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Abstract. We prove that two in®nite p-adic semi-algebraic sets are isomorphic (i.e.
there exists a semi-algebraic bijection between them) if and only if they have the same
dimension. r

In real semi-algebraic geometry (as opposed to p-adic semi-algebraic geometry) the
following classi®cation is well-known [4]:

There exists a real semi-algebraic bijection between two real semi-algebraic sets if and
only if they have the same dimension and Euler characteristic.

More generally L. van den Dries [4] gave such a classi®cation for o-minimal expan-
sions of the real ®eld, using the dimension and Euler characteristic as de®ned for o-minimal
structures. Since the semi-algebraic Euler characteristic w is in fact the canonical map from
the real semi-algebraic sets onto the Grothendieck ring (see [1]) of R (which is Z), we see
that the isomorphism class of a real semi-algebraic set only depends on its image in the
Grothendieck ring and its dimension.

In this paper we treat the p-adic analogue of this classi®cation. The Grothendieck
ring of Qp is recently proved to be trivial by D. Haskell and the author [1], so the analogue
of the real case is a classi®cation of the p-adic semi-algebraic sets up to semi-algebraic
bijection using only the dimension. We give such a classi®cation for the semi-algebraic sets
of Qp and for ®nite ®eld extensions of Qp, using explicit isomorphisms of [1] and the p-adic
Cell Decomposition Theorem of J. Denef [2]. The most di½cult part in giving this clas-
si®cation is to prove that for any semi-algebraic set X there is a ®nite partition into semi-
algebraic sets, such that each part is isomorphic to a Cartesian product of one dimensional
sets, in other words semi-algebraic sets have a rectilinearization. Since all arguments hold
also for ®nite ®eld extensions of Qp, we work in this more general setting.

Let p denote a ®xed prime number, Qp the ®eld of p-adic numbers and K a ®xed
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®nite ®eld extension of Qp. For x A K let v�x� A ZW f�yg denote the valuation of x. Let
R � fx A K j v�x�f 0g be the valuation ring, K� � Knf0g and for n A N0 let Pn be the set
fx A K� j by A K yn � xg. We call a subset of K m semi-algebraic if it is a Boolean combi-
nation (i.e. obtained by taking ®nite unions, complements and intersections) of sets of the
form fx A K m j f �x� A Png with f �x� A K �X1; . . . ;Xm�. The collection of semi-algebraic sets
is closed under taking projections K m ! K mÿ1, even more: it consists precisely of Boolean
combinations of projections of a½ne p-adic varieties (see [2] and [5]). Further we have that
sets of the form

�
x A K m j vÿ f �x��e v

ÿ
g�x��	 with f �x�; g�x� A K �X1; . . . ;Xm� are semi-

algebraic (see [2], Lemma 2.1). A function f : A! B is semi-algebraic if its graph is a semi-
algebraic set; if further f is a bijection, we call f an isomorphism and we write AGB.

Let p be a ®xed element of R with v�p� � 1, thus p is a uniformizing parameter for R.
For a semi-algebraic set X HK and k A N0 we write

X �k� � fx A X j v�pÿv�x�xÿ 1�f k; x3 0g,

which is semi-algebraic (see [2], Lemma 2.1); X �k� consists of those points x A X which have

a p-adic expansion x �Py
i�s

aip
i with as � 1 and ai � 0 for i � s� 1; . . . ; s� k ÿ 1. By a

®nite partition of a semi-algebraic set we mean a partition into ®nitely many semi-algebraic
sets. Let X HK n, Y HK m be semi-algebraic. Choose disjoint semi-algebraic sets
X 0;Y 0HK k for some k, such that X GX 0 and Y GY 0, then we de®ne the disjoint union
of X and Y up to isomorphism as X 0WY 0. In the introduction of [1] it is shown that we
can take k � max�m; n�, i.e. we can realize the disjoint union without going into higher
dimensional a½ne spaces.

We recall some well-known facts.

Lemma 1 (Hensel). Let f �t� be a polynomial over R in one variable t, and let a A R,
e A N. Suppose that f �a�1 0 mod p2e�1 and v

ÿ
f 0�a��e e, where f 0 denotes the derivative of

f . Then there exists a unique a A R such that f �a� � 0 and a1 a mod pe�1.

