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Classification of semi-algebraic p-adic sets up to
semi-algebraic bijection

By Raf Cluckers*) at Leuven

Abstract. We prove that two infinite p-adic semi-algebraic sets are isomorphic (i.e.
there exists a semi-algebraic bijection between them) if and only if they have the same
dimension. [

In real semi-algebraic geometry (as opposed to p-adic semi-algebraic geometry) the
following classification is well-known [4]:

There exists a real semi-algebraic bijection between two real semi-algebraic sets if and
only if they have the same dimension and Euler characteristic.

More generally L. van den Dries [4] gave such a classification for o-minimal expan-
sions of the real field, using the dimension and Euler characteristic as defined for o-minimal
structures. Since the semi-algebraic Euler characteristic y is in fact the canonical map from
the real semi-algebraic sets onto the Grothendieck ring (see [1]) of R (which is Z), we see
that the isomorphism class of a real semi-algebraic set only depends on its image in the
Grothendieck ring and its dimension.

In this paper we treat the p-adic analogue of this classification. The Grothendieck
ring of @, is recently proved to be trivial by D. Haskell and the author [1], so the analogue
of the real case is a classification of the p-adic semi-algebraic sets up to semi-algebraic
bijection using only the dimension. We give such a classification for the semi-algebraic sets
of @, and for finite field extensions of (Q,, using explicit isomorphisms of [1] and the p-adic
Cell Decomposition Theorem of J. Denef [2]. The most difficult part in giving this clas-
sification is to prove that for any semi-algebraic set X there is a finite partition into semi-
algebraic sets, such that each part is isomorphic to a Cartesian product of one dimensional
sets, in other words semi-algebraic sets have a rectilinearization. Since all arguments hold
also for finite field extensions of Q,, we work in this more general setting.

Let p denote a fixed prime number, Q, the field of p-adic numbers and K a fixed
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finite field extension of @,. For x € K let v(x) € Z U {+o0} denote the valuation of x. Let
R ={xe K|v(x) = 0} be the valuation ring, K* = K\{0} and for n € Ny let B, be the set
{xe K* |3y e Ky" = x}. We call a subset of K" semi-algebraic if it is a Boolean combi-
nation (i.e. obtained by taking finite unions, complements and intersections) of sets of the
form {x € K| f(x) € B,} with f(x) € K[X}, ..., X,n]. The collection of semi-algebraic sets
is closed under taking projections K — K”~! even more: it consists precisely of Boolean
combinations of projections of affine p-adic varieties (see [2] and [5]). Further we have that
sets of the form {xe K" |v(f(x)) < v(g(x))} with f(x),g(x) € K[Xi,...,X,] are semi-
algebraic (see [2], Lemma 2.1). A function f: 4 — B is semi-algebraic if its graph is a semi-
algebraic set; if further f is a bijection, we call f an isomorphism and we write A = B.

Let 7 be a fixed element of R with v(z) = 1, thus z is a uniformizing parameter for R.
For a semi-algebraic set X < K and k € Ny we write

xk) — {xe X|U(7'Civ(x)x — 1) =k, x =+ 0}7

which is semi-algebraic (see [2], Lemma 2.1); X®) consists of those points x € X which have
X .

a p-adic expansion x =Y g’ with ag=1 and ;=0 fori=s+1,...,s+k—1. By a
i=s

finite partition of a semi-algebraic set we mean a partition into finitely many semi-algebraic

sets. Let X <« K", Y <« K™ be semi-algebraic. Choose disjoint semi-algebraic sets

X', Y" < K* for some k, such that X ~ X’ and Y =~ Y’, then we define the disjoint union

of X and Y up to isomorphism as X’ u Y’. In the introduction of [1] it is shown that we

can take k = max(m,n), i.e. we can realize the disjoint union without going into higher

dimensional affine spaces.

We recall some well-known facts.

Lemma 1 (Hensel). Let f(t) be a polynomial over R in one variable t, and let o € R,
e e N. Suppose that f(2) = 0 mod 7! and v(f’(oc)) < e, where f' denotes the derivative of
f. Then there exists a unique & € R such that f(&) = 0 and & = o mod 7¢*.

Corollary 1. Let n > 1 be a natural number. For each k > v(n), and k' = k + v(n) the
function

K® — PRy

is an isomorphism.
The next theorem gives some concrete isomorphisms between one dimensional sets.

Proposition 1 ([1], Prop. 2). (i) The union of two disjoint copies of R\{0} is iso-
morphic to R\{0}.

(ii) For each k > 0 the union of two disjoint copies of R is isomorphic to R,
(i) R =~ R\{0}.

