same
expression for all n in Z depends only on ¢. In order to prove this fact, we have
only to show that ¢ = 0 implies ¢# = 0. Let {3} denote the set of distinct
o, ..., and for each B define mg as the sum of all m; for o; = 3. Then ¢ =0
implies mg = 0 for all 3 by Lemma 11.7.3, hence

(p#(n) = Z mia; = ngﬂn =0
B

1<i<r

for all n in Z, and hence p# = 0. As its immediate consequence, if we denote by
A% the set of all such ¢#, then A# forms a ring and the correspondence ¢ +— @7
gives an isomorphism from A to A%,
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In the following we shall restrict n to Z\{0} sometimes without saying so. We
take a complex variable z and introduce the rings B, B# of functions respectively
on C* x (N\{0}), C* x (Z\{0}) consisting of

Seime et

in which ¢; is in A and apf& is in A% for all i in N. We observe that B, B¥ are
commutative rings with 1 and the subsets S, S# of B, B# defined by the condition
that anfﬁ(n)zm # 0 for every n in Z\{0} and for a variable z in C* are both
multiplicative and free from zero divisors. Therefore, C = S~!B, C# = (S#)~1B#
are defined, and C' consists of elements of the form

= (D _win)2™) /(D wi(n)z
in which the denominator is in S. We shall show that the element
% (z,n) sz 2/ (vt ()2
of C# depends only on ®(z,n). In fact if ®(z,n) is expressed similarly as

= (X elm=m) /(X wiln):

then we get > (¢:9); — ¥i¢}) = 0 where the summation is in 4, j in N satisfying

i+ j =k for every k in N. This implies Z(cpz (¢ )# w#(gaj) ) = 0 for the same
summation ¢ + j = k for every k, hence

% (z,n) = (D_(@)*(m)=") /(D _(wh#(n)=").
We now go back to Theorem 11.7.1 and replace K there by L = K.. If we
denote the corresponding Zy (s) by Z.(s), then we get

e) - Z card(Er(Fge))Ry(e),
Ice
in which
R(e) = (q¢° — 1)q"* /(g"4=t™) — 1),
Ri(©) = [T (@@~ D/ 1) 1)

Ecl

for all e in N\{0}. We recall that E; is either empty or a smooth projective F,-
variety of dimension rr =n — card(l) — 1. Therefore, Theorem 11.4.1 is applicable
to Er. In that way, we get

card(E(F Z Z 04[”

0<i<2r; 1<j<By;
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for some ay;; in C* with the property
(*) {¢" Jarij; 1<j < Bri} ={ar2r,—ij; 1 <j < Brar,—i = Bri}

for 0 < i < 2r7. If in the above-explained observation by Oesterlé we use e as n
and ¢° as z, then the denominator

(qe(dern) o 1) H (qe(NEs+nE) o 1)
EceE

of Z.(s) isin S, hence Z.(s) is in C. Therefore, Z.(s) extends to an element Z(s, e)
of C# where e is arbitrary in Z\{0}. Furthermore, R(e), R;(e) also extend to
elements of C# and, as such, they satisfy

R(—e) = ¢~ W@s=(n=D)e p(e), Ri(—e) = ¢~ dDeR (o).
By using these and (x) above, we can easily verify that

Z(s,—e) = q 9 Z(s,e).
In this way, we get the following theorem of Denef and Meuser:

Theorem 11.7.2 In the same situation as in Theorem 11.7.1, if for every L = K.,
where e in in N\{0}, we put

2.5)= [ 1@l
oy

then e — Z.(s) extends to a function Z(s,e) on Z\{0} satisfying the functional

equation Z(s,—e) = q~ 4 Z(s,e).

Corollary 11.7.1 If there exists an element Z(u,v) of C(u,v), where u, v are
variables, satisfying Z(q~¢,q~ %) = Z.(s) for all e > 0 in egZ for some integer ey >
0, then the obviously unique Z(u,v) satisfies the functional equation Z(u=t,v=t) =
v?Z(u,v).

Proof. In the notation of Theorem 11.7.2, we have
Z(q°,q4%) = Z(s,—e) = ¢ " Z(s,e) = (¢ =)' Z(q"*,4")

for all e > 0 in egZ and for a variable s. This implies the functional equation in the
corollary.