Corollary 1. Let n > 1 be a natural number. For each k > v�n�, and k 0 � k � v�n� the

function

K �k� ! P
�k 0�
n : x 7! xn

is an isomorphism.

The next theorem gives some concrete isomorphisms between one dimensional sets.

Proposition 1 ([1], Prop. 2). (i) The union of two disjoint copies of Rnf0g is iso-
morphic to Rnf0g.

(ii) For each k > 0 the union of two disjoint copies of R�k� is isomorphic to R�k�.

(iii) RGRnf0g.

We deduce an easy corollary, also consisting of concrete isomorphisms.
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Corollary 2. For each k we have isomorphisms

(i) R�k�GRnf0g,
(ii) Rnf0gGK .

Proof. (i) There is a ®nite partition Rnf0g � S
a

aR�k� with v�a� � 0, say with s parts.

Then Rnf0g is a fortiori isomorphic to the union of s disjoint copies of R�k�, which is by
Proposition 1(ii) isomorphic to R�k�.

(ii) The map

�f0g � R�W ÿf1g � �Rnf0g��! K:
�0; x� 7! x;

�1; x� 7! 1=�px�;
�

is a well-de®ned isomorphism. It follows that K is isomorphic to the disjoint union of R

and Rnf0g. Now use (i) and (iii) of Proposition 1. Q.E.D.

Give K m the topology induced by the norm jxj � max�jxijp� with jxijp � pÿv�xi� for
x � �x1; . . . ; xm� A K m. P. Scowcroft and L. van den Dries [6] proved there exists no iso-
morphism from an open set AHK m onto an open set BHK n with n3m, so we can de®ne
the dimension of semi-algebraic sets as follows.

De®nition 1 ([6]). The dimension of a semi-algebraic set X 3j is the greatest natural
number n such that we have a semi-algebraic subset AHX and an isomorphism from A

to a nonempty semi-algebraic open subset of K n. We put dim �j� � ÿ1.

P. Scowcroft and L. van den Dries [6] proved many good properties of this dimen-
sion, for example that it is invariant under isomorphisms.

Proposition 2 ([6]). Let A and B be semi-algebraic sets, then the following is true:

(i) If AGB then dim�A� � dim�B�.

(ii) dim�AWB� � max
ÿ
dim�A�; dim�B��.

(iii) dim�A� � 0 if and only if A is ®nite nonempty.

We will prove the converse of (i) for in®nite semi-algebraic sets.

Lemma 2. For any semi-algebraic set X of dimension m A N0 there exists a semi-

algebraic injection X ! K m.

Proof. By [6], Cor. 3.1 there is a ®nite partition of X such that each part A is
isomorphic to a semi-algebraic open A 0HK k for some k em. Now realize the dis-
joint union of the sets A 0 without going into higher embedding dimension (see the
introduction). Q.E.D.

We formulate the p-adic Cell Decomposition Theorem by J. Denef [2], [3], which is
the analogue of the real semi-algebraic Cell Decomposition Theorem.
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Theorem 1 (Cell Decomposition [2], [3]). Let fi�x̂; xm�, i � 1; . . . ; r, be polynomials in

xm with coe½cients which are semi-algebraic functions in the variables x̂ � �x1; . . . ; xmÿ1�
from K mÿ1 to K. Let n A N0 be ®xed. Then there exists a ®nite partition of K m into sets A of

the form

A � �x A K m j x̂ A D and v
ÿ
a1�x̂�

�
r1v

ÿ
xm ÿ c�x̂��r2v

ÿ
a2�x̂�

�	
,

such that

fi�x� � ui�x�nhi�x̂�
ÿ
xm ÿ c�x̂��ni ; for each x A A; i � 1; . . . ; r;

with ui�x� a unit in R for each x, DHK mÿ1 semi-algebraic, ni A N, hi; a1; a2; c semi-algebraic

functions from K mÿ1 to K and r1, r2 eithere; <; or no condition.