We deduce an easy corollary, also consisting of concrete isomorphisms.
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Corollary 2. For each k we have isomorphisms

(i) R® = R\{0},

(i) R\{0} =K.

Proof. (i) There is a finite partition R\{0} = |JaR® with v(x) = 0, say with s parts.

Then R\{0} is a fortiori isomorphic to the union of s disjoint copies of R*), which is by
Proposition 1(ii) isomorphic to R,

(i) The map

(0,x) — x,

({0} x By U ({1} x (R\{0})) — K: { (1,%) = 1/(mx),

is a well-defined isomorphism. It follows that K is isomorphic to the disjoint union of R
and R\{0}. Now use (i) and (iii) of Proposition 1. Q.E.D.

Give K™ the topology induced by the norm |x| = max(|x;|,) with |x;|, = p i) for
x=(x1,...,Xx,) € K". P. Scowcroft and L. van den Dries [6] proved there exists no iso-
morphism from an open set A < K" onto an open set B < K" with n & m, so we can define
the dimension of semi-algebraic sets as follows.

Definition 1 ([6]). The dimension of a semi-algebraic set X + () is the greatest natural
number # such that we have a semi-algebraic subset 4 — X and an isomorphism from A4
to a nonempty semi-algebraic open subset of K". We put dim () = —1.

P. Scowcroft and L. van den Dries [6] proved many good properties of this dimen-
sion, for example that it is invariant under isomorphisms.

Proposition 2 ([6]). Let A and B be semi-algebraic sets, then the following is true:
(i) If A = B then dim(A4) = dim(B).

(i) dim(4 U B) = max(dim(A4), dim(B)).

(i) dim(A) = 0 if and only if A is finite nonempty.

We will prove the converse of (i) for infinite semi-algebraic sets.

Lemma 2. For any semi-algebraic set X of dimension m € Ng there exists a semi-
algebraic injection X — K™.

Proof. By [6], Cor. 3.1 there is a finite partition of X such that each part A4 is
isomorphic to a semi-algebraic open A’ = K* for some k <m. Now realize the dis-
joint union of the sets A’ without going into higher embedding dimension (see the
introduction). Q.E.D.

We formulate the p-adic Cell Decomposition Theorem by J. Denef [2], [3], which is
the analogue of the real semi-algebraic Cell Decomposition Theorem.
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Theorem 1 (Cell Decomposition [2], [3]). Let f;(X,xm), i = 1,...,r, be polynomials in
Xm with coefficients which are semi-algebraic functions in the variables X = (x1,...,Xp_1)
from K™ to K. Let n € Ny be fixed. Then there exists a finite partition of K" into sets A of
the form
A= {xeK"|%eDand v(a(%))O1v(xn — (%)) Oav(ax(x)) },
such that

Fi(X) = wi(x)"hi(%) (xn — ¢(8))",  foreachxeA,i=1,...,r,

with u;(x) a unit in R for each x, D = K"~! semi-algebraic, v; € N, h;, a1, a,, ¢ semi-algebraic
functions from K"~ to K and [y, [, either <, <, or no condition.

The next lemma is also due to J. Denef [3].
Lemma 3 ([3], Cor. 6.5). Let b: K™ — K be a semi-algebraic function. Then there

exists a finite partition of K™ such that for each part A we have e > 0 and polynomials
f1, /> € R[Xq,. .., Xy such that

p(b(x)) = %(28) for each x € A,

with f,(x) % 0 for each x € A.

We give an application of the Cell Decomposition Theorem and Lemma 3, inspired
by similar applications in [3]. For details of the proof we refer to the proof of [3], Thm. 7.4.
By AP, with 2 = 0 we mean {0}.

Lemma 4. Let X < K™ be semi-algebraic and b;: K™ — K semi-algebraic functions
for j=1,...,r. Then there exists a finite partition of X s.t. each part A has the form

A={xeK"|xeD,v(a)(x))O1v(xn — ¢(x)) O20(a2(x)), xm — ¢(X) € AP},

and such that for each x € A we have

1 R
o(b(%)) = Zo( (v = ¢(2)) "4, (2),
J
with X = (x1,...,%n-1), D < K" semi-algebraic, ¢; >0, ;e Z, 2eK, c,a;,d; semi-

algebraic functions from K™ to K and [; either <, < or no condition.

Proof. By Lemma 3 we have a finite partition of X such that for each part 4y we
have ¢; > 0 and polynomials g;, g; € R[X1, ..., X, with

1 .
v(b_,-(x)) _e_,”@/’g;)’ foreachxe Ay, j=1,...,r.
j

Let f; be the polynomials which appear in a description of 4 as a Boolean combination of
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sets of the form {x e K™|f(x) € P,}. Apply now the Cell Decomposition Theorem as in
the proof of [3], Thm. 7.4 to the polynomials f;, g; and gjf to obtain the lemma. Q.E.D.