The above corollary completely settles the conjecture which we have recalled in
the beginning of this section. We might mention that a certain p-adic zeta function
associated with an algebraic group satisfies a functional equation of the same kind;
cf. [29], pp. 708-709. It would be interesting to examine whether or not there exists
a common ground for all such functional equations.

That concludes this introductory book to the theory of local zeta functions. As
the last word, we would like to recommend to the readers to proceed to Denef’s
Bourbaki report [11] and our own expository paper [31] which we have mentioned in
the Introduction. The readers will find in these references not only further important
results but also problems whose solutions will undoubtedly enrich the theory.
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Grassmann variety, 212

Haar measure ug, p, dz, 102
module Ag, 103

Heisenberg commutation relation, 45

Hensel’s lemma, 218

Hilbert’s basis theorem, 9
characteristic function x (M, t), 11
Nullstellensatz, 10

Hironaka’s desingularization, 206

Hironaka’s desingularization theorem,

39, 207-208

Implicit function theorem (by calcu-
lus of limits), 18, 23

Key lemma, 173
Krull’s theorem, 8

Linear groups GL,, SL,,, 1, 145
formulas for card(GL,,(F,)),
card(SL, (FF,)), 145
Localization S~! (S multiplicative), 6

Local ring, 7
regular, 200
Local singular series, 129
Local zeta function Z¢(w), 71, 73, 123
Z(w), Z(s), T3, 124
explicit form
K = C, f(z) basic relative invari-
ant, 91
K =R, f(z) br.i. (square free
terms), 93
K = p-adic field
x? 423, 171
3+ a3 + a3, 172
Q(z) (@ mod 7 reduced), 169
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det(z) (z in M,,), 163

det(z) (z in Sym,,), 177

Pf(z), 164

Pf(y) — tz1y22, 166

Pt('zJpz), 165

Freudenthal quartic (p # 2),
182-183

Gramian det(*zhz) (p # 2), 188,

195-196

Manifold (K -analytic), 29
Measure p,, (a differential form), 112-
112
,ua/g, 115
Method of analytic continuation
(Gel'fand & Shilov), 66
Modules, filtered -, 51
graded -, 11
Monoidal transformation (simple cen-
ter), 36

Nakayama’s lemma, 8

Nerve complex N, 38
Noetherian ring, 5

Normal crossings, 38
Numerical data (Ng,ng), 39

Orthogonal group O(Q) (Q reduced),
139
formula for card(O(Q)(F,)), 146-

p-adic field, 109
Partition of unity, 74
Poincaré series, 124
its rationality, 124
Poles of w(f)(®) = Zs(w), 71, 73, 76,
122
f relative invariant, 135
Pontrjagin’s theorem, 106
Power series
convergent -, 16
formal -, 16
special restricted - (SRP), 22
Prehomogeneous vector space, 83
irreducible regular -, 95
regular -, 83
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Primary decomposition theorem, 6

Quadratic form @, 137
anisotropic -, 137
nondegenerate -, 137
reduced -, 137
formula for card(Q~'(i)(F,)) (Q
reduced), 143
Quadratic transformation, 36

Rationality of zeros of b(s), 92
Relation of Fg, Fj, 128
Relation of Fg, Zg, 130

Root of an ideal, 5

Sato’s b-function b(s), 87
Schwartz space S(X), 62
its dense subspace G(X), 75
Serre’s structure theorem, 113
Simple point, smoothness, 205
Space of derivations Derp(R, L), 32
Space of (tempered) distributions S(X)’,
62
its completeness, 64
Space of eigendistributions Ex (p), 108
continuity of p, 101
Spaces D(X), D(X)" (X totally dis-
connected), 98-99
Stationary phase formula (SPF), 168
Symplectic group Sps,,, 148
formula for card(Sp,,, (F,)), 148

Totally disconnected space, 97
- group, 98

Unramified extension K, (K a p-adic
field), 217

Variety, affine -, 204
projective - & quasi-projective -,
203

Weierstrass preparation theorem, 24
Weierstrass product of 1/I'(s), 88
Weil’s functions Fg, Fj§, 125, 127
Weil’s zeta function, 213

Witt’s decomposition (Q reduced), 140
Witt’s theorem, 139
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