The next lemma is also due to J. Denef [3].

Lemma 3 ([3], Cor. 6.5). Let b: K m ! K be a semi-algebraic function. Then there
exists a ®nite partition of K m such that for each part A we have e > 0 and polynomials

f1; f2 A R�X1; . . . ;Xm� such that

v
ÿ
b�x�� � 1

e
v

f1�x�
f2�x�

� �
; for each x A A;

with f2�x�3 0 for each x A A.

We give an application of the Cell Decomposition Theorem and Lemma 3, inspired
by similar applications in [3]. For details of the proof we refer to the proof of [3], Thm. 7.4.
By lPn with l � 0 we mean f0g.

Lemma 4. Let X HK m be semi-algebraic and bj: K m ! K semi-algebraic functions

for j � 1; . . . ; r. Then there exists a ®nite partition of X s.t. each part A has the form

A � fx A K m j x̂ A D; v
ÿ
a1�x̂�

�
r1v

ÿ
xm ÿ c�x̂��r2v

ÿ
a2�x̂�

�
; xm ÿ c�x̂� A lPng;

and such that for each x A A we have

v
ÿ
bj�x�

� � 1

ej
v
ÿÿ

xm ÿ c�x̂��mj dj�x̂�
�
;

with x̂ � �x1; . . . ; xmÿ1�, DHK mÿ1 semi-algebraic, ej > 0, mj A Z, l A K , c; ai; dj semi-
algebraic functions from K mÿ1 to K and ri either <;e or no condition.

Proof. By Lemma 3 we have a ®nite partition of X such that for each part A0 we
have ej > 0 and polynomials gj; g

0
j A R�X1; . . . ;Xm� with

v
ÿ
bj�x�

� � 1

ej

v
gj�x�
g 0j�x�

 !
; for each x A A0; j � 1; . . . ; r:

Let fi be the polynomials which appear in a description of A as a Boolean combination of
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sets of the form fx A K m j f �x� A Png. Apply now the Cell Decomposition Theorem as in
the proof of [3], Thm. 7.4 to the polynomials fi; gj and g 0j to obtain the lemma. Q.E.D.

The proof of the next proposition is an application of both the Cell Decomposition
Theorem and some hidden Presburger arithmetic in the value group of K; it is the technical

heart of this paper. If l � 0 then
Ql
i�1

R�k� denotes the set f0g.

De®nition 2. We say that a semi-algebraic function f : B! K satis®es condition
(1) (with constants e; mi; b) if we have constants e A N0, mi A Z, b A K such that each
x � �xi� A B satis®es

v
ÿ

f �x�� � 1

e
v b

Q
i

x
mi

i

� �
:�1�

Proposition 3 (Rectilinearization). Let X be a semi-algebraic set and bj: X ! K
semi-algebraic functions for j � 1; . . . ; r. Then there exists a ®nite partition of X such that for

each part A we have constants l A N, k A N0, mij A Z, bj A K, and an isomorphism

f :
Ql
i�1

R�k� ! A;

such that for each x � �x1; . . . ; xl� A
Ql
i�1

R�k� we have

v
ÿ
bj � f �x�� � v bj

Ql
i�1

x
mij

i

� �
:

Proof. We work by induction on m � dim�X �. Let dim�X� � 1 and bj: X ! K

semi-algebraic functions, j � 1; . . . ; r. By Lemma 2 we may suppose that X HK . We re-
duce ®rst to the case that X and bj have the special form (2) (see below). By Lemma 4 there
is a partition such that each part A is either a point or of the form

A � fx A K j v�a1�r1v�xÿ c�r2v�a2�; xÿ c A lPng,

and such that for each x A A we have v
ÿ
bj�x�

� � 1

ej
v
ÿ

bj�xÿ c�mj
�
, with ai; c; l; bj A K,

ej A N0 and mj A Z. We may assume that l3 0, a1 3 03 a2, ri is eithereor no condition
and since the translation

fx A K j v�a1�r1v�x�r2v�a2�; x A lPng ! A: x 7! x� c

is an isomorphism, we may also assume that c � 0. If both r1 and r2 are no condition we
can partition A into parts fx A A j 0e v�x�g and fx A A j v�x�eÿ1g. It follows that if r1

is no condition we may suppose that r2 ise, then we can apply the isomorphism

x A K j v 1

a2

� �
e v�x�; x A

1

l
Pn

� �
! A: x 7! 1

x
;

and replace mj by ÿmj. This shows we can reduce to the case that X has the form

X � fx A K j v�a1�e v�x�r2v�a2�; x A lPng;�2�
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with a1 3 03 a2, l3 0, r2 either e or no condition and v
ÿ
bj�x�

� � 1

ej
v�bjx

mj� for each
x A X .

Case 1: r2 is e (in equation (2)). By Hensel's Lemma we can partition X into
®nitely many parts of the form y� psR for some ®xed s > v�a2� and with v�a1�ev�y�ev�a2�
for each y. For each such part there is a ®nite partition y� psR � S

g AG

Ag W fyg, with

Ag � y� psgR�1� and v�g� � 0 for each g. The functions fg: R�1� ! Ag: x 7! y� psgx are

isomorphisms which satisfy v
ÿ
bj � fg�x�

� � 1

ej

v�bj y
mj� for all x A R�1�. This last expression

is independent of x, so there exists b 0j A K such that v
ÿ
bj � fg�x�

� � v�b 0j� for all x A R�1�.
This proves Case 1.

Case 2: r2 is no condition (in equation (2)). The map

f1: RX l0Pn ! X : x 7! a1x;

with l0 � l=a1 is an isomorphism. Let n 0 be a common multiple of e1; . . . ; er and n.
Choose k > v�n 0� and put k 0 � k � v�n 0�. Let RX l0Pn �

S
g

Bg be a ®nite partition, with

Bg � g�RXP
�k 0�

n 0 � and 0e v�g� < n 0. Now we have that the map fg: R�k� ! Bg: x 7! gxn 0 is
an isomorphism by Corollary 1. Let gg be the semi-algebraic function f1 � fg, which is an
isomorphism from R�k� onto a semi-algebraic set Ag HX . The sets Ag form a ®nite parti-
tion of X. Put m 0j � mjn

0=ej, then we have for each x A R�k� that

v
ÿ
bj � gg�x�

� � 1

ej
v
ÿ

bj�a1gxn 0 �mj
� � 1

ej
v
ÿ

bj�a1g�mj
�� v�xm 0j �

� v�b 0j� � v�xm 0j � � v�b 0j xm 0j �;

with b 0j in K such that v�b 0j� �
1

ej
v
ÿ

bj�a1g�mj
�
. This proves Case 2.

Now let dim�X � � m > 1 and let bj: X ! K be semi-algebraic functions, j � 1; . . . ; r.
By Lemma 2 we may suppose that X HK m.

Claim. We can partition X such that for each part A we have an isomorphism of the
form f : D1 �Dmÿ1 ! A, with D1 HK and Dmÿ1 HK mÿ1 semi-algebraic, such that the

functions bj � f satisfy condition (1), i.e. there are constants ej A N0, mij A Z, bj A K such that

each x � �xi� A D1 �Dmÿ1 satis®es

v
ÿ
bj � f �x�� � 1

ej

v bj

Q
i

x
mij

i

� �
:

If the claim is true, we can apply the induction hypotheses once to D1 and the

functions x1 7! x
m1j

1 and once to Dmÿ1 and the functions �x2; . . . ; xm� 7! bj

Qm
i�2

x
mij

i for
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j � 1; . . . ; r. It follows easily that we can partition X such that for each part A there is
an isomorphism f :

Q
i

R�k� ! A such that all f � bj satisfy condition (1) with constants

e 0j ; m
0
ij and b 0j . Now we can proceed as in Case 2 for m � 1 to make all e 0j A N0 occurring

in condition (1) equal to 1. The proposition follows now immediately.