The proof of the next proposition is an application of both the Cell Decomposition
Theorem and some hidden Presburger arithmetic in the value group of K; it is the technical

!
heart of this paper. If / = 0 then [ R®) denotes the set {0}.
i=1

Definition 2. We say that a semi-algebraic function f: B — K satisfies condition
(1) (with constants e, u;, ) if we have constants e e Ny, u; € Z, f € K such that each
x = (x;) € B satisfies

1) o(7() = o BT,

Proposition 3 (Rectilinearization). Let X be a semi-algebraic set and b;: X — K
semi-algebraic functions for j = 1,...,r. Then there exists a finite partition of X such that for
each part A we have constants | € N, k € No, p; € Z, f§; € K, and an isomorphism

!
such that for each x = (x1,...,x;) € [ R% we have

i=1

v(bjo f(x)) = v<ﬂj fll x)

i=

Proof. We work by induction on m = dim(X). Let dim(X) =1 and b;: X — K
semi-algebraic functions, j = 1,...,r. By Lemma 2 we may suppose that X < K. We re-
duce first to the case that X and b; have the special form (2) (see below). By Lemma 4 there
is a partition such that each part A is either a point or of the form

A={xeK|v(a))jv(x — c)[v(a2),x — c € AB,},

1
and such that for each x e A4 we have v(b;(x)) :e—v(ﬂj(x— o)), with a;,¢,2,p; € K,
J

ej € Ny and 4; € Z. We may assume that A £ 0, a1 = 0 = a», [; is either < or no condition
and since the translation

{xeK|v(a))Ov(x)dav(a2),x € AR} — A: x+— x+¢

is an isomorphism, we may also assume that ¢ = 0. If both []; and [], are no condition we
can partition 4 into parts {x € 4|0 < v(x)} and {x € 4 |v(x) < —1}. It follows that if [,
is no condition we may suppose that [, is <, then we can apply the isomorphism

1 1 1
{xeK\v() <v(x),xe Pn} — A x— —,
ay /1

X

and replace x; by —;. This shows we can reduce to the case that X has the form

(2) X ={xeK|v(a)) < v(x)Dv(az), x € AP, },
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1
with a; # 0 # a», A % 0, [J, either < or no condition and v(b;(x)) = e—v(ﬁjx”f) for each
xeX. J

Case 1: [, is < (in equation (2)). By Hensel’s Lemma we can partition X into
finitely many parts of the form y + 7°R for some fixed s > v(a2) and with v(a;) S v(y) < v(az)

for each y. For each such part there is a finite partition y +7n*R= |J 4, v {y}, with
yell
A, =y+a*yRY and v(y) = 0 for each y. The functions f,: RD — 4,: x — y + n’yx are

1
isomorphisms which satisfy v(b; o f,(x)) = —v(p,;y*) for all x e RM. This last expression
. eV
is independent of x, so there exists ] € K such that v(b; o f,(x)) = v(B;) for all xe R,
This proves Case 1. '
Case 2: [ is no condition (in equation (2)). The map
fi: RN AP, — X: x+— apx,
with A’ = A/a; is an isomorphism. Let n’ be a common multiple of ej,...,e, and n.
Choose k > v(n') and put k' = k +v(n'). Let RnA'P, =|J B, be a finite partition, with

. y
B, =y(Rn Pn(,k )) and 0 < v(y) < n'. Now we have that the map f: RM — B,:x s px" is
an isomorphism by Corollary 1. Let g, be the semi-algebraic function f o f,, which is an
isomorphism from R® onto a semi-algebraic set A, = X. The sets A4, form a finite parti-
tion of X. Put x4/ = y;n'/e;, then we have for each x € R¥ that

v(bj 0 9,(x)) zgv(ﬁj(awx”’)“f) :év([)’j(aly)”f) + o(x")

J 7

= v(B)) + v(x") = v(Bix"),

with f3/ in K such that v(f}) = :

—v(ﬂj(aly)”f). This proves Case 2.
¢j

Now let dim(X) = m > 1 and let b;: X — K be semi-algebraic functions, j =1,...,r.
By Lemma 2 we may suppose that X < K.