Proof of the claim. First we show we can reduce to the case described in equation (3)
below. Using Lemma 4 and its notation we ®nd a ®nite partition of X such that each part A
has the form

A � �x A K m j x̂ A D; v
ÿ
a1�x̂�

�
r1v

ÿ
xm ÿ c�x̂��r2v

ÿ
a2�x̂�

�
; xm ÿ c�x̂� A lPng;

and such that for each x A A we have v
ÿ
bj�x�

� � 1

ej

v
ÿÿ

xm ÿ c�x̂��mmj dj�x̂�
�
, with mmj A Z.

Similar as for m � 1, we may suppose that c�x̂� � 0 for all x̂. Apply now the induction
hypotheses to the set DHK mÿ1 and the functions a1; a2; dj. We ®nd a ®nite partition of A

such that for each part A 0 we have an isomorphism f : B! A 0, where B is a set of the form

B � x A K m j x̂ A D 0; v a1

Ql
i�1

x
hi

i

� �
r1v�xm�r2v a2

Ql
i�1

xei

i

� �
; xm A lPn

� �
;

with D 0 � Ql
i�1

R�k�, l emÿ 1, such that each bj � f satis®es condition (1). We will alter-

nately partition further and apply isomorphisms to the parts which compositions with bj

will always satisfy condition (1). By the induction hypotheses we may suppose that l3 0

and dim�D 0� � mÿ 1, i.e. D 0 � Qmÿ1

i�1

R�k�. Analogously as for m � 1 we may suppose that

a1 3 03 a2, r2 is either e or no condition and r1 is the symbol e (possibly after parti-
tioning or applying x 7! �x1; . . . ; xmÿ1; 1=xm�).

Choose k > v�n� and put k 0 � k � v�n�. We may suppose that k 0 > k, so we have a
®nite partition B � S

g

Bg with g � �g1; . . . ; gm� A K m, 0e v�gi� < n and

Bg � fx A B j xi A giP
�k 0�

n g.
Now we have isomorphisms

fg: Cg ! Bg: x 7! �g1xn
1 ; . . . ; gmxn

m�;
with

Cg � x A
Qmÿ1

i�1

R�k�
� �

� K �k� j v a 01
Qmÿ1

i�1

x
hi

i

� �
e v�xm�r2v a 02

Qmÿ1

i�1

xei

i

� �� �
;

for appropriate choice of a 0i A K. Put ni � ei ÿ hi, b � a 02=a 01, then we have the isomorphism

x A
Qm
i�1

R�k� j v�xm�r2v b
Qmÿ1

i�1

xni

i

� �� �
! Cg: x 7! x1; . . . ; xmÿ1; a

0
1xm

Qmÿ1

i�1

x
hi

i

� �
:
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If r2 is no condition, the claim is trivial. It follows that we can reduce to the case
that we have an isomorphism

f : E � x A
Qm
i�1

R�k� j v�xm�e v b
Qmÿ1

i�1

xni

i

� �� �
! X�3�

with b 3 0, k A N0 and n A Z, such that each bj � f satis®es condition (1).

Suppose we are in the case described in (3). If ni e 0 for i � 1; . . . ;mÿ 1 then we
have a ®nite partition E � S

s

E� s, with s A f0; 1; . . . ; v�b�g and E� s � fx A E j v�xm� � sg.
Also, E� s � f�x1; . . . ; xmÿ1� j bxm �x1; . . . ; xm� A E� sg � fxm A R�k� j v�xm� � sg and the
claim follows.

Suppose now that n1 > 0 in (3). First we prove the proposition when n1 � 1, using
some implicit Presburger arithmetic on the value group. We can partition E into parts E1

and E2, with

E1 � x A E j v�xm� < v b
Qmÿ1

i�2

xni

i

� �� �
;

E2 � x A E j v b
Qmÿ1

i�2

xni

i

� �
e v�xm�

� �

� x A
Qm
i�1

R�k� j v b
Qmÿ1

i�2

xni

i

� �
e v�xm�e v bx1

Qmÿ1

i�2

xni

i

� �� �
:

Since v b
Qmÿ1

i�2

xni

i

� �
e v x1b

Qmÿ1

i�2

xni

i

� �
for x A E1, it follows that

E1 � R�k� � �x2; . . . ; xm� A
Qm
i�2

R�k� j v�xm� < v b
Qmÿ1

i�2

xni

i

� �� �
;

and the restrictions bj � f jE1 satisfy condition (1).

As for E2, let Dmÿ1 be the set

Dmÿ1 � �x2; . . . ; xm� A
Qm
i�2

R�k� j v b
Qmÿ1

i�2

xni

i

� �
e v�xm�

� �
:

We may suppose that b A K �k�, then the map

R�k� �Dmÿ1 ! E2: x 7!

0BB@ x1xm

b
Qmÿ1

i�2

xni

i

; x2; . . . ; xm

1CCA;
can be checked by elementary Presburger arithmetic to be an isomorphism. This proves
the claim when n1 � 1.
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Suppose now that X is of the form described in (3) and n1 > 1. We prove we can
reduce to the case n1 � 1 by partitioning and applying appropriate power maps. Choose
~k > v�n1� and put ~k 0 � ~k � v�n1�. We may suppose that ~k f k, so we have a ®nite partition
E � S

a

Ea, with a � �a1; . . . ; am� A K m, v�a1� � 0, 0e v�ai� < n1 for i � 2; . . . ;m and

Ea � fx A E j x1 A a1R�~k�; xi A aiP
�~k 0�

n1 for i � 2; . . . ;mg.

By Corollary 1 we have isomorphisms

fa: Ca ! Ea: x 7! �a1x1; a2xn1

2 ; . . . ; amxn1
m �,

with Ca � x A
Qm
i�1

R�~k� j v�xm�e v�b 0x1

Qmÿ1

i�2

xni

i �
� �

; where b 0 A K� depends on a. This

reduces the problem to the case described in (3) with n1 � 1 and thus the proposition
is proved. Q.E.D.

Remark 1. Proposition 3 can be strengthened, adding conditions on the Jacobians
of the isomorphisms, to become useful to p-adic integration theory.

Theorem 2. Let X be a semi-algebraic set, then either X is ®nite or there exists a semi-

algebraic bijection X ! K k with k A N0 the dimension of X.

Proof. We give a proof by induction on dim�X� � m. Let dim�X� � 1. Use Prop-
osition 3 to partition X such that each part is isomorphic to either R�k� or a point. By
combining the isomorphisms of Proposition 1 and Corollary 2, it follows that X GK .

Now suppose dim�X� � m > 1. Proposition 3 together with the case m � 1 implies
that we can ®nitely partition X such that each part is isomorphic to K l , for some
l A f0; . . . ;mg, with K 0 � f0g. By Proposition 2 at least one part must be isomorphic to
K m. Suppose that A and B are disjoint parts, such that AGK l and BGK m, with
l A f0; . . . ;mg. It is enough to prove that AWBGK m. First suppose that l � 0, so A is a
singleton fag. Since m > 1 there exists an injective semi-algebraic function i: R! AWB
such that i�Rnf0g�HB and i�0� � a. It follows that AWBGBGK m since RGRnf0g
(Proposition 1). If 1e l we have AWBGK � �A 0WB 0�, for some disjoint sets A 0GK lÿ1

and B 0GK mÿ1. By induction we ®nd A 0WB 0GK mÿ1 and thus AWBGK m. This proves
Theorem 2. Q.E.D.

We obtain as a corollary of Theorem 2 the following classi®cation of the p-adic semi-
algebraic sets.

Corollary 3. Two in®nite semi-algebraic sets are isomorphic if and only if they have
the same dimension.

Remark 2. The ®eld Fq

ÿ�t�� of Laurent series over the ®nite ®eld is often considered
to be the characteristic p counterpart of the p-adic numbers. D. Haskell and the author [1]
proved that the Grothendieck ring of Fq

ÿ�t�� in the language of rings is trivial, analogously
as for Qp. In [1], proof of Thm. 2, it is also shown that there is a de®nable injection from

the plane Fq

ÿ�t��2
into the line Fq

ÿ�t��, which makes it plausible we cannot de®ne an in-
variant for this ®eld which behaves like a (good) dimension. It is an open question to
classify the de®nable sets of Fq

ÿ�t�� up to de®nable bijection.
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