Claim. We can partition X such that for each part A we have an isomorphism of the
form f:Dy x D,,_i — A, with Dy = K and D,,_; = K™™' semi-algebraic, such that the
Sunctions bj o f satisfy condition (1), i.e. there are constants e; € No, w; € Z, f; € K such that
each x = (x;) € Dy X Dy, satisfies

v(bjo f(x)) = ljv(ﬁjllI x;,,,j>.

¢
If the claim is true, we can apply the induction hypotheses once to D; and the

m
. Zn . ;i
functions x; — x;" and once to D,,_; and the functions (xz,...,x,) — B 11 x;" for
i=2
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j=1,...,r. It follows easily that we can partition X such that for each part 4 there is
an isomorphism f: [[R*® — A4 such that all f o b; satisty condition (1) with constants

i
e/, u; and ,[)’]7 . Now we can proceed as in Case 2 for m =1 to make all ¢; € Ny occurring

in condition (1) equal to 1. The proposition follows now immediately.

Proof of the claim.  First we show we can reduce to the case described in equation (3)
below. Using Lemma 4 and its notation we find a finite partition of X such that each part 4
has the form

A= {xeK"|xeD,v(a(x))O1o(xm — (%)) Oav(az(%)), xm — ¢(X) € AR},

and such that for each x € 4 we have v(b;(x)) = elv((xm — ¢(X))™d;(%)), with o € Z.
; !

Similar as for m = 1, we may suppose that ¢(x) =0 for all x. Apply now the induction
hypotheses to the set D = K™~ ! and the functions a, a2, d;. We find a finite partition of 4
such that for each part 4’ we have an isomorphism f: B — A’, where B is a set of the form

/ !
B= {xeK’"|fceD/,U(fx1 I1 x?”)Dw(x,ﬁ[lw(ocz I1 xf”),xm eiPn},
= i=1

i=1

i
with D' = [T R¥, I <m — 1, such that each b; o f satisfies condition (1). We will alter-
i=1

nately partition further and apply isomorphisms to the parts which compositions with b;

will always satisfy condition (1). By the induction hypotheses we may suppose that 1 & 0
m—1

and dim(D’) =m — 1, i.e. D' = [] R%™. Analogously as for m = 1 we may suppose that
i=1

a1 £ 0 = op, [, is either < or no condition and [; is the symbol < (possibly after parti-

tioning or applying x — (x1,..., Xpu—1, L /xm)).

Choose k > v(n) and put k' = k + v(n). We may suppose that k' > k, so we have a
finite partition B =J B, with y = (y;,...,7,) € K™, 0 = v(y;) < n and
y

B,={xeB|x;e yiPn(k/)}.

Now we have isomorphisms

Sy Gy — By x = (01 X750 VX)),

with

m—1 - - m—1 m—1
C, = {xe (1_[1 R<k)> x K® |v<oc{ 1 x?") < v(xm)Dy)(océ 1 xf”) },
=

i=1 i=1

for appropriate choice of ] € K. Put v; = & — 1;, f = o} /a{, then we have the isomorphism

m - m—1 m—1
{x e [[RW| v(xm)[lzv(ﬁ I1 x,.v’)} — Cpix— (xl, ey X1, 00 Xm [ x?").
L it .

i=1 i=1
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If [, is no condition, the claim is trivial. It follows that we can reduce to the case
that we have an isomorphism

(3) fE= {xe ﬁlR@ () < u<ﬂ':hll x)} X

1

with 8 =% 0, k € N and v € Z, such that each b; o f satisfies condition (1).

Suppose we are in the case described in (3). If v; <0 for i=1,...,m — 1 then we
have a finite partition £ = |J E=*, with s € {0, 1,...,v(f)} and E=* = {x € E | v(x,) = s}.
A

Also, E= ={(x1,.. s Xm—1) | Ixm (X1, ., xm) € ET*} x {xp € R |v(x,;) =s} and the
claim follows.

Suppose now that v; > 0 in (3). First we prove the proposition when v; = 1, using
some implicit Presburger arithmetic on the value group. We can partition E into parts E;
and E,, with

E = {x e E|v(x,) < v(ﬁni_[lxlv’> },
i=2
E, = {x € E]v(ﬂ nﬁl xl.v’) < v(xm)}
i=2
—{xe fTRD1o( BT 47 ) = o) = o T )}
i=1 i=2 i=2

m—1 m—1
Since v(ﬁ 11 xf‘) < v<x1[3 I1 x}"') for x € E), it follows that
i=2 ‘

m - m—1
E; = RW x {(xz, vy xm) €11 R |v(xm) < v(ﬁ II xf“) },
i=2 i=2

and the restrictions b; o f'| E satisfy condition (1).

As for E», let D,,_; be the set
m - m—1 i
D, = {(xz,...,xm) e[l R ]v(ﬂ I1 xl-") < v(xm)}.
i=2 =2

We may suppose that f € K <’;), then the map

X1Xm

m—1 ,
B II xi'
i=2

k .
R<>XDm,]—>E2.XF—> y X2y -y Xm |

can be checked by elementary Presburger arithmetic to be an isomorphism. This proves
the claim when v; = 1.
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Suppose now that X is of the form described in (3) and v; > 1. We prove we can
reduce to the case vi = 1 by partitioning and applying appropriate power maps. Choose
k > v(v;) and put k' = k + v(v;). We may suppose that k > k, so we have a finite partition
E=UE, witho=(o,...,0,) € K", v(1) =0,0=0v(ot;) < v fori=2,...,mand

E,={xeE|x € alR(’;),xi € fxin(lkl) fori=2,...,m}.
By Corollary 1 we have isomorphisms

. . v
Syt Cy — Eyt X = (ouxy, 00X,y ... 0lpX))),

m - m—1
with C, = {xe [TRM | v(x) £ v(B'x1 [1 xl.‘"")}, where B’ e K* depends on «. This
i=1 i=2
reduces the problem to the case described in (3) with v; =1 and thus the proposition
is proved. Q.E.D.

Remark 1. Proposition 3 can be strengthened, adding conditions on the Jacobians
of the isomorphisms, to become useful to p-adic integration theory.

Theorem 2. Let X be a semi-algebraic set, then either X is finite or there exists a semi-
algebraic bijection X — K* with k € Ny the dimension of X.

Proof.  We give a proof by induction on dim(X) = m. Let dim(X) = 1. Use Prop-
osition 3 to partition X such that each part is isomorphic to either R or a point. By
combining the isomorphisms of Proposition 1 and Corollary 2, it follows that X ~ K.

Now suppose dim(X) = m > 1. Proposition 3 together with the case m = 1 implies
that we can finitely partition X such that each part is isomorphic to K/, for some
1€{0,...,m}, with K° = {0}. By Proposition 2 at least one part must be isomorphic to
K™. Suppose that 4 and B are disjoint parts, such that 4 ~ K/ and B ~ K", with
1€{0,...,m}. It is enough to prove that 4 U B =~ K™. First suppose that / =0, so 4 is a
singleton {a}. Since m > 1 there exists an injective semi-algebraic function i: R — A U B
such that i((R\{0}) = B and i(0) = a. It follows that 4 U B~ B~ K" since R =~ R\{0}
(Proposition 1). If 1 </ we have AU B = K x (4’ U B'), for some disjoint sets 4’ =~ K'~!
and B’ ~ K”~!. By induction we find 4’UB’'~K"”~! and thus 4uB=K". This proves
Theorem 2. Q.E.D.

We obtain as a corollary of Theorem 2 the following classification of the p-adic semi-
algebraic sets.

Corollary 3. Two infinite semi-algebraic sets are isomorphic if and only if they have
the same dimension.

Remark 2. The field F,((¢)) of Laurent series over the finite field is often considered
to be the characteristic p counterpart of the p-adic numbers. D. Haskell and the author [1]
proved that the Grothendieck ring of F,((7)) in the language of rings is trivial, analogously
as for Q,. In [1], proof of Thm. 2, it is also shown that there is a definable injection from
the plane Fq((z))2 into the line F,((¢)), which makes it plausible we cannot define an in-
variant for this field which behaves like a (good) dimension. It is an open question to
classify the definable sets of F,((¢)) up to definable bijection.



114 Cluckers, Semi-algebraic p-adic sets
References

(1] Cluckers, R., Haskell, D., Grothendieck rings of Z-valued fields, Bull. Symb. Logic 7 (2001), 262-269.

(2] Denef, J., p-adic semi-algebraic sets and cell decomposition, J. reine angew. Math. 369 (1986), 154-166.

(3] Denef, J., The rationality of the Poincaré series associated to the p-adic points on a variety, Invent. Math. 77
(1984), 1-23.

[4] van den Dries, L., Tame topology and o-minimal structures, LMS Lect. Note Ser. 248 CUP (1998).

(5] Macintyre, A., On definable subsets of p-adic fields, J. Symb. Logic 41 (1976), 605-610.

[6] Scowcroft, P., van den Dries, L., On the structure of semialgebraic sets over p-adic fields, J. Symb. Logic 53
(1988), no. 4, 1138-1164.

Katholieke Universiteit Leuven, Celestijnenlaan 200B, 3001 Leuven, Belgium
e-mail: raf.cluckers@wis.kuleuven.ac.be

Eingegangen 15. November 2000



